HammonaneHblil uccnenoBarenbckuii yausepcuter UTMO

(YauBepcuter U'TMO)

I/ITMO

Ha npaBax pykonucu

®puswk Kpucruna CepreeBna

HenuHelrHas reHepanusa U3JIyYeHUs U3
AUIJIEKTPUYECKNX HAHOYACTHUI U HAHOCTPYKTYP

[uccepranys Ha COUCKaHUE YYEHOU CTEIIEHU

KaHauaaTa GU3NKO-MaTeMaTHUSCKUX HAYK

Canxr-Ilerepbypr 2022



HanmonaneHblil nccnenoBarenbckuii yausepcurer MTMO

(Yausepcuter U'TMO)
/ITMO

®puswok Kpucruna Cepreesna

Ha npaBax pykonucu

HeauHelHas reHepanus U3J1yYeHUus U3
AMAJIEKTPUUYECKUX HAHOYACTHIL U HAHOCTPYKTYP

Coenmanpaocts 1.3.6.

«OnTrka (pu3nKo-MaTeMaTHIECKUE HAYKH)»

Huccepranys Ha COUCKaHUE YYEHOU CTEIIEHU

KaHIuAaTa (U3MKO-MaTeMaTHIYCCKUX HAYK

Hayunslii pyKOBOIUTENB:
KaHauIaT (U3NKO-MaTeMaTHYECKUX HAayK
ITerpoB Muxaun UropeBuu

Canxr-Ilerepbypr 2022



Huccepranus MOATOTOBJIEHA B: (QeaepalibHOE TOCYJapCTBEHHOE aBTOHOMHOE O0pa3oBaTelbHOE
yupexaeHue Beiciiero oopaszoBanus « HaunonanbHeill necinenoBatensckuil yausepcuter UTMO».

Hayunsrii pykoBoIuTEND! KaHIUAAT (PU3UKO-MATeMaTHIeCKUX HayK
ITerpoB Muxaun Uropesuu

OdunualibHbIe ONIOHSHTHI: MupoiHAYeHKO AHnpeit EBrennesuy, JlokTop
€CTECTBEHHBIX HayK, YHuBepcuteT HoBoro IOxnoro Yansca
Kanbeppa, [Ipodeccop [Ixomna HHKEHEPUH u
HNudopmanmonnsix TexHomoruit

I'opkyHOB Makcum BanepneBuy, KaHuaaT
($U3NKO-MaTeMaTHYECKUX HayK, ®denepanbHbIi
Hay4YHO-HCCIIeIoBaTeNnbckuil LeHTp «Kpucramnorpadgus u
¢doronmka» Poccuiickoii akagemMny HayK., Beaymmii HayIHbII
coTpyIHUK OTEN TEOPETHUECKUX HCCIIeI0BaHUM

3ammTa qUccepTalud COCTOUTCS B yIajdeHHOM HHTepakTUBHOM pexknme 07.12.2022 r. B 16:30 ccpuika Ha
MyOIHYHYIO TpaHCsIuEo 3amuThl: https://youtu.be/eonHf6U6KPQ.

C nucceprauuneil MOXKHO 03HaKOMUThCS B Oubimorexe YHusepcurera UTMO no agpecy:
Cankr-Tletepoypr, yia. JJomoHocoBa, 1. 9 u Ha caiite https://dissovet.itmo.ru.

VYdyenblii  cekperaph jauccepraimonHoro cosera 05.22.00 VYuuepcurera WUTMO, kangumar
(hM3UKO-MaTeMaTHUYEeCKUX HayK, H0IeHT, CTapOBOMTOB AHTOH AHIpeeBUY.


https://dissovet.itmo.ru/

ITMO University

o
IT Mo As a manuscript

Frizyuk Kristina Sergeevna

Nonlinear optical generation from dielectric
nanoparticles and nanostructures

Speciality 1.3.6.
Optics (Physics and Mathematics)

Academic dissertation candidate of physics and mathematics

Supervisor:
PhD
Petrov Mihail Igorevich

Saint-Petersburg 2022



The research was carried out at: ITMO University.

Supervisor: PhD
Petrov Mihail Igorevich

Official opponents: Miroshnichenko Andrey Evgenevich, Dr. rer. nat., UNSW Canberra,
Professor School of Engineering & IT

Gorkunov Maxim V., PhD, Federal Scientific Research Center
«Crystallography and photonics» of Russian Academy of Sciences,
Leading Researcher Department of theoretical studies

The defense will be held on 07.12.2022 at 16:30 at the meeting of the ITMO University Dissertation
Council 05.22.11, https://youtu.be/eonHf6u6KPQ.

The thesis is available in the Library of ITMO University, Lomonosova St. 9, Saint-Petersburg, Russia and
on https://dissovet.itmo.ru website.

Science Secretary of the ITMO University Dissertation Council 05.22.00, PhD in Physics and Mathematics,
Starovoytov Anton A.



OrsiaBJiieHue

Pedepar

Synopsis

BBenenue

I'maBa 1. CuMmMmeTpuitHbIE CBOICTBa COOCTBEHHBIX MO

1.1

1.2
1.3

1.4

ANJIEKTPUIECKNX HAHOYACTUIL U HAHOCTPYKTYP
OcHOBHBIE TOHATHUS TEOPUU TPYIII U IIPEJICTABICHUIT
1.1.1  MynbrunosnbHoe pasiokeHne cOOCTBEHHBIX MOJ PE30HATOPA,
MomoBblit cocTaB 1 paccessHHOe TI0JIE .
CI/IMMeTpI/IH CO6CTB€HHbIX MO/ 1 CBA3aHHBLIC COCTOAHNA B
KOHTUHYYME B JUIJIEKTPUIECKIX PE30HATOPAX
MympTunospnas KaaccupuKaIms MO/ B MeTallOBEPXHOCTAX
1.4.1 CumMeTpHitHBINI aHAIN3 MOJ, METAlOBEPXHOCTH
1.4.2  MynbTunosbHbIi cocTaB MO, .
1.4.3 Cssi3aHHbBIE COCTOSIHUSI B KOHTUHYYME C TOUKH 3PEHUSI

MYJIbTUIIOJBHOIO PA3JI0ZKEHUST

1.4.4 Cagzannble COCTOSIHUS B KOHTUHYYMe B KOHYCe HaIPaBJICHUIA.

I'maBa 2. I'enepariusi BTOpOii rapMOHUKHA U3 ANIJIEKTPUIECKUX

2.1
2.2
2.3

2.4
2.5

HAaHOYACTHUIl 1 HAHOCTPYKTYP
Teopus reneparun BTOPOil TApMOHUKH .
CuMMeTpHuilHbIN aHAIN3 TeHepalln BTOPOil FrapMOHUKH .
Crporuit mojxo 1 Ji/ist IpaBuji 0Tbopa, HaJlaraeMbiX chepruiecKoil
cuMMeTpueit
2.3.1 Orpanudenusi, HajaraeMble TOUETHON I'PYIIION KpHUCTaJLIa B
11eJIOM
2.3.2 Ilpumenenue npasBuj oTOOpa
2.3.3 Bos0yxKjeHue oJuHOYHBIM MAIHUTHBIM JIUIIOJIEM.
[IpaBuia oTbopa s 9acTUIl IPOU3BOILHON (hOPMBbI

BOB6Y)K,ZL€HI/IG Mal'HUTHBIM AHWIIOJIEM

30

02

66
69
75
78

82
84

86
86
92

94

99
100
102
105
109



2.6 Tenepanus BbICIINX FapMOHUK U CIIOHTAHHOE TapaMeTpUIecKoe

PACCETHIE . . .« o v v v e e e e

I'maBa 3. HenmHeiinblii MUPKYJISPHBbIA JUXPOU3M B AMMeEpPax
HAHOYACTUIL . . . . . o o o oottt et e e e e
3.1 Teopuga HermHEHHOrO MUPKYAIPHOTO IUXPOU3MA . . . . . . . . . . .
3.2  Teopus BOBHUKHOBEHUS HEJIMHEHHOTO MUPKY/ISPHOTO JIUXPOU3IMA

3.3 OJIMHOYHBIN UJINHIPUIECKUI JIMIJIEKTPUIECKUN PE30HATOD . . . . .
34 uMep . ...

SBAKITIOUECHUE . . . . . o o oo o
CIIMCOK JUTEPATYPDBL . . . . o o o o e i e et e e e e e
BaaromapuocTu;r . . . . .. ...

ITpunoxxename A. Mu-ko3adpdurimeHThl 1 BeKTOpHbIE chepudeckme
TAPMOHUMKM . . . . . . . . o o oo it
A.1 MogenmupoBanue HEJUHEHHOTO NUPKYJIAPHOTO JUXPOU3MA . . . . . . .
A.1.1 TloarBep:kaenne orcyTcTBus auxponsma npu =0 . . . . .
A.2 MogenmupoBaHue JacTUI] APYTOTO PA3MEPA, . . . . . . . . . . . . . . .
A.2.1 OJUHOYHBINA HUJIMHID . . . . o o v v e e e e e
A.2.2 Mombl IUMEPA . . . . . . ..

A.2.3 MogenmnpoBaHue BTOpOil TapMOHUKN OT JUMepa . . . . . . . .

ITpunoxkenme B. OcHoBHBIE MyOJAUKAIIAA aBTOpPa MO TeMe

JUACCEPTAIUAM . . . . . . o o ot e



Pedepar

Obmmast xapakKTepuCcTUKa, JTUCCePTAIIH

AkryambHOCTB. l3ydeHne pe30HAHCHOIO ONTUYECKOIO OTKJINKA HAHOYACTHII
uMeeT OO0JIbINIOE 3HAUEHUE KaK JiIs HMPUKJIAJHBIX, Tak 1 JiJIsd (DyHIaMEeHTaIbHbIX
FCCJIeIOBAHII, pa3BUBAOIINX MeTaMaTepuasbl |1 —4|, HaHoanTeHHbI [5—7| pas/md-
HbIe ONTHKO-MeXaHndecKue cucreMbl |8; 9|, Tomomorndeckne nsonsitops [10—13]. B
CBSI3U C 9THUM, BayKHYIO POJIb UI'PAeT JeTajJbHOe IMOHUMAHIE CBOWCTB JIMHEHHOIO 1
HEJIMHEeTHOr0 paccesiHnsl ¢BeTa Ha, OT/eJbHBIX HaHodacTuiax. OOBITHO 3a1a91 Pac-
CesTHMs PEIIaloTCs ¢ MOMOIIBIO TOYHOIO YHUCJIEHHOTO MOJCTMPOBAaHUS, B TO BPEMs
KaK aHAJMTHYIECKHe PeIIeHNs MOI'YT OBbITb IOJIYyYeHbl TOJILKO JIjIs OIPaHUIEHHOIO
qucjIa reoMeTpuil pesonaTopos. PaccesiHue 110cKoit BOJIHBI Ha cdepe MPOn3BOIHLHO-
ro pasmepa |14; 15| Buepssie 661710 pacemorpeno 6ostee 100 sier waza Kiebmewm [16]
u Jlopenriem [17] mas ympyrux BOJIH, 9TO B 9JIEKTPOMATHUTHOI TEOPUH XODOIIO
m3BeCcTHO Kak paccesune Mu [18]. Onnako mis Hecdepudecknx (hopM KOHETHBIX
PE30HATOPOB, HECMOTPsI HA BO3BMOXKHOCTb YHCJIEHHOI'O PEIIeHUs, JeTaJIbHOIO MTOHU-
MaHWs CTPYKTYPbl COOCTBEHHBIX MOJ| 1 UX KJACCU(PUKAIMI HE CYIIEeCTBOBAJIO.
lenepatust Bropoit rapmonuku (I'BIY) [19; 20] sBiistercst BazKHbIM HeJTMHEHHBIM
3 PeKTOM, KOTOPBIiT MUPOKO UCIOJIB3YETCSI KAK J1JIsT CO3IAHII NCTOTHIKOB M3JTyde-
HUsI, TaK U JIjIsT OMOJIOrnIecKux npumenennii. B orcyrersue ahdexkTon ha3oBoro cuH-
XPOHU3Ma, PE3OHAHCHBII OTKJIMK SIBJIAETCS OJJHUM U3 OCHOBHBIX IIyTeil TOBBINICHUS
9P PEKTUBHOCTH TeHepallii HEeJIMHEHHBIX CUTHAJIOB Ha CYOBOJIHOBBIX MacIiTadax.
IMeHHO 1T03TOMY ONTHYECKYIO HEJIMHEHHOCTh Ha HaHOMACIITabe OOBIYHO CBSA3BIBAIOT
C YyCHJIEHIEM SJIEKTPUIECKUX M0JIell B MeTAJLIMIECKNX HAHOCTPYKTYPax 3a CUeT I11a3-
MOHHOTO pe3oHaHca [21; 22|. HecmoTpst Ha 3HAUMTENBbHBII TIDOrpEece B 9TOM 001aCTH
[23], cymiecTBytoT (byHIAMEHTATIBHBIE HEJOCTATKI, KOTOPBIE OIPAHIINBAIOT 3(hheK-
TUBHOCTH HEJIMHEITHON reHepaluy ¢ TOMOIIBI0 MeTAJITUNICCKIX CTPYKTYP. ITomumo
OYEBHIHOM TPOOJIEMbBI BBICOKIX OMUYECKUX [TOTE€Pb, THUITMIHbBIE METAJLIBI UMEIOT KY-
OUYeCKyIO PelieTKy ¢ CUMMeTpHeil K I[EeHTPY WHBEPCHH, KOTOpasi ONPAHNINBAET
HesmHetHbIe 9 EKThl BTOPOro MOPsJiKa, TaKhe KakK IeHepallisl BTOPOil rapMOHH-
ki [24]. Ona MoxKeT HAOIIONATHCS TOJIBKO 38 CYET MOBEPXHOCTHBIX 3P MEKTOB MK
HEOJIHOPOTHOCTH T10J1sT B 0O'beMe HAaHOUACTHUIL [23; 25|, KoTopble OTHOCUTETBHO CIa0bI.

B nocietiee BpemMs 3Ha9UTE/IHLHOE PA3BUTHE MOJTYIIIN MCCIEI0BaAHNs CTPYKTYD Ha



OCHOBE BBICOKOMH/JIEKCHBIX JM3JIeKTpudecknx nanodacrutl [26]. HanoctpykTyphr Ha
OCHOBE JINJIEKTPUYECKUX U MOJIYIIPOBOJIHUKOBBIX MaTePUAJIOB JINIIIEHbI OMUYECKUX
IOTEPDH B OIPEIEJIEHHBIX CIIEKTPAJILHBIX JIMalla30HaX U MOTYT 00J1a/1aTh HEHYJIEBBIM
00bEMHBIM TEH30POM BOCIIPUUMYMBOCTU BTOPOTro IopsijiKa. Bozdy»KiaeHue pe3oHaH-
coB Mu B TaKux HaHOYACTHUIAX OTKPBHIBAET HOBBIE BO3MOYKHOCTH I HEJIUHEWHOM
orTuk [27; 28|, 1 MO3BOJIsAET JOCTUYD PEKOPHO BBICOKOiT 9(hheKTUBHOCTH HeJTIMHE-
HOT'O MTPeo0pPa30BaHist IaCTOTE SJEKTPOMATHUTHON BOJHLI [29—35).

Hecmorps na nnrencuBHoe skcrnepuMenTaibioe nsydenue ['BI' B nanoctpyk-
Typax ¢ Mu-pe3oHaHcoMm, JeTajbHast TeOpus NU3JIydeHUs IoJIeil BTOPOil TapMOHUKN
B HaHOYACTHIAX C HEHYJIEBBIM OObEMHBIM TEH30POM HEJIMHEHHOCTH BTOPOIO IOPSI/I-
ka X eme me 6buLta mpesozkena. BasKuple paGoOTLI, CBS3AMHbIE C reHeparimeil
['BI', ObLin 1OCBSIIIEHBI TOBEPXHOCTHBIM 1 00beMHBIM 3 deKTaM B HAHOUACTUIIAX
C TMEHTPOCUMMETPUIHON KPUCTAJINIECKON PEeNeTKoil: B HaHOYACTHUTIAaX OJIaropo/l-
HbIX MeTasiIoB [36], Tiie TakKe mojpobHO uccenoBatich 3hdekTsl hopmbl [37], u

B Mu-pe3oHaHCHBIX HAHOYACTHUIAX Kpemuus [38; 39).

Ilenabio amccepTallMOHHON PabOTBHI SIBJISIETCS JIeTAJbHOE M3ydeHue HeJnHeil-
HBIX 9(PPEKTOB BTOPOIO MOPsiJIKa B HAHOCTPYKTYpax U pa3paboTKa TeOpHHu T'eHepa-
UM BTOPOIl TapMOHUKHN B HAHOYACTHUIIAX U3 MaTEpPUaJIOB, 00JIaJIat0NUX 00bEMHOIT
HEJIMHETHOCTDBIO, OIpeae/deMOil HeIIeHTPOCUMMETPUYHON KPUCTAJIJIMYECKON peleT-
koit. Takne marepuasinr kak GaAs, GaP, LiNbOs3, BaTiO3 akTuBHO HCIIOIB3YIOTCS
JUIs HEJIMHEHHOf TIOJHOCTBIO JIH9JIeKTpHdecKkoii Hanodoronukn [29; 31; 40—42].
Heranbaoe uzydenne ['BI' B quasiekTprmyecknx HaHOCTPYKTypax TpedyeT IIOJIHOIO
MOHUMAHHUsSI UX MOJIOBOI'O COCTaBa, a TaKzKe CBOHCTB JimHeitHoro paccesnus. Mmenno
JINHEIHBIM CBOWCTBAM, CUMMETPUIHOMY aHAJIM3y COOCTBEHHBLIX MOJ] HAHOYACTHUIL U
MeTallOBEPXHOCTEl, a TaKyKe CBA3aHHBIM C 9TUM ONTHYECKUM 3 deKTaM IOCBSIIIeHa
1epBasi IjiaBa jgucceprann. Bropas riasa mocBsileHa aHAJIUTIIECKO TeOpun reHe-
paluy BTOPOH rapMOHUKHN B chepriecKnX HAHOYACTHUIAX U IIPaBUIaM OTOOpa JIjIs
MYJIBTUAIIONBLHON TeHepalliil BTOPOil TapMOHUKN, a TaKyKe Pa3BUTHUIO 9TOrO IIOIXO-
Jla JIJIsT HAHOYACTUIL ITPOM3BOJIbHON cuMmMmeTpun. TpeThs ryiaBa MoCBsIIeHa aHAJII3Y
BO3MOXKHOCTH BO3HUKHOBEHHUs IIUPKYJISIPHOI'O JIMXPOU3Ma BTOPOIl TapMOHUKHU B JIU-
Mepax HaHOYaCTHUIl, He 00JIaJIal0NUX XUPAJbHBIM OTKJIMKOM B PEXKUMe JIMHEHOIO
paccesiHus.

st ToCTUXKEeHMs eI JTUCCePTAIIMUOHHO paboThl ObLIN TIOCTABICHBI U Pe-

IIeHbl cJeayromue 3ada9u:



Bamada 1 CummerpuiiHass 1 MyJIBTUIIObHAs KJacCupUKalusi COOCTBEHHBIX MO/I
HAHOYACTUIIL, & TAKyKe UCCJIEOBAHIE BJIMSTHIST CAUMMETPUN COOCTBEHHBIX MO/I HA CBOII-

CTBa JIMHEITHOIO paccednnd CBE€Ta HaHOYaCTUIIaMM.

Bamada 2 CummerpuiiHass 1 MyJIbTUIIObHAs KJaccuuKalusi cOOCTBEHHBIX MO/
METaIlOBEPXHOCTH U UCCJIEI0BAHIE MYJIBTUIIOIHLHOTIO MeXaHu3Ma (pOpMUPOBaHUsI CBsI-

satHbIx cocrostuii B kKoutunyyme (CCK).

Bamaga 3 [lonydeHnne aHAJIMTUYIECKOTO pEIICHUS I'eHepallii BTOPON rapMOHUKN
ceprdeckoil HaHOYACTHUIIEH, a TaKXKe MYJILTUIOJILHLIX MpaBuy otoopa g ['BI' B

yacTurax cepuieckoil CUMMETPUN.

Bagada 4 Ilonyuenue npapumia ordbopa ordopa st I'BI' B B ausjiekTpudyecKux

HAHOYACTUIIAX ITPOU3BOJILHOI (POPMBI Ha OCHOBE CUMMETPUITHOIO aHAJIN3a.

Bagada 5 Ilonyuenne npasus otbopa 1pu 00TyUEHUN HAHOYACTHUI] 1 HAHOCTPYK-

TYP IJIOCKOII BOJIHOM C HUPKYJIAPHON HOJIAPU3AIINECIH.

Bamagya 6 VcciejgoBanne IUMEPHBIX CTPYKTYP U3 JIBYX UJIHHAPUICCKUX TACTHUIL

U3 apCceHn/ia raJiingd U u3ydeHue IUPKYyJAdpHOro AuXpon3Ma BTOPOH rapMOHUKU.

Metoapl mccaemoBanus. CUMMETPUIHBIN aHAJIN3 COOCTBEHHBIX MOJI, MYJIbTH-
MOJTbHOE Ppa3JIoyKeHUe, aHAJUTUYECKHe PAacUeThl C IOMOIIbIO JINaIHON (DYHKIUN

['puna, uncaennoe mogeauposanne B COMSOL Multiphysics™.

OcHOBHbBIE TI0JIOXKEHNSI, BBIHOCUMbIE Ha 3aIUTYy.

1. B aBymepHoii MeTamoBepXHOCTH C KBaJIPATHOM PeIIeTKONl, COCTOodAIel 3
MeTaaTOMOB, B ONTUYECKOM OTKJIUKE KOTOPBLIX COJACPXKUTCA TOJBKO OJINH
MYJIBTUIIOND C HOPAJAKOM CTapliie KBaJPYIIOJIsd U ¢ a3UMyTaJbHBIM YUCJIOM
m = 0, ¢popMupyercss HEMpPEPHIBHOE MHOXKECTBO CBA3aHHLIX COCTOSTHUI B
KOHTUHYYME, KOTOpbIe HE U3JIy4aloT B KOHYC HallpaBJICHUA.

2. IlpaBuna orbopa, ompejesioniue MYJIbTUIIONBHBINA COCTaB IoJeil BTOpOit
FapMOHUKU, OLPEJICIAIOTCA KaK MYJIBTUIIOJIbLHBIMI MOMEHTAMU Ha OCHOBHO
OIITUYECKOI TapMOHHKE, TaK U JIONOJHUTEJbHBIM BKJIQJIOM, OOYCJIOBJIEH-

HBIM CHIMMETpHeil KpUCTaJJIMIecKoil pereTkn. B yacTHoM cirydae apceHnia
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rasutist [001]]]z, momoTHUTE bHBII BKIA/] H3MEHSIET TTPOEKIIHIO TIOJTHOTO MO-
MEHTa IeHePUPYEMOr0 M3JIyUeHHs] BTOPOH MapMOHUKHI HA BEJIUUIUHY M =
+2.

3. Ilpu cesekTuBHOM BO30YK/EHHN MAIHUTHOIO JUIOJLHOIO DE30HANCA HA
dbyHIaMenTaIbHOM YacToTe BHYTPH IUJINHIPUTIECKONH HTACTHIILI U3 apce-
auga rawst (Hanpasienwe |[001] Bosb ocnm mmmHApa) MpU - TIEpexojie
K TeOMETPUH yCEUCHHOIO C JIBYX OOKOB HmInHJpa B Hampasicaun [110]
KPHUCTAJIINIECKON DPEIIeTKN POUCXOUT OTKPBITHE JUIOJBLHOIO KaHaJa,
PeHepaIui BTOPOil TADMOHUKHI, ITO MPUBOJIUT K 3HATHTEJLHOMY MEPECTPO-
EHIIO ee JIAarpaMMbl HAIIPABJICHHOCTH, & MMEHHO, MCIE3HOBEHNIO JBYX W3
TIETHIPEX JICIIECTKOB.

4. HnpKysspHbIA TIXPON3M BTOPOIT TADMOHUKH MOSBJISIETCS B IMEPE U3 JIBYX
MJICHTHIHBIX HaHodacTull 13 GaAs B hopMe IMIIHHIPOB C COBITAIAIONINMMI
JIOCKOCTSIMU OCHOBAHWUI 1 TTAPAJIICTBLHBIMI OCSIMHU, HAIIPABJICHUST KOTOPBIX
coprigJialoT ¢ Hampasyernem [001] Kpucraymdaeckoil pemerkn, B ciydae,
eCJIN OCh JIIMepa, COEJAMHSIONAs IIEHTPBI TACTHI[, HE COBIAIAET C CeMeli-
crBam Hanpasiennii kpucrasimaeckoii permerkn {100} n {110}, Besramma
IUPKYJISIPHOTO JTIXPOM3Ma BO3PACTACT BOJIM3M PA3PENICHHBIX TPABIIAMMI
0TOOpa PE30HAHCOB TOPsIIKA CTAPIIIE JIUTOIBHOTO. [Ipi 9TOM MHPKYJISPHBIIT

JIMXPOU3M B peKUME JIMHEHHOrO paccedHnst OTCyTCTBYET.

Hayuynasi HOBU3HA.

1. BriepBble mpoBejeHa MyJIBTUIIONbHAS KJACCHMUKAIIUS COOCTBEHHBIX MO/
ONTUYECKNX HAHOCTPYKTYP, W OIKMCAH MeXaHU3M 0Opa30BaHUs KBa3U-CB-
3aHHBIX COCTOSIHUII B KOHTHHYYME B YacTHIAX MPOU3BOJIbHONI (DOPMBI IIpH
B3aUMO/ICHCTBUN MO/ OJIUHAKOBOI CUMMETPUN.

2. Buepsble osrydenb! yeJI0BUSA HA MYJIBTUIIONLHBIN COCTAB U3y IeHIS 0TI b-
HBIX d9eeK, MPU KOTOPBIX BOZMOXKHO HaOJIIO/IEHNE CBA3AHHBIX COCTOTHUI B
KOHTUHYYME B METAIIOBEPXHOCTU C KBa/[PATHON PEIIeTKON, He N3/1yYalonX
B KOHYC HaIlpaBJICHUIA.

3. Brepsble mocTrpoena anaanTuvdeckas TeOpus TeHepallii BTOPOil rapMOHUKN
cepoit 13 MmarepuaJa ¢ 00bEMHOI HEJIMHEITHOCTHIO BTOPOIO MOPSIKa, U 110-

JIydeHbl TTpaBujia 0TOOpa /I MYJIBTUTIONBLHON TeHepalli B TaKUX cepax.
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4. Buepsble mojiydeHbl IpaBuja oTOOpa JiIsi T'eHepaluy MYJIbTUIIoNe BO
BTOPOIl FrapMOHMKHI B HAHOYACTUIAX IIPOU3BOJILHOM (POPMBI Ha OCHOBE Ma-
TepuaJja ¢ 00beMHONI HEJTMHEHHOCTHIO.

5. Buepsble 1mokasaHa BO3MOKHOCTH HAOJIIOIEHNs] HEJIMHEIHOrO IIUPKYJISTPHO-
ro AIuxpom3Ma B JUMEPE U3 JIBYX HUJINHAPWUYICCKUX YaCTUIl Ha OCHOBE
MaTepuaJia ¢ 00beMHON HEJTMHETHOCTHIO, a TaKyKe MOJIyUeHbl YCIOBUST JIJIs
OpHMEHTAINH KPUCTAJINIECKOIl peleTKy MaTeprasia IUJIMHIPOB, IIPH KOTO-

PBIX OH HAOJIIOIAeTCs.

IlpakTuieckast 3HAUMMOCTb. Pe3yibrarsl paboThl MOTYT HUCIOJIb30BAHBI I
JAJIbHEHIIIero co3ansd HaHOAHTEHH JjI BBICOKOI(DMEKTUBHOIN TeHepaIi BTOPOil
rapMOHUKN W CEHCOPOB HAa UX OCHOBE, B TOM YHCJIe JJIs JIeTeKTUpoBaHus 3 dpeKToB,

CBA3aHHBIX C OITUYCCKOI XNPaJIbHOCTBIO.

ocTtoBepHOCTb. /lO0CTOBEPHOCTD IOJIyUEHHBIX PE3YJILTATOB 00CCIICUNBACTCS COB-
[aJIeHuEeM Pe3yJIbTAaTOB aHAJIMTUYECKOTO PACCMOTPEHUS C YUCJIEHHBIMUA pacyeTaMu,
a TaK:Ke ¢ CHMMETPUITHBIM aHanm30M. HabJtoienne HeJImHEITHOTO IUPKYJIAPHOTO JIU-

Xpom3Ma TaKzKe ObLJIO MOJATBEPXKICHO SKCIIEPUMEHTAIBHO.

Annpobamusi padorbl. Pesyibrarbl pabOThl JOK/IAIBIBAINCH HA CJIEILYIONINX
KOH(pEpEeHIUIX:

1. METANANO 2021, 13 —17 September 2021, Saint Petersburg, Russia
(Online) “High-Q states in acoustic apple-shaped resonators.”, “Nonlinear
circular dichroism in Mie-resonant nanoparticle dimers”

2. SNAIA 2020, 8 — 11 December 2020, Ecole Nationale Supérieure de Chimie
de Paris 11, rue Pierre et Marie Curie, France (Online) “Selection rules for
second-harmonic generation in dielectric nanoparticles”

3. METANANO 2020, 14 — 18 September 2020, Saint Petersburg, Russia
(Online) “Thermally induced reshaping of second harmonic radiation
patterns from resonant semiconductor nanostructure”

4. The annual International Winter School on Semiconductor Physics,
February 27 — March 2 2020, Russia “Hemsmydatonue coctosinus B Tie-
PUOINYIECKIX CTPYKTYpPaX ¢ TOUKN 3PEHUS MYJIbTUIIOJIHHOIO PA3JIOXKEHUsT

5. 13th International Congress on Artificial Materials for Novel Wave
Phenomena (Metamaterials), 16 — 21 September 2019, Rome, Italy “Second



12

harmonic generation driven by magnetic dipole moment in dielectric
nanoparticles of different shapes”

6. METANANO 2019, 15 —19 July 2019, Saint-Petersburg, Russia. “Second
harmonic generation driven by magnetic dipole moment in dielectric
nanoparticles of different shapes”

7. METANANO 2018, 17 —21 September 2018, Sochi, Russia. “Second
harmonic generation in nanoparticles with Mie resonances”

8. 12th International Congress on Artificial Materials for Novel Wave
Phenomena (Metamaterials), 27 August — 1 September 2018, Espoo,
Finland “Selection Rules In Second Harmonic Generation Process
Supported By Mie Resonances”

A Takke na Huskopazmeprom cemuuape 24.01.2022 B Ou3HKO-TEXHUIECKOM HH-
cruryre umenn A.®.Modde, “Henmmnelinbii mupKyaspHBIA INIXPOU3M B JIIMepPax

HaHOYaCTHIL .

Jlmaubrii BKJaJ aBTOpa. JIMYHBIN BKJIaJ aBTOpa 3akK/Ii09aeTcsd B paspaboTke
TeopeTuyeCcKNX Mojiesieil u 1poBeJleHns] TeOPEeTUKO-IPYIIIOBOIO aHaJu3a, IpoBeje-
HUM YUCJEHHOTO MOJIEJIMPOBAHUS, MOJYYEHUU OCHOBHBIX DE3YJbTaTOB, & TaKXKe B
IIOCTAHOBKE YaCTHU 3aJiad. B cirydae, Korjaa pe3ysibTaThl MOJYyIYeHbl B COABTOPCTBE C

KOJLJIETaMH, 9TO YyKa3aHO B TEKCTEC AUCCEPTalllN.

O61béM m cTpykKTypa paborbl. /[luccepralinsi cOCTOUT U3 BBEJIEHUsI, 3 IJIaB, 3a-
KJIoueHns u 2 npuioxkenuit. [loyiabiit 00bEM guccepranu coctaniiser 206 cTpaHmIl,
BKyto4uad 41 pucyHok m 8 Tabsui. CHHUCOK JIMTepaTypbl cojepkut 186 HanmeHO-

BaHUI.
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OcHoBHOe coaepkaHne padoThl

Bo BBeeHun ob6ocHOBaHA aKTYaJbHOCTH UCCIEI0BaHNU, CHOPMYINPOBAHDI TN

1 3aJlad9u, IPOBeJIeH 0030p JIMTEPATYPHI.

IlepBast TmaBa cojiep:KUT BBEJIEHNE, TTOCBANIEHHOE OCHOBHBIM IOHATUSIM TEOPUN
IPEJICTAaBICHUI TPYIII ¥ OIUCAHUIO CUMMETPHIHBIX CBOMCTB MarHUTHBIX Me,,, 1
371eKTPHICCKUX Neyy,, BEKTOPHBIX C(HEePIIECKIX rapMOHIK, BBEJICHHEIX B [43]. 3ech
7 COOTBETCTBYET ITIOJHOMY YIJIOBOMY MOMEHTY, 1M — €ro MPOEKINN Ha ocb 2 (HO,
CTPOrO TOBODSI, He SIBJISIETCS eif), a € 1 0 CBsI3aHbl ¢ YeTHOCTBIO MPH IPeodpasoBaHU
a3NMyTaJIbHOTO yrta @ — —@. Takxke dopmyupyercsa reopema Buruepa [44—46],
SIBJISIONIASCS KJIIOUEBOI JIJIsl MOJIyUeHUsT MHOTUX Pe3yJIbTaTOB: eC/In 3a/a4da Ha cob-
CTBEHHBIE 3HAYEHUs SIBJISIETCS] MHBAPUAHTHON 10 OTHOIIEHUIO K IPe0dPa30BaHUIM
CUMMETPHUH I'PYIIIbI, TO COOCTBEHHBIE (DYHKINN TTPEOOPA3YIOTCs 10 HEIIPUBOIMBIM
peJICTaBIeHNsIM 9TOH Ipymibl. Takum o0pa3om, ecjaum HAHOCTPYKTypa o00J1ajia-
eT Kakoi-7ubo cuMMmerpueil, To cOOCTBEHHbIE MOJbLI OYJIyT MPEoOPa30BBIBATHCS
110 HENPUBOJUMBIM IIPeJICTaBJIEHNUsIM TPYIIILI CUMMeTpun cTpyKTypbl. CliejicTBrE
TeopeMbl Buraepa: crerneHb BBIPOXKJIEHUST COOCTBEHHON MOJIbI paBHa Pa3MEPHOCTH
COOTBETCTBYIOIIETO HEIPUBOIUMOTO IPEJICTABICHUSI.

B crenytomiem pasjesie aHaIM3upPyeTcst MyJIbTUIIONBHBIN cOCcTaB COOCTBEHHDBIX
MojT. 1o MyIBTUIIONBHBIM pa3JIOKEeHIHEM Mbl OyJIeM I0JIpas3yMeBaTh Pa3jioKeHne
1oJiell 10 BEKTOPHBIM cepuiecKruM rapMOHUKaM. MyJIbTHIIONbHBINA COCTaB MOJIBI
— HabOP BEKTOPHBIX cheprIecKUX rapMOHUK, KOIMMUITMEHTHI 11epe)] KOTOPhIME He
pPaBHBI HYJIIO JIJIS Pa3/IoyKEHUsI oJiell JaHHO# MoJbl B jajbHeil 3one. [IpuBogures
AJITOPUTM CUMMETPUIHOTO aHaIn3a COOCTBEHHBIX MOJI PE30HATOpPa M UX MYJIbTH-
IIOJIBHOTO COCTaBa HA OCHOBAHUH TOIO, YTO MYJIBTUIIONN, BXOJSAININE B COOCTBEHHYIO
MOJTY JIOJIZKHBI ITPEoOPa30BBIBATHCA 110 TOMY K€ HElPUBOIMMOMY IPeICTaBICHIIO,
4TO U cama Mojia. IIpu 9ToM 3j1eKTpuiecKe BeKTOPHbIE chepruiecKie rapMOHUKN
IpU TIOBOPOTaX U OTParKEHUAX IIPeodpa3yloTcsl TaK ke, KaK CKaJspHble chepude-
ckue (QpyHKINN, a MarHUTHbIE TAPMOHUKN IIPEodpa3yIoTcsa TaK »Ke MPU II0BOPOTaxX,
HO 00J1a/IAI0T MTPOTUBOIIOJIOXKHOM Y€THOCTBIO IIPU OTPAYKEHUAX ¥ UHBEPCHUH.

[Tpumep MysibTHIIONBHON KjaccudUKauu COOCTBEHHBIX MOJI JIjIsd IHJIMHJIPA,
KOHYCa U TPEyTroJIbHOM IIpU3MBbI IIpUBejieH Ha pucyHke 1. [IpuBeieHbl TOJIBKO 11epBbIe

HECKOJIbKO MYJIBTHIIONEH, TOrga KaK B KayKAyI0 MOAY BXOJIUT O€CKOHEUHBIN UX Psi/I.
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Pucynoxk 1 — Kitaccudukaius 1 MyJbTHIIOIbBHBIE COCTaBbl MOJ KOHYCa, IIJINHIPA
u pu3Mbl. Mobl 0003HaUEHBI COOTBETCTBYIOMINMU HEIIPUBOIMMbBIME IIPEICTAB/ICHN-
sIMI, 110 KOTOPBIM OHHU Ipeobpazytorcs. MyJsibTuIiom mnpejcraBieHbl JrnarpaMmMamMu
HAIIPABJIEHHOCTU COOTBETCTBYIOIINX BEKTOPHBIX CPepUIecKIX rapMOHUK B JaJIbHell
3oHe. MOKHO TakzkKe HabJ/II0AaTh, KaK ITOHUXKEHNE CHUMMETPUN BJIMSET Ha IpPeJICTaB-

JICHUA 1 M}/JIbTI/IHOJIbeIﬁ COCTaB.

HerpuBnabHBIM cirydaeM JJist MyJIbTHIOIBHON KIacCupuKalum siBISTIOTCS Ta~
ke cummverpun Kak Tq (Terpasap) umm Oy, (Ky0), 1T0 IpHYHHE TOro, 9TO MOSIBJISTIOTCST
MYJIBTHUIIONH, TIPE0OPA3YIONINECs 10 IPIMOi CyMMe HEIIPUBOANMBIX [IPEICTaBIeHHIT,
1 CTAHOBUTCS HEOOXOIMMO HCIIOJIL30BATL CIIEIM(PUIecKe JIMHEAHbIe KOMOMHALM.
Konkpertble KoahPUIUEeHTh JIJIsd CKAJISPHbIX (DYHKIUI MOXKHO HaliTh B craThbe [47].
OjiHaKo, B peasibHbIX ONTHYECKUX 3ajiadax TaKhue CHMMETPUN BCTPEYAIOTCS PEJIKO.

[Ipu 5TOM BazKHO HOMHUTb, YTO, XOTh Y KOHEUHBIX TPYII U KOHEYHOE YHCJIO
HEIPUBOINMBIX IIPEJICTABJIEHIIT, IICI0 COOCTBEHHBIX MOJI ABJISIETCS OECKOHEUHBIM,
a 3HAYUT CYIIECTBYeT OECKOHEUHOe MHOXKECTBO COOCTBEHHBIX MOJ KarKJIOrO THIIA.
Tak, Hanpumep, naxke y cdep ecrb GECKOHEUHOE KOJMYECTBO JUIMOJIBHBIX (KaK U
JIFOOBIX JIPYTUX) MOJI, B HEKOTOPBHIX MCTOUHUKAX UX CBSA3BIBAIOT C TOPOUIATHHBIMU
mMomeHTaMn [48; 49].

[ToruManne MOZOBOIO COCTaBa, MO3BOJISIET MITHOBEHHO OIPEJIEISIThH COCTAB PAC-

cestHHOrO 110J1s1. Ecnn MyﬂbTHHOJIbeIﬁ COCTaB B036y}K,ZLaIOHl€FO I10JIgd M3BECTEH, TO
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Pucynok 2 — Wiumoctpaliyst MyJIBTHIIONBHON TTPUPO/IBI CUMMETPHITHO-3aIIUITIEHHO-
ro CCK (B I'-rouxe) n cayuaiinoro (Bme I'-touxm). Ha pucynkax cxemarmtdaecku
M300PasKeHO CeUeHNe JMarpaMMbl HAIIPABICHHOCTH MYJIBTUIIONEH BEPTUKATLHOI

ITJIOCKOCTDBIO.

KazKJIbIil MYJIBTHUIIOJNb, BXOASINUI B IaJaioIIyi0 BOJIHY, OyaeT BO30yzKIaTbh MOJLY,
COZEPKAIIYIO0 9TOT MYJIBTHUIIONb. A 3HAUNT, YTO B PACCEsIHHON BOJIHE OyIyT IIpH-
CYTCTBOBATb BCE MYJBTHIIONN, BXOJAIINE B 3Ty MOJY, & BeJMYUHA BKJaJa OyIer
OIIPEJIeIATbCS Pa3sMepoM 1 pOPMOil YacTHIl U JJIMHON BOJIHBI.

Jlajzee paccmMaTpuBaeTCsl CBsI3b CUMMETPHUU COOCTBEHHBIX MO/ U130 IMPOBAHHBIX
JaCTHI ¢ 00pPa30BaHIEM CBSI3aHHBIX COCTOAHNIT B KOHTHHYYMe. A MMEHHO, IOKa3a-
HO, YTO IIPUA B3aUMOJICHCTBUU MOJ OANHAKOBOIl CUMMETPHUHN, KOTOPOE ITPOUCKOINAT
IPU U3MEHEHUN MeOMEeTPUUECKUX IapaMeTPOB YaCTHIlbl, B YacTHUIax 000l (popMbl
OyJyT BO3HUKATHL CBSI3aHHBIE COCTOSIHUsI B KOHTHUHYyME BOJIM3M aHTUIIEPECCUCHUS
MOJI, B TO K€ BpeMsd B3auMo/IeiicTBUE MO/ Pa3HOI CUMMETPUN K aHTUIlepeceYeHnAM
1 (POPMUPOBAHUIO CBsI3aHHBIX COCTOSIHUIT B KOHTHHYyMe He npuBoauT. B crarhe [50]
HpUBeIeH IpuMep GpOPMUPOBAHUS CBA3aHHOTO COCTOSTHUSI B KOHTUHYYME B TPEYTOJIhb-
HOU TIpU3Me.

[ToMIMO OJMHOYHBIX HAHOCTPYKTYP, MYJIbTUIOJIbHBIN aHAJIU3 I0JE3CH JIJIsd
paccMoTpeHusl CBsA3aHHBIX coctosiuuil B kKoHTuHyyMe (CCK) B nepmommueckux
CTPYKTypax, Hanpumep, B MeranoBepxuoctTsx [51]. MysbrunoibHblil aHams mpeji-
ckas3biBaeT, 4To cummerpuitHo-zamuinenabie CCK B nenTpe 30HBI bpuiiosna
(C-TouKe) MOSIBIISIIOTCST HA TEX MOJIAX, B MYJIBTHIIOJIbHBIN COCTAB KOTOPBIX HE BXOJAT
MYJIBTHUIIONN ¢ M = 1, KakK IMoka3aHo Ha Puc. 2. Ecan B paznoxkenune BXOAAT MyJIbTH-
0JIN, He U3/Iyvaloliie B HAIIPABJIEHUN BBepX U BHU3 (m # 1), TO pe3y/IbTupyloliee

n3JIydeHue oT Ka}K,HOf/’I JaCTUIbI TaKzK€ HOJIb B 9THUX HallpaBJICHUAX.
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Pucynok 3 — JIunus CCK, obpasoBaHHasi METAlIOBEPXHOCTbIO, COCTOSIIIEH U3 TO-
YEYHBIX OKTYIOJIel ¢ auarpaMMOil HaIIPpaBJICHHOCTH U3JIyYEeHUd, BbIpazKaloleicsd

BEKTOPHOII cpepuueckoii rapMoHnKoit N 3.

IIpu srom B paznoxkenne “ciaydaiinbix’ CCK, manpumep B gosnmae ['X yxke
MOT'YT BXOJIUTH MYJBTHIIONN ¢ M = 1, 0/IHAKO BayKHa CUMMETPUs CTPYKTYPbI K WH-
Bepcun W OOpAIEeHNIO0 BpEMEHN JIJIs MOJYIeHns] HYKHBIX COOTHOIIEHU ha3 MexK Ty
MYJILTUTIOJISIMU.

Bakno oTMeTHTD, YTO HAII MTO/IX0/T, OCHOBAHHBII Ha aHAJII3e MYJIBTUIIOIHEHOTO
PA3JIOKEHUS OTJIEIbHBIX MeTa~-aTOMOB, He TOJTHKO 00bICHSET ITPONCXOK/IeHNEe KaK 3a-
IIUIIEHHBIX CUMMETPHEH, TaK 1 CJIyJaiiHbIX CBSI3aHHBIX COCTOSHUI B KOHTUHYYME, HO
n 00J1a/1aeT TpejcKa3aTe/IbHON CUIO 1 MOYKeT ObITH UCTIOJIL30BAH JIT HAXOMK TEHIS
u mpoekTupoBanus pa3anaabix TunoB CCK. B kadecTBe mpuMepa pacCMOTPUM MeTar~
MIOBEPXHOCTH, COCTOSIIYIO U3 METAATOMOB, YITAKOBAHHBIX B CyOBOJIHOBYIO JIBYMEPHYIO
peNeTKy, KOTOpble MOJITPU30BaHbl KAK OKTYIIOJIN, HAIIPIMED, COOTBETCTBYIOIINE BEK-
TopHoii cheputdeckoit rapmonnke Neoz|52| (em. Puc. 3). Kazxapiii okTymosb Takoro
THUIIA UMEET y3JI0BOl KOHYC, U TIO9TOMY BCS METAIllOBEPXHOCTH HE MOYKET M3JIydaTh
B HallpaBJIeHusAX 3Toro Kouyca. OJHako Jiisi HaOJIFOJIEHUS 9TOro dBJieHUusl dddek-
TUBHAS TOJSIPU3YEMOCTDb 3JIEMEHTAPHON sUefiKi, YUUTBhIBAIONIAs B3anMOJIeHCTBIE
MEYKJTy BCEMU MeTa-aTOMaMU, He JIOJPKHA 3aBUCETh OT OJIOXOBCKOIO k-BEKTOpa WJIN
UMeTh OYeHb cjaabyio 3aBucumocThb. pyrumn ciaoBamu, jununs CCK moxker Ha-
OJII0/TATHCS B METAIIOBEPXHOCTAX C IOaBJIECHHON TPOCTPAHCTBEHHON JIUCIIepcreii, a
JIOCTUZKEHIEe 3TOTO yCJIOBUS BCE €M ocTaeTcs CJIOKHON 3asadeit. nrepecto, 1To
takoit B CCK Oyzer HaOIIOAThCs JIJIsl OJHUX U TeX »Ke HaIIpPaBJICHU He3aBUCHUMO

OT CUMMETPpUHN PEIIETKN METAIIOBEPXHOCTHU, €CJIM Mbl HE YYUTbIBa€M BKJIad APYI'UX
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MysbTunONel. HesnauurenbHoe nmpuMmemmBanue JAPYTUX MYJILTUTIONENH TPUBETET K

u3MeHeH 1o Gopmbl Konyca (“ropupoBke’) pu COXpaHEHUH €ro CBA3HOCTH.

Bropas rnmaBa mnocesiena reaepaiinu Bropoit rapmonukn (I'BIY) manogacrumnamu
¢ cobcTBeHHOl HemmHetHOCTRIO [53]. PacemarpuBaercs: cdepraeckasi IuaIeKTpue-
cKasgl JacTHUlla pajuyca a, XapaKTepu3yIolascd YacTOTHO-3aBUCUMOIN JIN3JIEKTPU-
9eCKOIl MPOHUIAEMOCTHIO €9(W), MOMEIEHHAsT B OJHOPOJHYIO cpely ¢ € = 1.
Hanouactuma m3roToBjeHa W3 MaTepuaJja ¢ HEIMEeHTPOCUMMETPUIHON KPUCTAJLIN-
YECKOUl CTPYKTYPOIil, & ee HeJMHENHbIe 3JIeKTPOMArdHnTHBIC CBONMCTBA OIMCHLIBAIOTC
KBaIPATIIHBIM TeH30poM BocrpuuMdnsocTn X 2. Hekoropble paceMarpiBaeMble Ma-
TepuaJibl (HAIpUMep, TUTAHAT Oapusi) MOIYT O0JIaJIaTh aHU30TPOIUEH JIMHEHHOro
TEH30pa BOCHPUUMYUBOCTH €9(W). Perrienue 3aiavm yrpyroro paccesiiusi cBeTa Ha
cepe U3 aHU30TPOITHOIO MaTepraJia u3BecTHO [54; 55|, HO MbI IpeHedperaeM TUM
3pdeKTOM 1 cunTaeM JIMHEHHYI0 BOCIPUUMYNBOCTDL W30TPOMHOMN. PasMepnbl dacTuil
TAKOBBI, UTO TMOJIEPKUBAIOT HECKOJBKO TEPBBIX MYJIBTUIOJBHBIX MU-pe3oHaHcosB,
a B UCCJIE/LyeMOM JTHaIla30He JTUH BOJIH IOTJIONIEHNE B MaTepuaJe MpeHeOpeKuMO
MaJjo. Mcnoabayercss mpubmykenne HEUCTOIEHN BOJTHBI HaKAIKU.

Hagejlennas neuneiinast nosisipusaius P29 (r) Ha yacToTe BTOPOil rapMOHUKH

OIIpEaCJIACTCA TEH30POM IOJIAPU3YEMOCTU BTOPOI'O ITOPAIKA:!

P2(r) = eoXp, BL (1) EX(r), (1)

rje B — nexkapToBbl KOMIOHEHTB! (PyHIaMEHTAJIBHOTO 110J1s1 BHY TP HAHOYACTHUIIHL.
Mpub1 mpunuMaeM BO BHUMaHNE TOJBKO OObEMHBIN HEJTNHEMHBI OTKJINK, OCTABJISI
BHE pacCMOTpeHus MOTeHInabible ToBepxuocTable nctounukn ['BI. Tlone BTopoit
rapmonnku (BI') BHe acTuibl pu r > a MOZKeT ObITh HaiiJIeHO ¢ HOMOIIBIO JINa IHOI

dyukmuu ['puna G cepsr:

E*(r) = (2w)%u / dV'G(2w,r )P (r) (2)

v
riae (r,w) = eo(w) st 1 < a, u g(r,w) =1 st 7 > a. ABHOE MYJIBTUIIOIBHOE
paznoxkenne dyukinu ['puna npuseeno B [56]. [logcrasiss pasinokenne QyHKImm
['puna, a TakzKe MaJAIOIIEro MOJisl BHYTPH 9acTUllbl (13BecTHO 13 Teoprn Mu) B ypas-

Herue (1), MOXKHO MOJTYIUTh MYJIBTHIIONHHOE PA3JIOKEHNE MOJIsT BTOPOH TADMOHUKI:

E2w ZZ Z Eo(Dw emn W emn[kl(zw) ]+DW0mntrr)m[k1<2w) r]) .,
n=1 m=0 W=M N
(3)
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rie WE::,?m — MArHUTHBIC U 3JEKTPUUECKHE BEKTOPHbIE cdpepudecKre rapMOHUKU C
paJinaabHOil JacThbio, KOTopasi onncbiBaeTcsd GyHkmnmnein Xaukessi. dPPHeKTUBHOCTD
1Ipeodbpa30BaHmsl BTOPOI TapMOHUKU Oy, OIpejesisgeMas KaK OTHOIIeHUEe II0JIHOM
nzsrydaeMoii mormHocTn BI' Pgy K MOTOKY 9HEPrum OCHOBHOI BOJIHBI [ depe3 reo-
METPUYECKOE CeUeHIe Tta° YacTUIIbI, MOKET ObITh BhIpazKeHa depe3 KodhUIIeHThI
epes MyJIbTHIONAMA Dyyeyyy,, TEHEPUPYEMBIMU BO BTOPOIl rapMOHMKE, CJICYOMINM

obpazom [57]:

~ Psu 27 - n(n+1)
OSH T a2l mallk (20)]2 ; W;;N (2n + 1)
" (n+m)!
[ e 1D+ IDwomal?) + 21 Dwveon ] (4

m=1

rje Iy — MHTEHCHBHOCTD TAJIAIOIIEro cBeTa, a — pajanyc cdepsr, ki(2w) — BosHOBOI
BEKTOpP Ha YJABOCHHOI YacToTe.

[Tokazano, uro BozMoxkHOCTE ['Bl' vepes pazmmdHble My/IbTUIIOTbHBIE KAHAIDI,

a IMEHHO, PaBEHCTBO MJIM HEPABEHCTBO HyJIIO KO3PMUIIEHTOB Dyyep,, OUpeIeNseTcs

0cobofl cuMMeTpreil MO/ Ha OCHOBHOI U YIBOEHHOI YacTOTaX, U CBA3AHO C MHTErpa-

JIAaMHI 110 00'beMy HAHOYACTHUIIHI BHUJIA

Ly oy = /dVXgéyWa,p(r)W&u,(I‘)Wy,u//(r). (5)
r<a

Snecy W obo3Havdaer u 9JeKTpUUecKne, U MarHUTHbIE BEKTOpHBbIE cdepudecKre
rapMOHUKHN, OJIHa W3 KOTOPBIX OTHOCUTCS K IOJIO HA YJABOEHHOI YacToTe, a JIBe
— Ha QyHIaMEHTAJILHOI dYacToTe, L — HabOp BCEX MHJIEKCOB BEKTOPHBLIX Tap-
MOHUK €,0,m,n. B ciaydae cdepuuecknx 4YacTHIl 3ajada MOXKET OBbITh perieHa,
aHaJuTHIecKu. B pabore moydensl crieKTphbl 3P OEKTUBHOCTH BTOPOil TapMOHUKH
B 3aBUCUMOCTH OT pajuyca dacTuiibl. Ha pucynke 4 moctpoen crekKTp 3pdeKkTrs-
HOCTHU T'€HEpaIlMy BTOPOIl rapMOHUKK chepoil U3 apceHn ia rajlind IIpu 00Ty YeHUN
HOPMAJIbHO A Ia0MIeil IIOCKOI BOIHOM, MOJIAPU30BAHHON BJ0JIb OcK . AHAJIMBUPYS
mHTerpast (5) MOXKHO MOJTyduTh npasmia otbopa st I'BI' B ccdheputieckoit Hanoua-
crurie. A MMEHHO, IMOJIBIHTEIPAJbHOE BhIparKeHHe JIOJIKHO COJepyKaTh MHBAPUAHT
IIpu Bcex IpeoOpa3oBanudax cuMMeTpun cdepsl. [IpaBuira orbopa 1mo3Boagior omnpe-
JIeJINTh HabOPbl BEKTOPHBIX MAPMOHUK, JIJIT KOTOPBLIX 3TOT WHTErpaJs oOpalnaeTcs B

HOJIb, & 3HaYUT HEBO3MOXKHa I'eHepallnd 'rapMOHUKHA WHH Ha y,ZLBOGHHOfI HJacCcTOoTe KOM-

ounanueit rapmonuk W, W na dynjamenrasnbnoit qacrore. lajee npubojdarcsa
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Pucynok 4 — CreKTpbl reHepaliuyi BTOPOil rapMOHUKHU U JIMHEHHOI'O PACCesTHUs JIJIsT
chepuueckoit vactuipl n3 AlGaAs npu 00/IydeHNN IIOCKOM JIMHEHHO-ITOJISIPI30BaH-
woit BostHoit k||z. Jymma Bosmbl majatomiero mamydenust 1550 um. (a) Crtontaast
yepHasd JUHUS MoKa3biBaeT 3pdekTnBHocTh ['BlY, HopMupoBaHnyio Ha Ima/Iaionyro
momuocts [y = 103 Br/m% u reomerpuueckoe cedenue 7ta®. IlperHbie juHum —
BKJIaJIbI MysibTunoseil B naTeHcusHocth Bl (b) Cedenne paccestHust, HOpMUPOBaH-
HOE HA TeOMEeTPUIECKOe CeueHne JIIst ABYX JITH BOJH, 1550 HM (IIyHKTHDHAST JIMHIS )
u 775 HM (CIUIOIIHAST JIMHUS ), MOKA3BIBAIOIIIE MMOJI0KEHUST MYJIbTUIOIBHBIX Pe30-
natcos. E/MD — sjekrpuueckuii /MaruuTHbiil umnosib, XQ — kBajgpynosib, XO —

okTy1oJb, XH — rekcanekanosib, XT — TpuakoHTa UIIOb.

npaBuia 0TOOpa, TMOJyUEHHBbIE HCXOAd U3 TpeOOBaHUS WHBAPUAHTHOCTU TTOIBIHTE-

I'PaJiIbHOI'O BbIpa2KE€HNA OTHOCHUTEJ/IbHO Pa3J/IMYHbIX Hp606paSOBaHI/H7L

ITpaBuao A: YerHOoCTh ITpUM MHBEPCUM W OTPAXKEHWU B TIJIOCKOCTH Yy = 0.
BekTopuble cdeprdeckne rapMOHUKN MpeoOpa3yioTcd TakK »Ke, KaK 1 BelleCcTBeH-
Hble CKaJlsipHbIE cepudecKie rapMOHIKH Pey, [58—61] npu nosoporax crucreMmbl
KOOPJHMHAT, & NIPU UHBEPCUH ey, U 3JICKTPUYECKHE BEKTOPHBbIC TapMOHUKU Neyyp

n+1

nprobperaioT 3HaK (—1)", a MaranTHbIE TAPMOHUKN Mep,, — 3HaK (—1)""", mosTo-

MYy Y9€THOCTb Mal'HUTHbLIX BEKTOPHbLIX I'apPMOHHK o6paTHa YETHOCTU IJICKTPUICCKUX
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Pucynok 5 — Tab/mmia, nuiocTpupyonias MoBeIeHIe PA3JINIHbIX JIeKapPTOBbIX KOM-
nonent tenzopa X2 mpu npeobpazosanuu oTpazkenns B mwiockocTn y = 0 (3HadeHne

*BY) 1 mooporax Bokpyr ocn z (werHocTh cymmbl m* &£ mP 4+ mY). Cunonmas
U [yHKTUPHAsI JIMHUS TOKA3bIBAIOT HEHYJIeBble KOMIOHEHTHI TeH30poB AlGaAs u

BaTiO3 coorBeTcTBEeHHO.

1 CKAJISIPHBIX rapMOHUK. MbI BBOJUM MHJEKCHI deTHOCTH p; = (—1)" s Ney, 1
pi = (=)™ nna Me,,,,, onmcbiBaromye noBeJeHne chepuIecKux TrapMOHUK IIPH
IIPOCTPAHCTBeHHOIT nHBepcun. JIpyroit mHIEKC Y€THOCTU P, OIMUCHIBAET IIOBEJICHUE
rapMOHUK IIPpH OTPaKEHUN B IJIOCKOCTH Yy = (), 4TO SKBUBAJECHTHO U3MEHEHUIO a3U-
MyTajabHOro yria @ — —@. OyHKIIH Pempn, Nemn 1 Mopmn 9€THBI OTHOCHTEIHHO
Takoro orpaxkeuud, p, = 1, a GYHKIHA Womn, Nomn 1 Mem, HEYeTHBI, p, = —1.
[IpaBuia orbopa YeTHOCTH MHBEPCHH U OTParkKeHus B ILIOCKOCTH Yy = (0 MOXKHO

0000IINTH KaK

pipipi = —1 (unBepcust), (6)
p*BYp ppe = 1 (orpazkenue) . (7)

r

[IpaBuio (6) aBTOMATHYECKE YIUTHIBACT, IYTO TEH30D HEJIMHEHHOI BOCIIPUUMIUBO-
CTU BTOPOT'O IOPsJKA BCErJa HEYETHBII NPU MHBEPCUU, U MPUMEHSETCS TOJBbKO K
BEKTOPHBIM TapMOHHUKAM, OIICHIBAIONINM 11011, [IpaBmio (7) yxke ydaurbiBaer To,

2)

9TO TEH30D Xy p, MOKET 00J1a/1aTh Pa3HBIM MMOBEJICHUEM TTPU OTparKeHusAx. MHOKH-
TeJIb pf,‘f’y B BbIpazkeHUH! (7) — 9TO Y€THOCTD IIPOU3BEJICHIST X oL Ly IIPU OTPAZKEHNH

B miockoctn y = 0, 4To mokazano na Puc. 5.
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ITpaBuio B: CoxpaneHne IIpoeKIium yrjioBoro MoMmeHTa. [IpaBuio Jijist npo-

eKLH/Iﬁ YIJIOBOI'O MOMEHTa IJIf MyﬂbTI/IHOJIeﬁ 3allChIBa€TCAd KaK
/ 1
+m* +m?® +mP £ mC EmY £m/"C =0. (8)

Nurerpar (5) MoxkeT ObITH HEHYJIEBBIM, TOJBKO €CJIH HAXOUTCS TaKasd KOMOMHAIHST
3HAKOB, 9TO BhIpakerue (8) yraosjerBopsiercst. [lpn 9ToMm 3HadeHme cymmbl m* +
mP £ mY oupenesseTcs u3 MOBeIEHNS KOMIOHEHT TEH30DPa LIPU II0BOPOTAX BOKDYT
oc z. Ero jierko naiitu, sanucas IPOU3BEJCHUE TyTpTy B HUINHAPUYECKUX HJIU

cepruecKIX KOOPIMHATAX, I PACCMATPUBAsA MHOKUTEIb B 9KCIIOHEHTaX e'm?.

HpaBI/IJIO C: HepaBeHCTBO TpeyroJibHuKa IAJid IIOJIHOT'O YIJIOBOI'o MOMEH-

ta. [IpaBmio dbopmynupyercsa Kax
_h+|n/w_n//w‘ <n2w< |n'w+n"wl+h, (9)

rie unjekc h € [0..3] o6o3HaYaeT YNCI0 JIEKTPUIECKUX BEKTOPHBIX TAPMOHUK 10/
uarerpajom (5). Hammane unjgekca h 06ycIoBI€HO Te€M, UTO JE€KAPTOBBI MPOEKIIN
BEKTOPHBIX JIEKTPIUIECKUX TAPMOHUK C IMOJTHBIM YTJIOBHIM MOMEHTOM 7 PACK/Ia/IbI-
BaIOTCS TI0 CKAJSIPHLIM TapMOHWKAM ¢ M + 1, a NpOeKInr MArHUTHBIX TapMOHWUK
BKJIIOUAIOT TOJIBKO COCTOSIHUSI C TeM Ke YIJIOBBIM MOMeHTOM 1 [62].

[IpuBeennble TpaBuia UMEIOT YIIPOIIEHHDBIN BUJ, U HE YIUTHIBAIOT JOTIOJIHU-
TeJIbHbIE 3allPEThI, CBA3aHHble ¢ CUMMETPHeil TeH30pa HEeJTMHEHHOCTH B 1EJIOM, a He
OTJIEJIbHBIX €r0 CJIAaraeMbIX. DTU JIOIOJHUTE/IbHBIE 3aIIPEThl TaK:Ke 00CYrKIAI0TCs
B [aBe 2.

Hamnee obcyzKaeTcs, Kak HapyIlleHNe CHMMETPUN BJIWAET Ha IpaBuia 0TOO-
pa. Tak, manpumep, npasuio C ucdesaer g BeeX CTPYKTYP, Kpome cdephl, a
OCTaBIIIECS TpaBUIa MOT'YT CTAHOBUTLCS MeHee CTPOTMMU. Binsnue HapyleHus
CUMMETPUHN MPOUJIIIOCTPUPOBAHHO Ha ITpUMepe BO3OYKJIEHUS BTOPOIl TapMOHUKHU B
[UJITHIPUIECKONH HAHOYACTHIE MATHUTHBIM jutiosieM Moy (mapaJsiielbHbIM ocH 2)
B MOHOKDPHCTAJJITIeCKOM HaHommIrHIpe (Puc. 6) 13 apcenmnia rajmsi, rjie KpucTai-
JIMYIeCKNe OCHU HallpaBJIeHbl BI0JIb KoopanHaTHIX [63]. Tlogobnast reomerpus Oblia
13ydeHa SKcrepuMeHTaabHo B [64]. st usyaenns sacdexra HApyIIeHNsT CUMMETPU
ObLT TaKyKe pacCMOTPEH IMUJINHJIP, YCEUeHHbBIH B0JIb IJIOCKOCTH T = ¥, KaK IOKa3a-
o Ha Puc. 6. /IiuHa BOJIHBI, COOTBETCTBYIONIAs OCHOBHOI YacTOTe (W, COCTABJ/IAET
1480 nm, pajmnyc mummHIpa — 140 nm, a BeicoTa — 280 nm. Hanmenbinas mmpuna

ycedeHHOro nuinHapa coctapisieT 230 aM. C IOMOIbIO YICIEHHOTO MOJIE/TNPOBaHUS
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Pucynok 6 — JInarpamMmbl HAITPABJIEHHOCTH BTOPO TapMOHUKHN, TeHepUPYEMOil Mar-
auTHBIM JuroieM (MD) Ha dbyHmaMeHTaIbHO 9acTOTe JIJIsT MUINHIPA U3 APCEHH/ I
rajuins (BBepXy cJieBa), U IIJIHHJIPA, YCEIEHHOTO COOKY BJIOJIb IJIOCKOCTH & = Y
(BHEBY cteBa). Jlyist uMHIpA OCHOBHOI TeHEPUPYEMOii MOJION SIBJISIETCST MATHUTHBII
kBaipynoJib (MQ). B yceuenHoM mumnHape TakKe TeHEPUPYETCst JIEKTPUIECKUiT i1~
nosib (ED), KoTopbiit co3aer jauarpaMmy HaIPaBJIEHHOCTH, HAIIPABJIEHHYIO BJOJIb
och x = gy NpKu UHTEepMEPEHIINN ¢ MArHUTHBIM KBa pynoseM. [lokazaHo oTHOCHTE -
Hoe Tosioxkenue oceit T g-pemerku. Pajnyc muimnaapa — 140 nm, Beicota — 280 nm,
myimaa BostHbl — 1480 nm (st w) u 740 nm (st 2w), € = 12.96. upuna yceuen-
noro mummaApa 230 nm. Crpaba NoKazaHa WJLIIOCTPallisl BbIBOA IIPABII 0TOOpPA,
3ajiaBaeMbix uHTerpaom (5). /lekapToBbl MIPOEKINN BEKTOPHBIX ChepUIecKux rap-
MOHUK [Ny - W] gBJISI0TCS CKAJIAPHBIMU (DYHKITUSIMU C OLIPEJIeIEHHON CUMMeTpHeii,

KOTOpbIE Oal0T MHBapHWaHTHDLIC beHKI_II/II/I ImocJjie YMHOKECHUA APYT Ha JApyra.



23

COMSOL Multiphysics™ paccunTanbl quarpaMMbl HAIPAaBICHHOCTH BTOPO rapMo-
HUKN JIJTsT 00eMX HAHOYACTHUIL. Pacdersl MOKA3BIBAIOT, UTO IS MEJIOT0 UIUHIPA
OCHOBHAST JI0JIsT M3JIyUeHHsT IPUXOUTCST Ha MArHUTHBIA KBaAPYHoJb (Meog), 1 mpe-
HEOPEXKIMO MaJia JijIs MYJILTHIIONE!T BBICIIErO MODPS/IKA, TAK KaK TacTOTa JaJeKa
OT WX Pe30HaCoB. B ciyvae mapymenns cumverpun (yCedeHHblii NP ), TOIyC-
KAEeTCs TeHePAINs SJeKTPIIECKOro Jnmofs Baob ocn 2 (Neg1), 1 OCHOBHAS 9acTb
SHEPTUN M3JTyUCHUsT TPUXOJNTCA Ha 9Ty MOJY, KOTopas HHTepdepupyer ¢ MarHuT-
HBIM KBaJIPYTIOJIEM, YTO OTPAKACTCs HA KAPTUHE N3/IyICHNS B IIIPOKOM JIHATIA30HE
qactot. [Ipn sTom quarpamma HapaBJIeHHOCTH CHJIBHO MEHSIETCS, TIePexo/is OT Jiia-
IPaMMBI € YeTHIPHMSI JIEIIECTKAMI K JnarpaMMe ¢ 1ByMs. TakmM oOpa3oM, MOKa3aHo,
qTO JlazKe He3HATNTEe/LHOE HAPYyIIeHNe CHMMETPUH MOYKET CYIIECTBEHHO ITOBJIHSTD
Ha CHT'HAJ BTOPOH TapMOHWKH B HAHOUACTHUIIAX.

3aMeTnM, ITO MpaBmia 0TO0pa MPUMEHNMbI TaKyKe U K 00PATHOMY MPOIECCY
CIIOHTAHHOTO TTApaMeTPUIECKOro paccestHusi [65], a Tak:ke MOIyT OBITH paciimpe-
HbI Ha [POIECCHl TeHepaIni TpeTbeil u Gojiee BBHICOKMX TapMOHUK. llosydentbie
npaBmaa 0TOOpa MOIYT OBITH MOJIE€3HBI, HAIIPUMED, JIJIA YIPABJICHHS JUArPAMMOIL
HAIIPABICHHOCTI HEJINHEHOI TeHeparu ¢ MOMOIIbI0 HArPeBa HAHOCTPYKTYD |66;
67], menuneitnbx dasoBbx MaccuBoB 08|, a Takke ympassenune orkimkom BI' B

ruOpUIHBIX nmepax [69)].

I'maBa 3 1ocBsieHa nCC/IeI0BAHIIO HEJIMHEHHOIO HUPKYJ/ISIPHOTO JUXPOU3MAa B JIU-
JCKTPUICCKIUX HAHOCTPYKTYPax.

OcHOBHOI 11€/IbIO 9TOI TJIABbI siBJIsieTCsl paspaboTka o0Ieil Teopun HeTmHeli-
HOTO IUPKYJIAPHOIO JUXPOU3Ma B JIUIJIEKTPUICCKUX YacTHIAX, HE 00JIaJIaloNnx
XUPaJIbHOII TeOMeTpueil, M BbIABJICHNE CUMMETPHUIl pelieTKn 1 CTPYKTYPBI, IIpHU
KOTOPBIX HabJIOaeTcsd HMUPKYJISIPHBI JUXpou3M BTOpPoii rapmoHuku. I[loapod-
HOE TeopeTHdecKoe pacCMOTPEHUEe IIPOBEJEHO Ha IHpUMEPe JIMMEPHOI CTPYKTYPbI
cummeTpun Coy, 00JIydIaeMOll HOpMaJIbHO-TIAIAI0NIEN UPKYIIPHO-TIOISIPU30BAHHOM
miockoit Bosinoit (Puc. 7(a)). Jdumep cocronT u3 JBYX IUJIMHIPOB U3 apceHna
rajins ¢ BbicoToit h = 635 HM u pajmycom r = 475 HM, Ha TPEXCJIOIHONI O/
JIOKKe, cocrosreil n3 Bepxuero cjost SiOg tosmuaoit 350 wMm, ciost [TO (okcm
nHust-010Ba) TosmnmHoit 300 HM u creksa. Takoil BBIOOp pasMepoB W IIOJIOKKH
OTIpesIesIeTcsd SKCIEPUMEHTANbHON reoMeTpuell, 1 HUKaK He BJNUdAeT Ha BO3MOK-

HOCTb CyHIe€CTBOBaHMs HUPKYJ/IAPHOT'O JIUXPOU3MA. C ITIOMOIIIBIO CI/IMMeTpI/IfIHOFO
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Pucynok 7 — (a) Konueniusi HeJIluHEHHOTO KPyroBOro JMXPOU3Ma B JINMepax Ha-
Houactui; ¢ Mu-pezonancom. Ochb juMepa napaJuie/ibHa OCu X, 3 — Yo MexK/Iy
kpucrasuimaeckoit ocbio AlGaAs [100] u oceio z. (b) Acummerpuunas I'BI' mon
JIefICTBUEM IUPKYIAPHO IMOJISIPU30BAHHOIO CBeTa MeHepupyeTcs U3 guMepa ¢ IIpon3-
BOJIbHO OPUEHTUPOBAHHON KPUCTAJINYIECKON perteTkoil. [isa apyrux opumeHTaImii,

rakux kak [100]||z u [110]||x, He/muHeHbI KPYTOBO# JUXPOU3M HCUE3AET.

aHAIM3a 1 IIOCJIEAYIONero YNUCICHHOIO MOJe/IUPOBAHU IIPEICKA3aH0, YTO 3HAYN-
TeJILHBIA UPKYJIAPHBIN JIUXPOU3M MOKET BOZHUKATL IIPU YCJOBHUU, YTO OCh JUMepa
OPUEHTUPOBAHA MOJl YIJIOM 3 K KPHUCTAJJIMYECKON perieTke JndJIeKTpuKa (M.
Puc. 7(b)). Mer oobsicisiem 3101 3dbdexT ¢ momorbio dhopMaan3ma Jua Hoil HyHK-
muu 'puna, a TakyKe paccMOTpeHHd cuMMeTpuii 1 (a3 Mo, BO30YKIaeMbIX Ha
[IepBOIl U BTOPOIl TapMOHUKE.

Cuavasia ObLIO IPOAHAJMUZUPOBAHO OTCYTCTBUE HEJIMHEHHOrO MUPKYJIAPHOTO
JIIXPOU3Ma B OJIMHOYHOM IMJINHJAPE, a TAK:Ke O00bsCHeHa CUMMETPU JINArPAMMDI
HAIIPABJEHHOCTH BTOPOH FapMOHUKN, U ITOKA3aHO, YTO OHa O0baAcHAeTca nurepde-
pennueii 1ByX wian 6ojiee MOJ| ¢ Pa3IMIHBbIMU YUCIAMU 1. 3aTeM [0JIy4YeHo o0Iiee
BLIpazKeHue JIJIsl HeJlnHeiinoli nosgpusanun. B obuiem ciydae crpyKTYpPbl CUMMET-

pun C,, win Dy, U3 apceHnya rajuis, OPHEHTUPOBAHHOIO TaKUM 00pa30M, UTO
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[001]||z, a yros mexky ocbio [100] 1 ocbio x paBen [3, HOJISIPU3AIKST 3AIUCHIBACTCSI

CJIEJIYIONUM 00Pa3oM

PQ‘”(T, @, 2) X P%‘”(r, z) + Z P%;”(r, z)emz‘p e 2P 1
z#0

+ Piw (7“, Z)ezt4i(p + Z PZ(;) (7“, Z)ezlz4z'(p+inz(p e:q:%[s’ (10)
2#£0

rje z B IIOKa3aTesje SKCIOHEHThl — Iejoe dnuco. CyMMbl CBSI3aHBI C T€M, UTO B
[polecce reiepalind BTOPOil TapMOHUKN BBIIOJIHACTCA 3aKOH COXPaHeHU ITPOCKIINN
MOMEHTa, YTO CJIeJIyeT U3 MYJIbTUIIOJbHBIX IpaBu ordopa. I13-3a HU3KOI cuMMmeT-
pUM YacTHUIbl IPUXOAUT JOMOJHUTEIHHBI MOMEHT, KPaTHBII N — YHUCJAY YIJIOB
IPaBUJILHOIO MHOIOYTOJILHIKA B OCHOBAHUH IPU3MbI WM MUpaMuIsl. Kpome Toro,
JIOIIOJIHUTE/IbHBIIT MOMEHT IpubaBiisgeTcs OJarojaps HU3KONH CHMMETPUU PeIleTKH,
U B cllydyae apceHujia rajuinsg paBeH 2, M03TOMY B 9TOM cjydae B IHOJIIpU3aIuu
JIBa cjaraeMbIX, a pa3HUIla MeXKJy MOMeHTaMU, J00aBJIEHHBIMHU PEIIeTKONH paBHa
Am = 4. Bpuio nokaszaHo, 9TO IUPKY/ISIPHBII IUXPOU3M BO3MOXKEH TOJIBKO B CJIy-
Jae, KOrja pasHuila MOMEHTOB, J0OABJIEHHBIX PemeTKoit Am, coBIIaaeT ¢ OJIHIM 13
MOMEHTOB, J100aBJIEHHBIX OJiarojaps HU3KOM CUMMeTPUN YacTulbl zn. B Takom ciiy-
yae 00a cjaraeMbIX B OJISPU3AIINNT BO30YKIAIOT MOl OJMHAKOBOI CUMMETPHUHN, HO
¢ pa3/JINIHBLIMEI a3aMil, 3aBUCAIIUME OT [3, 1 JeCTPyKTUBHAS JIIO0 KOHCTPYKTUBHAS
nHTepdepeHIns ATUX MO/ IPUBOIUT K BOSHUKHOBEHUIO HEJIMHEHHOIO IIUPKYJISIPHOIO
JuxpousMa. Kpome Toro, ObLIO TOKa3aHO, YTO HEJUHEHHBIN MUPKYISPHBINA JTUXPO-

N3M B apCEHUIE I'aJlJIid BO3SHUKACT IIpU CJACAYIOIMNX YIJIaX |?)I

B=" (1)
rie B 3HaMenaresie crout Am = zn. s apcennia rajuinst TUPKYJISTPHBII JIHXPOU3M
BO3MOXKEH B YaCTHUIAX U HAHOCTPYKTYpax, JJisd KoTopbix n = 1,2.4. Jlna ciaydas
n = 2 (aumMepHasi CTPYKTYpa), OH OBLT MCC/IEJ0BAH MOJAPOOHO, a TEOPeTHIECKIe
pe3yabTaThl MOATBEPZKICHBI YMCJICHHBIM MO/ICIMPOBAHNEM U 9KCIIEPUMEHTOM.

Ha pucynke 8 mokasaHbl pe3y/ibTaThl MOJIEJNPOBAHNUA CUTHAJIa BTOPOI rap-
MOHUKH TP OOJIYYeHUN JUMEPHON HaHOCTPYKTYPBI JIEBOI W TPaBOil MUPKYJIAPHOI
noJisipu3anueii, a TakKe HEJUHEHHOrO UPKYJISIPHOTO TUXpon3Ma, s 3 = 71/8.

3amMeTuM, 9TO B OKPECTHOCTH PE30HAHCOB HaOJIIOIAIOTCS JIOKAJbHBIE MaKCHU-

MYMbI HUPKYJISIPHOTO JUXPOM3MA. IJTO CBA3AHO C TEM, YTO (a3bl MEXKJY MOJaMU
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Pucynok 8 — Yucnennpiit pacuer (a) unrencusnoctu BT mist npasoit ((138p) u Je-
Boit ((I3&p) nupkynspro-nogpusoannoil Bosubl. (b) Henuueitnpiii nupKyispHbit

nuxpousm B gumepe [70; 71| Bepennprit kak SH-CD=2(138 — P9 ) (138 + [28p)

OBICTPO MEHSIIOTCS, U TO9TOMY KOHCTPYKTHBHAsS MJIM JIECTPYKTUBHasl MHTepdepeH-
I[Usi JOCTUIaeT MaKCUMAaJIbHBIX 3HaYeHu il Ha 3ToM ydacTke. OJiHaKo B 00IIeM ciydae,
JIJIsl HaOJIIOIeHHsI CYIIEeCTBEHHOI'O HEeJIMHEITHOIO IUPKYJISAPHOrO JUXPOU3Ma OJIM30CTh
YacTOT K PE30HAHCHBIM He obsi3aTesibHa. [loydeHHble TeopeTndecKue pe3ysIbTaThbl
OBLIN IIOJATBEPKAEHBI Pe3yJbTaTaMi SKCIIEpUMEHTAJILHBIX U3MEPEHHil cOaBTOPOB U
oy IMKOBaHbl B pabore [72].

[TogBomst mror, Mbl IpoBen cucreMarudeckue ucciaegopanuss ['BIY B gume-
pe, COCTOSIEM M3 JABYX HAHOYACTHUI[ Ha OCHOBEe IMOJynpoBogaukoB III-V rpymm.
[TokazaHno, 4TO HEJIMHEHHBIN CHUTHAJI B TaKHX JUMepax o0JaJaeT HUPKYJIAPHbIM
JUXPOU3MOM. DBBLIO 10Ka3aHo, 4TO 3TOT 3PpdeKkT 00yCI0BIEeH MYJILTUIIOJIbHBIM
OTKJMKOM MU-pe30HaHCHBIX HaHOYACTHI], W CHUMMETPHeil MOJI, BO3OYKIaeMbIX
Ha 1epBOil u BTOpoil rapmonmke. IlpuBesena mpocrast dopmysia, MO3BOJIAIOIIA
BBISIBUTH, BO3MOKHO JII HAOJIIOAeHNEe HEeJMHEITHOrO MUPKYJIIPHOI'O JUXPOU3Ma B Ha-
HOCTPYKTYpPE, a TaKKe BbIparKeHUe JIJIg YIJIOB OTHOCHTEIbHOIO IIOBOPOTA PeIleTKn
U CTPYKTYPBbI, IPX KOTOPBIX JUXPOU3M He HadJomaercsd. B 3aKJIIOUeHUH IPUBO-

HATCA OCHOBHBIE PE3YJIbTAThI pa6OTbI.
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[IpoBejieHa cumMeTpuiiHast ¥ MYJIbTUIIOJIbHAs KJIacCU(UKAIMA MOJ[ HAHO-
YACTUIL PA3JIMIHON (POPMBI

[TokazaHo, 9TO CBsS3aHHBIE COCTOAHHUS B KOHTHHYyME MOT'YT BO3HHUKATH B
CTPYKTYpax JIo0OI CUMMETPUM IPU B3AMMOJIEHCTBUN MOJ, ITPEoOpasyIio-
[IUXCA 110 OJITHOMY HEIIPUBOIUMOMY IIPEICTaBJICHUIO.

[IpoBejiena cuMMeTpuitHasi 1 MYJIBTUIIOJbHAs KJlacCUpUKAIUS MO B JBY-
MEpPHOII MeTaIIoBEPXHOCTH, COCTOsIIeil n3 cdep, ¢ KBaJIPaTHOI PEIeTKOil.
[TomydeHno BeIpazkeHue Jijisi pemeTOIHoil CyMMBI MYJIBTHIIONEH 1 ITOKa3aHa,
CBA3b MYJIBTUIIOJLHOIO COCTaBa I0JIei, N3JIydaeMblX OJMHOYHON AYEilKOIl C
CYMMAapPHBIM I10JIeM OT METaIllOBEPXHOCTH.

Haiineno amaauTtudeckoe pemieHue Jjis TeHepalluid BTOPOIl TapMOHUKH OT
cpeprdeckoil HAHOYACTHUIIBI, IOJYUEHO BbIparKeHHe JIjIsi WHTerpaJa Iie-
PEKPBITHSI BEKTOPHBIX CEepUIecKX TapMOHUK Ha (QyHIaMEHTaJIbHON u
VJIBOCHHOII YacTOTax.

[Tonyuennr nmpaBmuia ordopa JJjisi MYJIbTUIIONBHOI reHepaluy BTOPOI rap-
MOHUKHN B cepruydecKkoil HaHOYACTUIIE, MO3BOJISIONINE OIPEIeTUThH, KaKne
MVYJIBTUIIONN TPEeHEepUpyIoTcd Ha YJABOCHHOI dYacToTe, B TO BpeMs Kak
MYJIBTUIIONN Ha pyHJIaMeHTaJbHON dYacToTe u3BecTHBHI. [lojydeHbl Kak
VIIPOIIEHHbIE ITPaBUJia, YIUTHIBAIOIE TOJIBKO CUMMETPUIO OT/IC/IbHBIX CJla-
racMbIX TE€H30pa HEJMHEIHOCTH, HO MO3BOJIAIONINE HANTH OOJIBIIYIO YacThb
3aIPETOB, TaK U OoJiee CTPOrue, yINTHIBAIONINE CAMMETPHUIO TEH30pa B Iie-
JIOM.

[Tonydennr paBuia orbopa jjist TeHepalln BTOPOil TapMOHUKN JIjIsT HAHO-
JACTUIL IPOU3BOILHON HEXUPAJIbHOI (GOPMBI U IPOU3BOJILHON CUMMETPUN
pPelIeTKH.

[Tokazano, 4To npaBmIa 0TOOpa MPUMEHNMBI TAKYKe K ITPOIECCY CIIOHTAHHO-
ro IapaMeTpUIecKOro paccesiHus, a TaKzKe MOI'YT ObITh JIEFKO PACIINPEHbI
Ha PeHepalio TapMOHUK BbICOKOI'O TTOPAIKA.

[Tokazano, 4To He3HaYNTEJIbHOE HapyIleHne CUMMETPUN HAHOYACTUIIHI
MOZKET CYIIECCTBEHHO CKa3aThCd Ha JIMarpaMMe HallpaBJIeHHOCTH BTOPOI rap-
MOHUKU

[TokazaHno, 9TO B JAUMEpPHOI HAHOCTPYKType M3 JBYX HAHOUWINHJIPOB
AlGaAs Bo3HHKaeT HeJUHEHHDLIN IUPKYJIAPHBIA JIUXPOU3M, HECMOTpPsI Ha
axXupaJsbHYI0 F€OMETPUIO CTPYKTYPHI. [Ipr 9TOM JIMXpon3M BOZHUKAET B CJIY-

Jae, KOIJIa KPUCTAJUIMIeCKasi pelneTka opuaernposana tak, 9to [001]||z u
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Synopsis

Relevance of the chosen topic. The study of the resonant optical response
of nanoparticles is important for both applied and fundamental research developing
metamaterials [I—4], nanoantennas [5—7]| various optical and mechanical systems [8;
9], topological insulators [10—13|. In this regard, a deep understanding of the
properties of linear and nonlinear light scattering by individual nanoparticles
plays an important role. Usually, scattering problems are solved by the numerical
modelling, while analytical solutions can only be obtained for a limited number of
resonator geometries. The scattering of a plane wave by a sphere of arbitrary size [14;
15] was first considered over 100 years ago by Klebsch [16] and Lorenz [17]| for
elastic waves, which in electromagnetic theory is well-known as Mie [18] scattering.
However, for nonspherical forms of finite resonators, despite the possibility of a
numerical solution, a detailed understanding of the structure of eigenmodes and
their classification did not exist.

Second harmonic generation (SHG) [19; 20| is an important nonlinear effect
that is widely used for both radiation sources design and biological applications.
In the absence of phase-matching, resonance response is one of the main ways to
improve the efficiency of nonlinear signal generation at subwavelength scales. That
is why optical nonlinearity at the nanoscale is usually associated with amplification
of electric fields in metallic nanostructures by plasmonic resonance [21; 22|. Despite
considerable progress in this field [23], there are fundamental drawbacks that limit
the efficiency of nonlinear generation with metallic structures. Besides the obvious
problem of high ohmic losses, typical metals have a cubic lattice with the symmetry
under inversion transformation, which limits second-order nonlinear effects such as
second harmonic generation [24]. It can only be observed due to surface effects or
field inhomogeneity in the nanoparticle volume [23; 25|, which are relatively weak.
Recently, the study of structures based on high-index dielectric nanoparticles |26]
has developed significantly. Nanostructures based on dielectric and semiconductor
materials possess neglible ohmic losses in certain spectral ranges and may have a
nonzero second-order bulk susceptibility tensor. The excitation of Mie resonances
in such nanoparticles opens up new possibilities for nonlinear optics [27; 28],
and allows for record high efficiency of nonlinear electromagnetic wave frequency

conversion [29—35].
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Despite the intensive experimental study of SHG in Mie-resonance
nanostructures, a detailed theory of second harmonic field emission in nanoparticles
with a non-zero second-order bulk nonlinearity tensor ¥® has not yet been
proposed. Important works related to SHG generation have focused on surface
and bulk effects in nanoparticles with a centrosymmetric crystal lattice: in noble
metal nanoparticles [36], where shape effects have also been studied [37], and in

Mie-resonant silicon nanoparticles [38; 39.

Goal. The goal of this work is to study in detail the second-order nonlinear
effects in nanostructures and develop a theory of second harmonic generation
in nanoparticles made of materials with bulk nonlinearity determined by a
noncentrosymmetric crystal lattice. Materials such as GaAs, GaP, LiNbOg3, BaTiO3
are actively used for nonlinear all-dielectric nanophotonics [29; 31; 40—42]. A
detailed study of SHG in dielectric nanostructures requires a full understanding
of their mode composition as well as linear scattering properties. The first chapter
of the dissertation is devoted to linear properties, symmetry analysis of eigenmodes
of nanoparticles and metasurfaces, as well as the associated optical effects. The
second chapter is devoted to the analytical theory of second harmonic generation in
spherical nanoparticles and selection rules for multipole second harmonic generation,
as well as the development of this approach for nanoparticles of arbitrary symmetry.
The third chapter is devoted to the analysis of the possibility of circular dichroism
of the second harmonic in the dimers of nanoparticles without a chiral response in
the linear scattering regime.

To achieve the goal of this dissertation the following problems were set and

solved:
Objectives.

Objective 1 Symmetry and multipole classification of eigenmodes of
nanoparticles and investigation of the influence of eigenmode symmetry on linear

light scattering properties.

Objective 2 Symmetry and multipole classification of metasurface eigenmodes

and investigation of the multipole mechanism of bound states in the continuum
(BICs) formation.
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Objective 3 Obtaining an analytical solution for the second harmonic generation
by a spherical nanoparticle, as well as multipole selection rules for SHG in particles

of spherical symmetry.

Objective 4 Obtaining selection rules for SHG in dielectric nanoparticles of

arbitrary shape based on symmetry analysis.

Objective 5 Obtaining selection rules for irradiating nanoparticles and

nanostructures with a plane wave with circular polarization.

Objective 6 Study of second harmonic circular dichroism in dimer structures of

two cylindrical gallium arsenide particles.

Research methods. Symmetry analysis of eigenmodes, multipole decomposition,
analytical calculations with help of dyadic Green’s function, numerical simulation
in COMSOL Multiphysics™.

Statements that are presented for defense.

1. In a two-dimensional metasurface with a square lattice consisting of
metaatoms whose optical response contains only one multipole with an
order higher than the quadrupole and with an azimuthal number m = 0,
a continuous set of bound states in the continuum is formed that do not
radiate into the cone of directions.

2. The selection rules that determine the multipole composition of the
second harmonic fields are determined by both the multipole moments
at the fundamental frequency and the additional contribution due to the
symmetry of the crystal lattice. In the particular case of gallium arsenide
[001]||2, the additional contribution changes the projection of the total
angular momentum of the generated second harmonic radiation by the value
m = £2.

3. During selective excitation of the magnetic dipole resonance at the
fundamental frequency inside a cylindrical gallium arsenide particle
(direction [001] along the cylinder axis), when truncating the cylinder

in the [110] direction of the crystal lattice, the dipole channel of the second



33

harmonic generation opens, which leads to a significant restructuring of its
directional diagram, namely, the disappearance of two of the four lobes.

Second harmonic circular dichroism appears in a dimer of two identical
GaAs cylindrical nanoparticles with coincident base planes and parallel
axes whose directions coincide with the [001] direction of the crystal lattice,
in case the dimer axis connecting the particle centers does not coincide
with the lattice direction families {100} and {110}. The value of circular
dichroism increases in the vicinity of resonances of an order older than the
dipole resonance allowed by the selection rules. Circular dichroism is absent

in the linear scattering mode.

The novelty of research.

1.

For the first time the multipole classification of eigenmodes of optical
nanostructures has been carried out, and the mechanism of formation of
quasi-bound states in the continuum in particles of arbitrary shape at
interaction of modes of the same symmetry is described.

Conditions for the multipole content of individual cells, under which the
observation of bound states in the continuum in the metasurface with a
square lattice, not radiating into the cone directions, are first obtained.
Analytic theory of second harmonic generation by a sphere made of material
with second-order bulk nonlinearity was constructed for the first time, and
selection rules for multipole generation in such spheres were obtained.

For the first time the selection rules for the multipole generation in the
second harmonic in nanoparticles of arbitrary shape from the material with
bulk nonlinearity were obtained.

The possibility of observing nonlinear circular dichroism in a dimer of two
cylindrical particles based from the material with bulk nonlinearity was
first shown, and conditions for the crystal lattice orientation of the cylinder

material under which it is observed were obtained.

The practical significance. The results of this work can be used for further

development of nanoantennas for high-efficiency second harmonic generation and

sensors based on them, including detection of effects related to optical chirality.
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The accuracy of the obtained results. The reliability of the obtained results is

ensured by the coincidence of the results of analytical consideration with numerical

calculations, as well as with the symmetry analysis. The observation of nonlinear

circular dichroism was also confirmed experimentally.

Approbation of research results. The results of the work were presented at

the following conferences:

1.

METANANO 2021, 13 —17 September 2021, Saint Petersburg, Russia
(Online) “High-Q states in acoustic apple-shaped resonators.”; “Nonlinear
circular dichroism in Mie-resonant nanoparticle dimers”

SNAIA 2020, 8 — 11 December 2020, Ecole Nationale Supérieure de Chimie
de Paris 11, rue Pierre et Marie Curie, France (Online) “Selection rules for
second-harmonic generation in dielectric nanoparticles”

METANANO 2020, 14 — 18 September 2020, Saint Petersburg, Russia
(Online) “Thermally induced reshaping of second harmonic radiation
patterns from resonant semiconductor nanostructure”

The annual International Winter School on Semiconductor Physics,
February 27 — March 2 2020, Russia “Hewusiyuaromme cocrossHusg B Iie-
PUOJINIECKUX CTPYKTYPaX ¢ TOUKU 3PEHHS MYJIbTUIIOJIHLHOIO PA3JIOXKEHUsT
13th International Congress on Artificial Materials for Novel Wave
Phenomena (Metamaterials), 16 — 21 September 2019, Rome, Italy “Second
harmonic generation driven by magnetic dipole moment in dielectric
nanoparticles of different shapes”

METANANO 2019, 15 —19 July 2019, Saint-Petersburg, Russia. “Second
harmonic generation driven by magnetic dipole moment in dielectric
nanoparticles of different shapes”

METANANO 2018, 17 —21 September 2018, Sochi, Russia. “Second
harmonic generation in nanoparticles with Mie resonances”

12th International Congress on Artificial Materials for Novel Wave
Phenomena (Metamaterials), 27 August — 1 September 2018, Espoo,
Finland “Selection Rules In Second Harmonic Generation Process

Supported By Mie Resonances”

And also at the Low-dimensional Seminar on January 24, 2022 in loffe Institute,

“Non-linear circular dichroism in nanoparticle dimers.”
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Personal contribution of the author. The author’s personal contribution
consists in developing theoretical models and carrying out theoretical-group analysis,
carrying out numerical simulation, obtaining of the main results, as well as the
formulation of a part of the problems. When the results were obtained in co-

authorship with colleagues, it is indicated in the in the text of the thesis.

Thesis structure and number of pages. Thesis consists of the introduction,
3 chapters, conclusion and 2 appendixes. Thesis is 206 pages long, including 41 figure

and 8 table. Bibliography consists of 186 items.
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Main contents of the work

The introduction substantiates the relevance of the research, formulates goals

and objectives, and literature review.

The first chapter contains an introduction devoted to the basic concepts of the
theory of group representations and a description of the symmetry properties of
magnetic My, and electric Ne,,, vector spherical harmonics introduced in [43].
Here n corresponds to the total angular momentum, m — its projections on the
z axis (but, strictly speaking, is not it), and e and o are related to parity in the
azimuthal angle transformation @ — —@. The Wigner [44—46] theorem, which is
key to many results, formulated as: if the eigenvalue problem is invariant with respect
to group symmetry transformations, then the eigenfunctions are transformed by
irreducible representations of that group. Thus, if a nanostructure has any symmetry,
the eigenfunctions will be transformed according to the irreducible representations
of the symmetry group of the structure. A corollary of Wigner’s theorem: the degree
of degeneracy of an eigenmode is equal to the dimensionality of the corresponding
irreducible representation.

In the next section we analyze the multipole composition of eigenmodes.
By multipole decomposition we will mean the decomposition of fields into vector
spherical harmonics. The multipole mode composition is a set of vector spherical
harmonics, the coefficients before which are not equal to zero for the decomposition
of the fields of a given mode in the far field. We present an algorithm for symmetric
analysis of the resonator’s eigenmodes and their multipole composition using that
the multipoles included in the eigenmode should be transformed by the same
irreducible representation as the mode itself. Thus electric vector spherical harmonics
under rotations and reflections are transformed in the same way as scalar spherical
functions, and magnetic harmonics are transformed in the same way under rotations,
but have opposite parity under reflections and inversions.

An example of the multipole classification of eigenmodes for a cylinder, a
cone, and a triangular prism is shown in Figure 9. Only the first few multipoles are
shown, whereas each mode includes an infinite number of them. A non-trivial case for
multipole classification is symmetries such as Ty (tetrahedron) or Oy, (cube), for the

reason that multipoles transforming by the direct sum of irreducible representations
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Pucynok 9 — Classification and multipole compositions of modes of a cone, cylinder
and prism. The modes are denoted by the corresponding irreducible representations
by which they are transformed. The multipoles are represented by the radiation
patterns of the corresponding vector spherical harmonics in the far field. One can

also observe how the symmetry reduction affects the representations and multipoles.

appear, and it becomes necessary to use specific linear combinations. Specific
coefficients for scalar functions can be found in [47]. However, such symmetries
are rare in real optical problems.

It is important to remember that although finite groups have a finite number
of irreducible representations, the number of eigenmodes is infinite, which means
that there is an infinite number of eigenmodes of each type. Thus, for example, even
spheres have an infinite number of dipole (as well as any other) modes, in some
sources they are associated with toroidal moments [48; 49].

Understanding the mode composition allows us to instantly determine the
composition of the scattered field. If the multipole composition of the excitation
field is known, then every multipole included in the incident wave will excite the
mode containing that multipole. This means that the scattered wave will contain all
the multipoles that are part of this mode, and the magnitude of the contribution

will be determined by the size and shape of the particles and the wavelength.
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Pucynok 10 — Illustration of the multipole nature of the symmetry-protected BIC
(in I'-point) and accidental BIC (off- I-point). The figure schematically shows a

cross-sections of the multipole radiation patterns with a vertical plane.

Further the connection of symmetry of proper modes of isolated particles with
formation of bound states in the continuum is considered. Namely, it is shown that
at interaction of modes of identical symmetry, which occurs when changing the
aspect ratio particle, in particles of any form there will arise bound states in the
continuum near the anticrossing of modes. At the same time, interaction of modes
of different symmetries does not lead to anticrossing and formation of bound states
in the continuum. In the paper [50] an example of the formation of a bound state
in the continuum in a triangular prism is given.

In addition to single nanostructures, multipole analysis is useful for considering
bound states in the continuum (BICs) in periodic structures such as [51]
metasurfaces. Multipole analysis predicts that symmetry-protected BICs at the
center of the Brillouin zone (I-point) appear on those modes whose multipolar
content do not include multipoles with m = 1, as shown in Fig. 10. If the
decomposition includes multipoles not radiating in the up and down directions
(m # 1), the resultant radiation from each particle is also zero in these directions.

In this case, the expansion of “accidental” BICs , for example in the I'’X valley,
can already include multipoles with m = 1, but the time reversal and inversion
symmetry of the structure is important to obtain the desired phase relations between
the multipoles.

It is important to note that our approach, based on the analysis of the
multipole decomposition of individual meta-atoms, not only explains the origin

of both symmetry-protected and accidental bound states in the continuum, but
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Pucynok 11 — The BIC line formed by a metasurface consisting of point octupoles

with a radiation pattern expressed as a vector spherical harmonic Ngs.

also has predictive power and can be used to find and design various types of
BICs. As an example, consider a metasurface consisting of metaatoms packed in
a subwavelength two-dimensional lattice that are polarized as octupoles, such as
those corresponding to the vector spherical harmonic N,3[52] (see Fig. 11). Each
octupole of this type has a nodal cone, and so the entire metasurface cannot radiate
in the directions of this cone. However, to observe this phenomenon, the effective
polarizability of the unit cell, which takes into account the interaction between all the
meta-atoms, must not depend on the Bloch k-vector or have a very weak dependence.
In other words, the BIC line can be observed in metasurfaces with suppressed spatial
dispersion, and achieving this condition is still a challenge. Interestingly, this kind
of BIC will be observed for the same directions regardless of the lattice symmetry
of the metasurface if we do not consider the contribution of other multipoles. A
slight admixture of other multipoles will lead to a change in the shape of the cone

(“corrugation”) while preserving its continuity.

The second chapter is devoted to second harmonic generation (SHG) by
nanoparticles with intrinsic nonlinearity [53|. A spherical dielectric particle of
radius a is considered, characterized by a frequency-dependent dielectric permittivity
go(w) placed in a homogeneous medium with ¢ = 1. The nanoparticle is made
of a material with a noncentrosymmetric crystal structure, and its nonlinear
electromagnetic properties are described by the quadratic susceptibility tensor
x?). Some of the materials under consideration (e.g., barium titanate) may have

anisotropy of the linear susceptibility tensor es(w). The solution to the problem
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of elastic light scattering on a sphere of an anisotropic material is known [54; 55],
but we neglect this effect and consider the linear susceptibility as isotropic. The
particle sizes are such that they support several first multipole Mie resonances, and
the absorption in the material is negligible in the wavelength range under study.
The undepleted-pump approximation is used.

The induced nonlinear polarization P2%(r) at the second harmonic frequency

is determined by the second-order polarizability tensor:

P2(r) = egx ), E§ (r) B (r), (12)

where E§ are the cartesian components of the fundamental field inside the
nanoparticle. We take into account only the bulk nonlinear response, leaving
potential surface sources of SHG out of consideration. The second harmonic (SH)
field outside the particle at » > a can be found using the dyadic Green’s function
G of the sphere:

E2(r) = (2w)%, / VG201, )P2(r') (13)

v
where ¢(r, w) = eo(w) for r < a, and e(r, w) = 1 for r > a. The explicit multipole
expansion of the Green’s function is given in [56]. Substituting the Green’s function
expansion as well as the incident field inside the particle (known from Mie theory)

into the equation (12), one obtains the multipole expansion of the second harmonic
field:

Ezw Z Z Z EO DWemn emn[k1(2w) ] + DWomnwgmn[kl(Qw) ])
n=1 m=0W=M,N

(14)

where W& magnetic and electric vector spherical harmonics with the radial part

emn
described by the Hankel function. The conversion efficiency of the second harmonic
osy, defined as the ratio of the total radiated SH power Pgy to the fundamental
wave energy flux I through the geometric cross section ma? of the particle, can be
expressed through the coefficients before multipoles Dyye,, generated in the second

harmonic as follows [57]:

Psu (n + 1
(0} =
ST a2l ma? kl 2w))? z; WXA;N 2n +1)

n

Divemal® + [Dwomnl®) + 2 Diveonl?], (15
(n_m)(‘W “f’lW ‘)+|W0‘ (15)

m=1
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where [y — intensity of incident light, a — radius of sphere, k;(2w) — wave vector
at the doubled frequency.

It is shown that the possibility of SHG through different multipole channels,
namely, equality or inequality to zero of coefficients Dyye,y, is determined by the
special symmetry of modes at the fundamental and doubled frequencies, and is

connected with integrals over the nanoparticle volume of the form

2
Loy = / AVXE), W (1) Wi (1) Wy o (1) . (16)

r<a

Here W denotes both electric and magnetic vector spherical harmonics, one of
which refers to the field at the doubled frequency and two — at the fundamental
frequency, i — set of all indices of vector harmonics e, 0, m, n. In the case of spherical
particles the problem can be solved analytically. The spectra of the second harmonic
efficiency as a function of the particle radius are obtained in the work. In figure 12
the spectrum of the second harmonic generation efficiency of a gallium arsenide
sphere irradiated by a normally incident plane wave polarized along the z-axis is
plotted. Analyzing the integral (16) one can obtain the selection rules for SHG in
a spherical nanoparticle. Namely, the integrand must contain an invariant under all
transformations of sphere symmetry. The selection rules allow us to determine sets of
vector harmonics for which this integral is zero, and hence it is impossible to generate
a harmonic W » at the doubled frequency by a combination of harmonics W, W
at the fundamental frequency. The following are selection rules derived from the

requirement of invariance of the integrand with respect to various transformations.

Rule A: Parity at inversion and reflection in the plane y = 0. Vector
spherical harmonics are transformed in the same way as real scalar spherical
harmonics Pep,, [58—61] when the coordinate system rotates, and inversion ey,

" and the magnetic

and the electric vector harmonics N, take the sign (—1)
harmonics Me,,,, — the sign ( —1)"*1 5o the parity of the magnetic vector harmonics
is inverse to that of the electric and scalar harmonics. We introduce parity indices
pi = (=1)" for Ney,,, and p; = (—1)"* for M.,,,,, describing the behavior of
spherical harmonics under spatial inversion. Another parity index p, describes the
behavior of the harmonics when reflected in the y = 0 plane, which is equivalent to
a change in the azimuthal angle @ — —@. The functions Pepmn, Nemn and Mypn

are even with respect to such reflection, p, = 1, and the functions P mn, Nomn and
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Pucynok 12 — Second harmonic and linear scattering spectra for a spherical AlGaAs
particle irradiated by a plane linearly polarized wave k||z. The incident wavelength
is 1550 nm. (a) The solid black line shows the SHG efficiency normalized by the
incident power Iy = 10" W/m? and the geometric cross section 7ta®. The colored
lines are the multipole contributions to the SH intensity. (b) Scattering cross section
normalized to the geometric cross section for two wavelengths, 1550 nm (dashed
line) and 775 nm (solid line), showing multipole resonance positions. E/MD —
electric/magnetic dipole, XQ — quadrupole, XO — octupole, XH — hexadecapole,
XT — triacontadipole.

M.,., are odd, p, = —1. The parity selection rules of inversion and reflection in

the plane y = 0 can be generalized as

pipipi = —1 (inversion), (17)
p*PYp,ppp =1 (reflection) . (18)

The rule (17) automatically takes into account that the second order nonlinear
susceptibility tensor is always odd in inversion, and applies only to the vector

harmonics describing the fields. The rule (18) already takes into account that the

(2)

tensor Xyp, may have different behavior in reflections. The multiplier p*#Y in the
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Pucynok 13 — Table illustrating the behavior of the different Cartesian components
of the X tensor during the reflection transformation in the y = 0 plane (value

*BY) and rotations around the z-axis (parity of the sum m* 4 mP £ m?Y). The
solid and dashed lines show the nonzero components of the tensors of AlGaAs and

BaTiOg, respectively.

expression (7) is the parity of the product xqzpz, when reflected in the y = 0

plane, as shown in Figure 5.

Rule B: Projection of angular momentum conservation The rule for

angular momentum projections for multipoles is written as
+m* +m* £ mP £/ £ mY £ Y =0. (19)

The integral (16) can be nonzero only if a combination of signs is found such that
the expression (19) is satisfied. In this case, the value of the sum m® £ mP 4+ mY is
determined from the behavior of the tensor components during rotations around the
z-axis. It is easily found by writing the product z4zpxy in cylindrical or spherical

coordinates, and considering the multiplier in exponents e"™¢.

Rule C: Triangle Inequality for total angular momentum The rule is

formulated as

—h—i— |n/w . n//w‘ < n2w < |n/w _|_n//w’ +h, (20)



44

where the index h € [0..3] denotes the number of electric vector harmonics
under the integral (16). The presence of the index h is due to the fact that the
Cartesian projections of vector electric harmonics with total angular momentum n
are decomposed into scalar harmonics with n + 1, and the projections of magnetic
harmonics include only states with the same angular momentum n [62].

The above rules have a simplified form, and do not take into account the
additional prohibitions associated with the symmetry of the nonlinearity tensor as
a whole, rather than its individual terms. These additional prohibitions are also
discussed in Chapter 2.

We then discuss how symmetry breaking affects selection rules. For example,
rule C disappears for all structures except the sphere, and the remaining rules may
become less strict. The effect of symmetry breaking is illustrated using the example
of excitation of the second harmonic in a cylindrical nanoparticle by a magnetic
dipole Mg (parallel to the z axis) in a monocrystalline nanocylinder (Fig. 14) of
GaAs where the crystal axes point along coordinate [63]. A similar geometry has
been studied experimentally in [64]. A cylinder truncated along the = = y plane, as
shown in Figure 14, was also considered to study the effect of symmetry breaking.
The wavelength corresponding to the fundamental frequency w is 1480 nm, the
radius of the cylinder is 140 nm, and the height is 280 nm. The smallest width of
the truncated cylinder is 230 nm. The second harmonic radiation patterns for both
nanoparticles are calculated with COMSOL Multiphysics™. The calculations show
that for a whole cylinder, the magnetic quadrupole (M.92) accounts for most of
the radiation, and is negligible for higher order multipoles, since the frequency is
far from their resonances. In the case of symmetry breaking ( truncated cylinder),
electric dipole generation along the z-axis (N ) is allowed, and the main part of
the radiation energy falls on this mode, which interferes with magnetic quadrupole,
which is reflected in the radiation pattern in a wide range of frequencies. In this
case the radiation pattern changes greatly, passing from a four-lobes pattern to a
two-lobes pattern. Thus, it is shown that even a minor symmetry violation can
significantly affect the second harmonic signal in nanoparticles.

Note that the selection rules are also applicable to the inverse process
of spontaneous parametric down-convertion [65], and can also be extended to
processes generating third and higher harmonics. The resulting selection rules can be

useful, for example, to control the radiation pattern of nonlinear signal by heating



45

MarHuTHbIN Aunonb Onarpamma MNpasuna otbopa
Ha YacToTe W HanpaBngHHOCTM Br -
' eOl]y [Me22 ]z =
e ML
=] o

+
o x ) y
022  VHBapuaHT B A

Pucynok 14 — Radiation patterns of the second harmonic generated by the magnetic

dipole (MD) at the fundamental frequency for a gallium arsenide cylinder (top left),
and a cylinder truncated laterally along the x = y plane (bottom left). For the
cylinder, the main mode generated is the magnetic quadrupole (MQ). The truncated
cylinder also generates an electric dipole (ED), which creates a radiation pattern
directed along the x = y line when interfering with the magnetic quadrupole. The
relative position of the axes Tgy-lattice is shown. The radius of the cylinder is 140 nm,
the height is 280 nm, the wavelength is 1480 nm (for w) and 740 nm (for 2w), € =
12.96. Width of the truncated cylinder is 230 nm. An illustration of the derivation
of the selection rules given by the integral (16) is shown on the right. The Cartesian
projections of the vector spherical harmonics [Ny - W] are scalar functions with

definite symmetry which give invariant functions after multiplication by each other.
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nanostructures [66; 67], nonlinear phase arrays [68], and control the SH response
in hybrid dimers [69].

Chapter 3 is devoted to the study of nonlinear circular dichroism in dielectric

nanostructures. The main goal of this chapter is to develop a general theory of

w
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Pucynok 15 — (a) The concept of nonlinear circular dichroism in Mie-resonant
nanoparticle dimers. The dimer axis is parallel to the z-axis,  — the angle between
the AlGaAs crystal axis [100] and the z-axis. (b) Asymmetric SHG under the
irradiation by circularly polarized light is generated from a dimer with an arbitrarily
oriented crystal lattice. For other orientations, such as [100]||z and [110]||z, the

nonlinear circular dichroism disappears.

nonlinear circular dichroism in dielectric particles without chiral geometry and to
identify the lattice and structure symmetries at which circular dichroism of the
second harmonic is observed. A detailed theoretical consideration is carried out
using the example of a dimer symmetry structure C,, irradiated by a normally
incident circularly polarized plane wave (Fig. 7(a)). The dimer consists of two
gallium arsenide cylinders with a height h = 635 nm and a radius r = 475 nm,

on a three-layer substrate consisting of a top layer of SiOy 350 nm thick, a 300 nm
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thick ITO (indium tin oxide) layer and glass. This choice of size and substrate is
determined by experimental geometry, and has no effect on the possibility of circular
dichroism. Using symmetry analysis and subsequent numerical simulations, it is
predicted that significant circular dichroism can occur if the dimer axis is oriented
at the (3 angle to the dielectric crystal lattice (see Fig. 7(b)). We explain this effect
using the dyadic Green’s function formalism and by considering the symmetries and
phases of the modes excited at the first and second harmonics.

We first analyze the absence of nonlinear circular dichroism in the single
cylinder, and explain the symmetry of the second harmonic radiation pattern, and
show that it is explained by the interference of two or more modes with different m
numbers. Then a general expression for the nonlinear polarization is obtained. In the
general case of a symmetry structure Cy, or Dy, of gallium arsenide, oriented so that
[001]||z and the angle between the axis [100] and the axis x is {3, the polarization

is written as follows

P*(r, @, 2) Pg“’(r, z) + Z Pg?(r, z)em=e e 2B 4
270

- Piw(fr, z)eﬂi‘p + Z Pi;“(fr, z)eﬂ“‘p“’mP e 2B (21)
2#0

where z in the exponent is an integer. The sums are due to the fact that in the process
of generation of the second harmonic the law of conservation of the momentum
projection is fulfilled, which follows from the multipole selection rules. Because of the
low symmetry of the particle, an additional momentum multiple of n — the number
of angles of a regular polygon at the base of a prism or pyramid. In addition, an
additional momentum is added due to the low symmetry of the lattice, and in the
case of gallium arsenide is £2, so in this case there are two terms in the polarization,
and the difference between the moments added by the lattice is Am = 4. It has been
shown that circular dichroism is possible only when the difference of moments added
by the lattice Am coincides with one of the moments added due to the low symmetry
of the particle zn. In such a case both terms in the polarization excite modes of
the same symmetry but with different phases depending on (3, and destructive or
constructive interference of these modes leads to nonlinear circular dichroism. In

addition, it has been shown that nonlinear circular dichroism in gallium arsenide
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occurs at the following 3 angles:

p="" (22)

where the denominator is Am = zn. For gallium arsenide, circular dichroism is
possible in particles and nanostructures for which n = 1,2.4. For the case n = 2
(dimer structure), it has been investigated in detail and the theoretical results have

been confirmed by numerical simulations and experiment.
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Pucynok 16 — Numerical calculation of (a) SH intensities for the right (73%) and

left (I?%) circularly polarized wave. (b) Nonlinear circular dichroism in dimer |70;
71] introduced as SH-CD=2(13% — I#&) (13% + [7&p) !

Figure 16 shows the simulation results of the second harmonic signal when the
dimer nanostructure is irradiated by the left and right circular polarization, as well
as the nonlinear circular dichroism for 3 = 7t/8.

Note that local maxima of circular dichroism are observed in the vicinity of
resonances. This is due to the fact that the phases between modes change rapidly,
and therefore the constructive or destructive interference reaches maximum values
in this area. In the general case, however, the proximity of frequencies to resonance

is not necessary to observe significant nonlinear circular dichroism. The theoretical
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results obtained were confirmed by the experimental measurements of the co-authors
and published in [72].

To summarize, we have carried out a systematic study of SHG in a dimer

composed of two nanoparticles based on III-V group semiconductors. It was shown

that the nonlinear signal in such dimers exhibits circular dichroism. It has been

shown that this effect is due to the multipole response of the Mie-resonant

nanoparticles, and the symmetry of the modes excited at the first and second

harmonics. We present a simple formula for determining whether nonlinear circular

dichroism can be observed in a nanostructure, as well as an expression for the angles

of relative rotation of the lattice and structure at which dichroism is not observed.

The conclusion contains the main results of the work.

L.

Symmetry and multipole classification of modes of nanoparticles of different
shapes has been performed

It is shown that bound states in the continuum can arise in structures of
any symmetry due to the the interaction of modes transformed by the same
irreducible representations.

Symmetry and multipole classification of modes in a two-dimensional
metasurface with a square lattice consisting of spheres is performed.

The expression for the lattice sum of multipoles is obtained and the
relationship between the multipole composition of the fields radiated by
a single cell and the total field from the metasurface is shown.

An analytical solution for the second harmonic generation from a spherical
nanoparticle is found, an expression for the overlap integral of vector
spherical harmonics at the fundamental and doubled frequencies is
obtained.

The selection rules for multipole generation of the second harmonic in a
spherical nanoparticle are obtained, allowing to determine which multipoles
are generated at the doubled frequency, while the multipoles at the
fundamental frequency are known. We obtained both simplified rules that
take into account only the symmetry of individual terms of the nonlinearity
tensor, and more strict rules that take into account the symmetry of the
tensor as a whole.

Selection rules for the second harmonic generation for nanoparticles of

arbitrary achiral shape and arbitrary lattice symmetry are obtained.
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8. It is shown that the selection rules are also applicable to the process of
spontaneous parametric down-convertion, and can be easily extended to
the generation of high order harmonics.

9. It is shown that a minor symmetry violation of the nanoparticle can
significantly affect the second harmonic radiation pattern

10. It is shown that a mnonlinear circular dichroism arises in a dimer
nanostructure of two AlGaAs nanocylinders despite the achiral geometry
of the structure. This dichroism occurs when the crystal lattice is oriented
such that [001]||z and rotated about the dimer axis by an arbitrary angle
not a multiple of 45°.

This research was supported by Priority 2030 Federal Academic Leadership
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BBenenue

Vzydenne pe3oHAHCHBIX OTKJIMKOB HAHOYACTHI] NMeeT OOJIbIIoe 3HAUCHIE KaK
JUTsT TIPUKJIQIHBIX, TaK U Ui (PYHJIaMEHTAJIBHBIX HCCJIEIOBAHNI, Pa3BUBAIONINX
MeTaMaTeprasibl [1—4|, HaHoaHTeHHBI [5—7| pasjuvHbIe ONTHKO-MEXAHUTIECKHE CH-
crembl [8; 9], Tonosiorundeckue uzossitopbl [10—13]. B cBs3u ¢ amumM, BaxKHYIO pOJIb
urpaet JeTajgbHoe HOHUMaHNe CBOMCTB JIMHENHOTIO U HeJIMHEHOIO PACCedHns OTIe/Ib-
HBIX HaHOYaCTHUIl. OOBITHO 3THU 3389l PEMIAIOTCA ¢ MTOMOIIBIO TOYHOTO YNCIEHHOTO
MOJIEJTMPOBAHNA, B TO BpeMs KaK aHAJUTHICCKIE PEIICHUS MOTYT OBITH IOy YeHBI
TOJIHKO /I OTPAHNYEHHOT0 YNCJIa TeOMeTPHil pe30HATOPOB. PaccesHne miockoii BOJI-
HbI Ha chepe Ipon3BoJILHOrO pasmepa [14; 15| Buepsbie 66110 pacemorpeno 6ostee 100
ner nazay Kiebuiem [16] u Jlopentiem [17] it yupyrux BoJIH, a B 9JIEKTPOMArHUT-
HOII TEOpPHUU XOPOINO U3BECTHO Kak paccestaue Mu [18]. Onnako s Hecepmaecknx
dopM KOHEUHBIX pEe30HATOPOB, HECMOTPS HA BO3MOYKHOCTH UNCJEHHOTO PEIIeHHs,
JIeTATLHOTO MMOHUMAHWSA CTPYKTYPhI COOCTBEHHBIX MOJI U UX KJIacCH(DUKAINN He Cy-
HIECTBOBAJIO.

lenepatust BrOpoii rapmonnku [19; 20| sBsieTcss BayKHBIM HeJTUMHEHHBIM
3P dEKTOM yIBOEHUS YACTOTHI, B TOM YHUCJIE JIJIsd Onosiorndeckux npumenenuii. [To-
CKOJIBKY Ha HaHoMacIiTabax 3pdeKThl (HpazoBOro CHHXPOHM3Ma OTCYTCTBYIOT, PE30-
HAHCHDBIN OTKJIUK SBJISIETCS OJHIUM U3 OCHOBHBIX Iy Tell MOBLIEHNA 3D (DEeKTUBHOCTH
reHepaly HeJIMHENHBIX CUTHAJIOB. VIMeHHO TO9TOMY ONTHYECKYIO HEJIMHEITHOCTD Ha
HAHOMACIITA0E OOBIYHO CBSA3BIBAIOT C YCUJIEHUEM 3JIEKTPUYECKUX IOJIell B MeTaJ-
JIMIECKUX HAHOCTPYKTYpPax 3a C4eT ILIa3MOHHOrO pesoHanca [21; 22|. Hecmorpst
Ha 3HAYUTE/IbHBIN [porpecc B 3moil objtactu 23], cymecTByoT (yHjIaMeHTaIbHbIe
HEJJOCTATKN, KOTOPbIE OIPAHMYMBAIOT 3(PEPEKTUBHOCTD HEJUHENHOI TeHeparuu C
MOMOIITHIO METALJINYeCKUX CTPYKTYp. [ToMmmo oueBmiHOIM pob/ieMbl BHICOKIX OMHU-
YECKUX MOTePh, TUIINYHbIE METAJIIbl IMEIOT KYOMIeCKYI0 PEIIeTKY ¢ CUMMeTpueil K
IEHTPY WHBEPCUU, KOTOPasi OrpaHNINBACT HeJIMHEHHbIEe 3(D@MEKTHI BTOPOrO MOPsJIKA,
Takue Kak renepaiusi Bropoii rapmonuku (I'BIY) [24; 73—75]. Ona moxker HabJ1t0-
JIAThCs TOJIBKO 3a CYET TOBEPXHOCTHBIX 3((PEPEKTOB WM HEOTHOPOIHOCTU TI0JISA B
OCHOBHOIT Macce HaHoIacTuIl [23; 25|, KoTopble OTHOCUTETHHO ¢1abbl. CpaBHUTEIBHO
HeJaBHO Havdasa aKTUBHO PA3BUBATHCA 00J1aCTh HAHO(MOTOHUKHU HA OCHOBE BBICOKO-
MH/IEKCHBIX [II9JIEKTpIUIecKix Hanodactut [26; 76—78]. HanocTpykTypsl Ha ocHOBE

JAUJIEKTPUYIECKUX U ITOJIYIIPOBOJHUKOBBIX MaTepHuaJioB JIMIIEHbl OMUY€CKUX IIOTEPD
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B OIIPeJIeICHHBIX CIIEKTPAJIbHBIX JIHalla30Hax, a TaK:Ke MOryT 00J1a/laTh HEHYJIEBbIM
00bEeMHBIM TEH30POM BOCIIPHUMYKUBOCTU BTOPOro Iopsijika. Bo3OyxKieHune pesoHaH-
coB Mu B Taknx HAHOYACTUIAX U HAHOCTPYKTYpaxX OTKPLIBAET HOBLIE BO3MOKHOCTI
JIst HeJTuHetHO onTuku [27; 28], u M03BoJIsSIeT IOCTUYHL PEKOPJHO BBICOKOI 3hder-
TUBHOCTH HeJIMHEHHOTO npeobpasoBanus [29—35].

HecmoTpst na maTencmBHOE 3KcIIepuMenTabioe n3ydenue ['BI' B nanoctpyxk-
Typax ¢ Mu-pe3oHaHCOM, jeTajibHasg TeOopHUs W3JIydeHHsT BTOPOMl TapMOHUKH B
HAHOYACTUIIAX C HEHYJIEBBIM OObEMHBIM TEH30POM HEeJIMHEHHOCTH BTOPOI'O IOPSI/I-
ka X2 eme me Oblaa mpemioxkKena. Bakible pabOTDLI, CBSI3AHHLIE C reHeparmeil
['BI', ObL11 1IOCBSIIIIEHBI TTOBEPXHOCTHBIM 1 00beMHBIM 3 deKTaM B HAaHOYACTULIAX C
IEHTPOCUMMETPUIHON KPUCTAJLINIECKON peleTKoil: B HaHOYaCTuIIax 0J1aropo/IHbIX
metasuioB 36|, Bkiodas sdbdertor dopmbl [37], 1 B Mu-pe3oHaHCHBIX HAHOYACTU-
nmax kpemmus [38; 39].

[enbro JaHHOi PAbOTHI SBJISIETCS JleTaIbHOE N3YUYeHe HEJTMHEHHBIX 3(DPeKTOB
BTOPOT'O TOPSIIKA B HAHOCTPYKTYypax, pa3paboTKa TeOpur IeHepaluu BTOpPOi rap-
MOHUKHN OT HaHOYACTHI] U3 MaTepUuaJsoB, 00/1a/1aloNux 00beMHON HeJIMHEHHOCTDIO,
taknx kKak GaAs, BaTiOgs, ompejessieMoii HEIeHTPOCUMMETPUIHON KPUCTAJLII-
YECKOIl CTPYKTYpOil. DTH MaTepuasbl aKTUBHO WCIOJIB3YIOTCS JJIs HeJInHeiHoi
MOJIHOCTBIO JimdJieKTpudeckoii Hanoboronnkn [29; 31; 40—42|. Jleranpaoe usydeHune
BTOPOIl TapMOHWKHN TpeOyeT IOJHOTO MOHUMAaH!s MOJIOBOTO COCTaBa HAHOCTPYK-
Typ, a TakKe CBOHCTB JIMHEWHOro paccednns. lIMenno amuHeilHBIM CBOHCTBaM,
CUMMETPUIHOMY aHaJIM3y COOCTBEHHBIX MOJI HAHOYACTHI] U MeTallOBEPXHOCTEIl,
a TaKyKe CBSI3aHHBIM C STHM ONTHYECKHUM 3(ddeKTaM IIOCBsIIeHa IepBasd IJia-
Ba Juccepraiu. BTopasi TyiaBa IIOCBSIEHA aHAJUTUIECKOW TEOpUM TIeHepalun
BTOPOil TapMOHUKU U IIpaBujaM oTOOpa JJjisi MYJbTUIIOJILHON TeHepalun BTOPOIt
rapMOHUKN B CepruIecKnX JacTUIaX, a TaKyKe PA3BUTHUIO 3TOTO MOAX0/da g Ha-
HOUYACTHUII [IPOU3BOJILHON reoMeTpur U ojinroMepos Hanoudactull [79; 80]. Panee stu
npaBuia ObLI U3BECTHBI TOJIBKO IS HaHOYACTHUI chepudecKoil [36] 1 mpon3Bosib-
HOTt (bopMBI 37| U3 HMEHTPOCHMMETPUIHBIX MaTepuasioB. VICIOJb3YIOTCS METO/IbI
MYJIBTUIIOIBHOMN 9JIEKTPOJIMHAMUKE, 00eCIIeTrBaIOIIIe TTPO3PAYHY 0 HHTEPIIPETAINIO
n3MepsieMbIX XapaKTePUCTUK JaIbHEro MoJisl, TaKIX Kak 3(pEGeKTUBHOCTb U3/Ty YeHUsT
¥ JIHarpaMMbl HarpaBieHHocTH u3jydenus [27; 39]. Tperbst riiaBa mocssiieHa HeJiu-
HeftHOMY TUPKYJIsipHOMY Juxpousmy. OkasbiBaeTcs, bjiarogapst HU3KOH CHUMMETPUN
KPUCTAJIINYECKO PENIeTKN, CTAHOBUTCSA BO3MOYKHBIM HAOJIIOJIEHNE HUPKYJISIPHOTO

JIMXpon3Ma Jlazke OT CUMMETPUYHBIX CTPYKTYD, B KOTOPBIX JUHEHHBIH JIMXPOU3M
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He HabJIfo/laeTcst, TaKUX KakK JuMepbl HaHodacTuil. HecMoTps Ha KarKyIIyrocsi 1po-
crory 3hdeKTa, JeTajabHOe TeOpeTHIecKoe pacCMOTpPeHne PUINH BO3SHUKHOBEHUSI
JINXPOU3Ma SABJIAETC JIOBOJLHO CJIOXKHBIM, HO pa3padOTaHHbI METO/ MPUMEHNM K
CTPYKTYpaM U KPUCTAJJIMYECKUM PeNIeTKaM [IPOU3BOJIbHOI CUMMETPUHU, & TaKKe
MoJIydeHa mpocTas popMyJia, MoKa3blBalolast, KaKk UMEHHO BBITIOJIHAETCS 3aKOH CO-
XpaHEHUs MPOEKIUM MOMEHTa, U KaK OH BJNAET Ha CYIIECTBOBAHNUE HEJIUHEHHOTO

IUPKYJISPHOTO JUXPOU3Ma B IIPOU3BOJIbHBIX HEXUPAJbHBIX HAHOCTPYKTYpPaX.
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I'maBa 1. CuMmMeTpuiiHbIE CBOCTBA COOCTBEHHBIX MO/ AMAJIEKTPUIECKIX
HAHOYACTUI 1 HAHOCTPYKTYP

st naJsibHeiiiero anaan3a HeJmHeHHbIX 3(DPEKTOB U MOJTYUYeHHs IPABII OT-
O6opa HeoOXOJIMMO IIOHUMATh CUMMETPHUIO U MYJIbTUIIOJIbHBI COCTaB COOCTBEHHBIX
MO/, HAHOYACTHUIL U HAHOCTPYKTYP. B 9T0il ri1aBe ¢ MoMOIIbI0 TeOPEeTUKO-IPYIIIOBBIX
METOJI0B OyJieT TpoBejieHa KiaaccuuKallisg COOCTBEHHBIX MOJI, a TaKXKe pacCMOTpe-
HO, KaK BJIMSIET CUMMETDPHA Ha JIMHEHHbIE ONTHYECKHe CBOHCTBa CTPYKTYP, B TOM
YHC/Ie CIHEeKTPhl PAacCesiHhsl U CBsI3aHHBbIE U KBa3W-CBSI3aHHBIE COCTOsIHUSA B KOHTU-

HYyMe.

1.1 OcHoBHBIE IOHATUS TEOPUH I'PYNN U IIPEACTABJICHUI

B sTom pazjiesie Oy/1yT BBeJICHBI OCHOBHBIE MTOHSTHS U3 TEOPUN T'PYIII, & UMEH-
HO, IPEJICTABJICHIE, HEIIPUBOAMMOE IIPeJICTaBICHIe, 0A31C MPEICTABICHUS, & TAKIKE
Jana (GopMyIMpOBKa TeopeMbl Burnepa.

I'pynma G — MHOXKECTBO € 3aJIaHHON Ha HeM OWHApHO oreparueil, obJia-
JaloIee TAKUME CBOMCTBAMU, KaK acCOIUATUBHOCTL M HAJINYME HEHTPaJbLHOrO U
0OpATHOrO 3JIEMEHTOB. 3J1eCh MbI OyIeM COCPEJIOTOYEHLI Ha TPYIIAX CUMMETPUU
(HampuMep, pe3oHaTOPa I METATIOBEPXHOCTH ), TO €CTh 9JIEMEHTaMI TPYIIIHI (g) sTB-
JISTIOTCS OIIEPAIN TTIOBOPOTOB, OTPAYKeHNI WM TPAHC/ISINIT, IIEPEBOIAIINE CUCTEMY
caMy B cebd, a OuHapHast ollepalust — II0CJIeJ0BATEe/ILHOE IPUMEHEHNEe 3TUX Ollepa-
nuit [81]. [Ipencrasienue rpymmsl — romomopdusm D 3aaHHOl TPYIIIBL B TPYIILY

HEBBIPOXKJIEHHBIX JIMHEHHbIX 1TpeobpasoBanuii BekropHoro npocrparcTsa GL(V).
D: G — GL(V) (1.1)

MaTpudHbIM pecTaBIeHIeM HasbiBaeTcsd Habop Marpur D(g), KOTOpbIe CTaBITCs
B COOTBETCTBHE KayKJOMY 3JIEMEHTY TPYIIIbLL ¢ U YIOBJIETBOPSIOT TAOJIUIE YMHOMKE-
aust D(g1g2) = D(g1)D(g2) [82; 83]. B nanbreiiiiem MaTpudHble Mpe/iCcTaBIeHUsT
MBI TakzKe OyneM HasblBaTh HPOCTO HpejcTaBieHusMu. [Ipencrapienne Ha3bIBaeT-
Csl HEIIPUBOJIMMBIM, €CJIM B IpocTpaHcTBe V HeT HeTPUBUAJBHLIX MHBAPUAHTHLIX

HOIITpOCTpaHCTB. VHBIMU cjioBaMHU, J1I00O€ IpeJICTaB/IeHEe PAa3MEPHOCTU 1 MOXKHO
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CBECTH CMeHOi1 6a3uca K 0JI0YHO-INArOHAJIBHOMY BHJLY, COCTOSIIEMY U3 MUHIMAJIb-
HBIX OJIOKOB, KOTODPbIE U SIBJIAIOTCS HEIPUBOAUMBIMU IIPEJICTABICHUSIMUA TI'PYIIIHL.
[Ipr 5TOM MaTpPHUIIbI, COOTBETCTBYIOIINE BCEM SJIEMEHTaM I'DYIIIbI, IPUBOIATCA K
TAaKOMY BIJIY OJIHOBPEMEHHO C IIOMOIIBIO OJHON U TOil »Ke cMeHbI Oasuca. MaTpuiibt
npejcrasienust D(g) meficTByoT Ha Oas3uc MpejCTaBIeHNsI, B HAIleM cjiydae Oasu-
coM OyjieT sABsIThCst HeKuit Habop dynkiuii P ;(r). HeficTBue sjtemMenTa rpyIbl g Ha

basucuyio yukimo P;(r) npeacrapiernst [D 3annCbIBACTCS CJICIYIOMIM 00PA30M:
$i (97'r) = > Diilg)b;(x) (1.2)
J

Taxum obpazom, omepaliisd CHIMMETPUHU IIePEBOJUT Oa3ucHy0 (DYHKINIO B JIMHEIl-
HYIO KOMOMHAIUIO JIPYTUX Oa3UCHBIX (PYHKIMI 9TOTO TpejcTapienns. PaccMoTpum
B KadecTBe MpumMepa rpyiiy Bpaiienuii cdepbr SO(3). D10 HEmpepbiBHas IpyTilia,
a dJeMEeHTaMI T'PYIIbI SBJISIOTCS BCe BO3MOXKHBIE MOBOPOTHI cepnl. Hernpupoin-
MbIe IIPeJICTaB/IeHUsT HyMEePYIOTCSA 9UC/IoM £, pa3MepHOCTh IIpejcTaBienns [y paBHa
20 4+ 1. BasucHbiME (DYHKIUAMUI IPEJICTaBICHUI SIBJIAIOTCS, HAaIpuMep, chepude-
ckue QyHKIUU Yy, [62]. D10 03HAUaeT, UTO MOBEpHYTAsT HA TMPOM3BOJIBHBIN yroJI
chepuieckast PyHKINS MOXKET ObITH BbIpayKeHa depe3 JIMHEHHYI0 KOMOMHAIINIO cde-
pudecknx dyHknuit ¢ rem ke £ [84].

Bazkneiineii TeopeMoil i TOJIyUeHUd JaJIbHEHIINX Pe3y/IbTaToB SBJISI€TCs

Teopema Burnuepa [44—46|: ecin 3aj1a1a Ha cOOCTBEHHbBIE 3HAYEHUS

H(r)b(r) = e(r) (1.3)

sIBJISIETCSI MHBAPUAHTHOM 110 OTHOIIEHHUIO K IIPeo0Pa30BaHUsIM CUMMETPHUU I'PYIIIIHI,
TO COOCTBEHHBIE (DYHKITUH ITPE0OPA3yIOTCs 10 HEITPUBOUMbIM TIPEJICTaBICHUSIM STO
rpynnbl. Takum obpa3oM, ecjin HAHOCTPYKTypa 00J1agaeT KaKoi-1mbo cumMeTpueii,
TO COOCTBEHHBIE MOJBI OYIYT IMPeodOPa30OBLIBATHCA 10 HEIPUBOIUMBIM ITPEJICTAB-
JIEHUsIM TPYIIIbl cCUMMeTpun cTpykTypbl. CrejicTBue Teopembl Burnepa: crernenb
BBIPOXKJIEHUsT COOCTBEHHOI MOJIbI paBHA Pa3MEPHOCTH COOTBETCTBYIOIIEIO HEIIPUBO-
JIMMOTO TIPeJICTaBJIEHUS.

B onTuke BosHukaer o000IIeHHasI 3a/a9a Ha COOCTBEHHbIE 3HAUECHUSI:

V x V x E(r) = (9)2 e(r)E(r) (1.4)

C

B nannoit pabore pedb MJIET, B OCHOBHOM, O JIM3JIEKTPUYECKUX HAHOCTPYKTY-

pax. CobcTBEHHBIE MOJIBI TAKIX PE3OHATOPOB (pEIleHnsl yPaBHEHUsI ¢ I'PAHNTHBIMA
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yestoBusiMu 3oMMepdeibiia) Ha3bIBAIOTCS KBa3U-HOPMAJBHBIMI MOJIAME, BCTPEYa-
FOTCS TAKYKe HA3BAHUS PE30HAHCHBIE COCTOSTHUS U yTekatorne Mojibl [85—89|. Takue
MOJIbI MOTI'YT OBITh Pa3JIOXKEHbI 110 COOCTBEHHBIM MOJaM ChepHUIecKUX Pe30HATOPOB
[90—92]. TIpu sToM, yrioBast 9acTh MOJ, C(HEPHUECKIX PE30HATOPOB OIMCHIBACTCSI
BEKTOPHBIMU ChepruIecKUMI rapMOHIKaMu. B 9Toii padbore MbI He Oyj1eM KacaTbCst
BOIIPOCOB CXOJIMMOCTH TaKOTO Pa3JI0yKeHUsT, HallpruMep, BOJIM3M MPAHUI] 9acTHIb|93],
uMed B BUAY TO, 9TO Yallle BCETO HCCjeoBaTe/ el HHTepecyeT MYJIbTHIIOIbHBIN CO-
CcTaB UMEHHO JIAJIbHETO 101, a 3HAUNT, Pa3JIozKeHne yIJIoBOil JacTH JIaJbHero moJis
110 BEKTOPHBLIM cepuieckuM rapMoHukam. J[jist Toro, 9ToObl MPOU3BeCTH MYJIbTHU-
MOJTbHYI0 KJIacCupUKAIN0, HEOOXOIMMO 3HATH CUMMETPHUITHbIE CBONCTBA BEKTOPHBIX

cpeprdecKnx rapMOHHUK, KOTOPbIe OY/YT OIUCAHbI B CJIEAYIOIIEM pasJiele.

|
=e ! =0
b= [ p=o0
I
I
LI) e00 E M, M., Mo
z
------------------------------------------- v/ 9@e
lpeH lpem q)oﬂ X Y
mx I‘T\Z my
pm1 . ‘ el N Ny
. G
- »- s i
pm1/Npm1 . . -. tt .

r 3
¥ %
¢

m 4 3 2 1 0'1 2 3 4

Pucynok 1.1 — CkaJisiptble u BEKTOPHBIE chepriecKue rapMOHUKU (HA BCTABKE TIPO-

AEMOHCTPUPOBaAHO OTJIMYHNE ITOJIAPU3al MalrHUTHBIX U 9JICKTPUYCCKNX BEKTOPHDBIX

chepruaecknx rapMOHUK JIJIs1 JIUTIOIed )

CumMmMeTpuiiHble CBOMCTBa BEKTOPHBIX cdepuiecKnX rapMoHuK [Ipexie

YEeM BBECTU BEKTOPHBLIEC 'aPMOHUKH, H€O6XO,Z[I/IMO BBECTU COOTBETCTBYIOIINEC CKaJIAP-
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HbIe BelleCTBeHHbIe TapMOHUKN. OHU OIPEIesISTIOTCS CISIYIONUM 00pa30M:

Wemn (k1) = 2,(kr) P (cos 0) cos me | (1.5)
Womn (k1) = 2,(kr) P (cos 0) sin me. (1.6)

SaMeTnM, 9TO OHM HE HOPMUPOBAHBI, HO BCE PABHO MOTYT OBITH IPEICTABJICHBI
KaK JIMHEHHble KOMOMHAITMN KOMILIEKCHBIX cdepudecKnX (GpyHKIuil. 31ech QyHK-
mun z,(kr) MoryT 3amMensaTbes cepudeckumu GyHKugMu beccesist Jir060ro Tuia,
a P"(cos0) — npucoe/nHeHHbIe TOJINHOMBI JIexKaH1pa.

B pamkax guccepraimm MbI OyJeM pacCMaTpUBATh BeIeCTBEHHbIE cdepute-
CKIe rapMOHUKH, BBeseHHbie B [43; 94|. Bekropubie cdepuueckue rapmonnkn (Puc.

1.1) ompeesistioTest CIe Iy oM 00pa3oM, I 3alUCHIBAIOTCA B chepUIecKoil cucTeMe

KOOP/IMHAT:
Mgmn = V X (rll)gmn) y <].7)
V X Me,n
Nemn =, (18)
0 k
Lgmn - vlbf;mna <19)

IJIe UHJIEKC 1 CBA3aH C IOJIHBIM yTJIOBBIM MOMEHTOM, a 1M — C IIPOEeKIneii MoMeHTa,
195]. & — BostHOBOIT BeKTOp /17141 paccMaTpuBaeMoil yacToTel. Oynkimm Me,,, Ha3bIBa-
FOTCAA MATHUTHBIMI TapMOHUKAMH, & Ne,, — ssekrprnaecknmi. njekce e (even) n
o (odd) oTBeUarOT 3a YETHOCTH MPH MPEOOPAZOBAHUN A3UMYTAJTBLHOTO YIJIa @ — — @
JJIsT 9JIEKTPUYECKUX TAPMOHUK 1 CKAJSIPHBIX (DYHKIH ey (k7). st MArHUTHBIX
rapMOHHMK YE€THOCTHU ITPOTUBOIOJIOKHBI. 3aMETHM, YTO BEIeCTBEHHbIE chepuiecKue
rapMOHUKH SIBJISIIOTCS JIMHEHHBIMU KOMOMHAIMSAME KOMILIEKCHBIX CPepuIecKux rap-
MOHUK C YHUCJaMU £m, JJig KOTOPBIX 3TOT WHJEKC YKe JNEeHCTBUTENLHO SBJISIETCS
IpoeKImeil MOMeHTA.

JI1oboe oTparkeHre MOXKeT OBITH MPEJICTABICHO B KaueCcTBE KOMOUHAIUHN TTOBO-
poTa U MHBEPCUHU, [TO3TOMY HET HYXKJIbl OTJICJIBLHO UX paccMmarpuBaTh. Jis Havdasia,

PacCMOTPHM, Kak 1peobpasytorest ckasipable GyHkinu [62):

A

- (zler) =5 Vpn ) (R). (1.10)
m!p’

3j1ech S;}pm/m(R) — MAaTPHUIbl, KOTOPbIE MOTYT OBITH IOJIYUYE€HbI UCXOJIs 13 M3BECT-

HBIX TTpeobpa3oBaHmii KOMILIEKCHBIX cdepndecknx dyuknuit [96]. Onu gpisgiores
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(3@ —~ & = D@+D, 0 +D @D
L/JeOZ L/J ’ e02 (lJeOZ "pelz L/JeZZ
(b) ¢;—’ ‘“'\l\: = D -Hg + D, *M+ D/ ".
N’eOZ N
(C)gH %= D8+D ++D%
M M’

Pucynok 1.2 — (a) IIpumep HpeO6pa30BaHI/IH BpaIlennsi CKaJIIpHOil cheprmaecKoit
dyukmn Pege. [IponsBobHO IOBepHYTast (DYHKITHS MOYXKET ObITH ITpejicTaB/IeHa Kak
Jmneiinag komounanua cepuieckux GyHKIuin Pey,2, a GyHKIys, NOBEpHYTasg BO-
KpPYT OCH Y — Kak JInHeliHas KoMOMHAIWsT (DYHKIUIT ¢ TOi yKe YeTHOCTBIO Pepmo. (b)),
(c¢) Bpammenne siekrpudeckoit Neyge 1 MarauTHONH Mgo BEKTOPHBIX CHEpUIECKUX
rapMOHWK OIUCHIBAETCS aHAJOTMIHBIM ITPABIJIOM, a MOBEPHYThHIE BEKTOPHBIE chepu-
YeCcKHe MapMOHUKH MPEJICTAB/IAITCA KakK KoMOuHanus ynkiuuii We,,o ¢ Temn xe

KO3 UIUEHTAMU, YTO U CKAJIsIPHBIC.

JuHeHbIMI KoMOuHanusamu D-marpur, Buraepa  [44]) u R — MaTpuIa moBOpPOTa
pPaJINyC BEKTOPA. 3aMeTUM, UYTO (PYHKIIUN C OJIHUM 1 TEM Ke N Mpeodpa3yioTcs JpyT
qepes JIpyra, a paJuajibHble 9acTh z,(kr) He mpeobpasyioTcst IpU BPAIEHUSIX U OT-
pazkeHusix cdepbl. ITO COOTBETCTBYET TOMY, U4TO (DYHKIIUHU sIBJISIOTCA OA3MCHBIMU
JUTsl HEITPUBOIMMBIX TTPEJICTABICHN pa3MepHOCTH 2n+ 1 rpyIbl Bpalenuit chephl.

[Ipn uaBepcun ckajisipable PYHKIIUU ITPEOOPA3YIOTCA CJIEIYIONINM 00pa30M:

Wpmn (=1) = (=1)"Ypmn (1) (1.11)

MorkHO mOKa3aTh, 9TO IIPHU IIOBOPOTAX BEKTOPHBIE chepruiecKne rapMOHUKI
BeJIyT cebsl TaK »Ke, KaK 1 COOTBETCTBYIOIINE CKAJISIPHBIE DYHKIUN C TEMU Ke HH-
nekcamu [59; 60|, kKak mpomutoctpupoBanto Ha Puc. 1.2. OnHAKO JjIsT BEKTOPHBIX
yHKIUI BpallleHns y»Ke He MOI'YT ObITh 3allicaHbl (POPMaJIbHO TaK »Ke IIPOCTO KakK
U JIJIsI CKAJIAPHBIX, ITOCKOJIbKY JIJIsl IIOBOPOTa BEKTOPHON (DYHKIIME HAM HEOOXOIMMO
[IOBOpaYNBaTh KakK 3HadeHune (PYHKIUU, TaK U HallpaBJieHIe BEKTOPHOI'O IoJjist. B

obreM Bujie OBOpOT BeKTopHOit dyukimn W (r) samnceiBaercsa Kak [84].

W(r)=R-W (ler) (1.12)
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MozkHO Hammcarb I[IpaBUJia IIOBOPOTa [dJIsA KEL)KILOﬁ IIPOEKIHNHN IJIEKTPHUYIECKUX

N MalHMTHBIX T'apMOHHK:

Nwmn(é*lr)}?flex + Nypmn(RIr)R™
+N27pmn<R_1r Z ppmm R)N ( ) (113)

My pn(R7'0) R e + My (R 'r) R e
+Mzapmﬂ<R R €z = Z ppmm é) ( ) (114)

MaTpuiipr Sp pmm(f{) OyyT Te »Ke, 4TO U JIsl CKaJdpHbIX yHKiumii. [loBeaeHne

npu noBopotax GYHKUUE Ppymn, Npmn, 1 My, dBiigerca oIuHaKOBBIM, YTO IIPOUJI-

JIIocTpupoBaHHo Ha Puc. 1.2.

OjiHako Ipu WHBEPCUN IOBEJEHNE SJIEKTPUIECKIX U MATHUTHBIX BEKTOPHBIX
cpeprdecKnX rapMOHUKAX sIBJISIETCS TTPOTUBOIIOIOXKHBIM. /leiicTBUTEIBHO, 9JIEKTPU-
JecKue TapMOHUKHU [PY MHBEPCUU U, COOTBETCTBEHHO, OTParKEHUSIX BEJIyT cedsi Tak
JKe, KaK U CKaJIspHble (DYHKIMN (I KaK JINHeiiHbie KOMOUHAIINI KOMIIOHEHT OeccJie-

JOBBIX CHMMETPUYHBIX TEH30DOB paHra n):
— Ny pmn(—T)ex — Ny,pmn(_r)ey — N, pmn(—T)e, =
— Npal—1) = (= 1) Nypn(0). (1.15)
MarauTHble TApMOHUKH MPeOOPA3YIOTCsT CIEIYIONIIM 00pa3oM (Kak ICeBJIOTEH30-
pbI):
_Mfﬂmmn(_r)ex - My,pmn(—r)ey - Mz,pmn(_r)ez =
= —Mppn(—1) = (=1)"" My (r) (1.16)

Hanpumep, sjiekTprdeckne JATIONN HeYeTHBIE TTPU WHBEPCUM, MATHUTHBIE JTATIOJN

— 4eTHble, JJICKTPHUYCCKUE KBaJAPYIIOJIN — YE€THbIC, MalHWUTHBIEC AWIIOJIM — HEYeT-

Hble W TakK jaJee.
1.1.1 MyabTunojbHOe pa3jIoXKeHne COOCTBEHHBIX MOJ Pe30HATOPa

st nadata paccMoTpuM cdeprdecknii pesoHaTop. Kak yke ObLJIO CKa3aHO

BBIIIIE, U CKaJISIPHbIE, 1 BEKTOPHbIE chepuiecKre rapMOHUKHN sIBJISTIOTCS Oa3MCHBIMUI
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Pucynok 1.3 — Knaccudukanmumsg n MyIbTHIONBHBIE COCTABBI MOJI TPYIITHI CUMMET-
pun MUpaMuIbl U Tpu3Mbl. [IpuBegens My ibTuonm ¢ n < 3, To €CTh J0 OKTYIIOJE.
JIByKpaTHO-BBIPOK IEHHBIE MOJIBI YCJIOBHO Pa3JIe/IeHbI (BbIIEJICH OPTOrOHAIBHBII Oa-
31C), OJIHAKO TAKOEe pasJiesleHre BEPHO TOJBKO B Cjlydae, KOTja IJI0CKOCTh y = 0

ABJIAETCHA IIJIOCKOCTBIO CUMMETPUN IIPU3MDI.

dyHKIUAMU rpynnbl Bpalenus cdepsl. [lo Teopeme Burnepa, kaxkmpoii cobcTBeH-
HOII MOJIe COOTBETCTBYET OJIHA BEKTOPHasi cheprieckas rapMOHUKa (C TOUHOCTHIO
710 BBIOODA, JIMHEHHOT KOMOWHAIINE BBIPOZKIEHHBIX MOJ), TIPH 9TOM MOJIbI, KOTOPBIM
COOTBETCTBYIOT 3JIEKTpUIeCcKHe(MATHUTHBIE) TAPMOHUKHI C OJMHAKOBBIM THCJIOM 7
SIBJIAIOTCS] BBIPOYKJIEHHBIMU U 11peo0pasyloTcs Jpyr depes Jpyra IpHh TOBOPOTaX.
DTO MOJITBEPKIAETCST PE3YIbTATAMI PACCesiHUS TJIOCKO BOJIHBI Ha cdepe: KaxK10-
My MYJIBTHIIONIO COOTBETCTBYET pe3oHancHbIil nuk|43; 97|. Ilpu sTom, eciin mrockast
BOJIHA TOJIIPU30BaHA BJOJb OCH T U IaJaeT BJOJb OCH Z, BO30YXKJIAIOTCSA TOJBKO
MYJIBTHIIONN C YUACJIOM M = 1, 0JIHaKO IIPU [IPOU3BOJIBHOM HaIPaBJICHUN T 1atomeit
BOJIHBI OYJIyT BO30YKJIAThCs BCe BO3MOXKHbBIE MyJIbTUIONN [5T7], KOrjga Kak obiumii
BU/JI CeUeHUs PacCesiHus, OYeBUIHO, He M3MEHUTCA. ITO KOCBEHHO HJLIIOCTPUPYET
TO, 9TO IIPU MMOBOPOTAX MYJIBTUIIOIN ITPeodpasylioTcs JIpyT depes3 Jpyra.
[Tosb3ysich Teopemoit Burnepa, monpobyem paccMoTperh HecheprudecKue pe-
30HATOPHBI, HO ObJIaIatoNIe Kakoii-To cummeTrpueil. HempusonnMble mpecraBieHus

KOHEUHBIX TDYIIT U3BECTHBI U3 JiATeparypbl [82; 83; 98; 99.
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Paccemorpum jite mpuMepa HAHOYACTHUITHI ¢ CHMMeTpHUell TpeyrobHON MupaMu-
1b1 Cgy 1 TpeyrosibHoil mpusmbl Dgy, (Puc. 1.3) ¢ paBHOCTOPOHHUM TPEyTOJBLHUKOM B
OCHOBAHUM. 3aMETUM, UTO Pe3y/bTaThl KJIACCH(MUKAINN MO U UX MYJIbTHIIOIbHBII
COCTaB He 3aBUCAT OT (DOPMBI YACTHIILI, UT'PAET POJIb TOJHKO cuMmMmeTpus. Dopma
YACTUIIBI BJIUSET TOJBKO Ha OTHOCUTEJbHBII BKJaJ MYJIbTUIIOJENl B Te WU UHbIE
MOJIBI, & TaKxKe Ha JacTOTbl COOCTBEHHBIX MO/I.

I'pynma nupamujsr Cgy cocTonT n3 6 971€MEHTOB: €JIMHUYHBINA 3JIEMEHT, I10-
BopoThl Ha 120° u 240°, a Tak:Ke OTpayKeHUs B TPeX BEPTUKAJIBHBIX IJIOCKOCTSX,
MIPOXOAAIINX Uepe3 BepIINHy TPeyroJbHUKA B OCHOBAHUU MUPAMUJIBI U CEPEINHY
IIPOTUBOIIOJIOKHON CTOPOHBI. 7151 HENPUBOIMMBIX TTPEJICTABIEHNI MbI UCIIOJIB3YEM
obosnauenns Masmkena [100]. Kak m3BecTHO U3 MHOTOYHCIEHHON JINTEPATYPHI, Y
9TOW I'PYIIIBI TPU HEMPUBOAUMBIX HpejcTapienus, Ay, Ay n E. Ilo npejcrasiennio
A4 nipeobpazyroTcs pyHKINN, KOTOPbIE OCTAIOTCS NHBAPUAHTHBIMU [P BCEX MTPE0O-
pazoBaHugx rpyibl Cgy. Ao COOTBETCTBYET (DYHKIMAM, KOTOPbIe HHBAPUAHTHBI ITPH
MIOBOPOTAX, OJIHAKO SABJIAIOTCS HEYETHBIMU TPU OTPAXKEHUIX, TO €CTh ITPU OTParKeHNN
B TIJIOCKOCTH TIEPEXOJIAT B cebsl »Ke ¢ MPOTUBOIOIOKHBIM 3HaKOM. [Ipencrasienne F
SIBJIETCS JIBYKPATHO BBIPOYKIEHHBIM, W MPHU MOBOPOTAX W OTParKEeHUsAX (DyHKITIH,
peoOPAsYIONINEcs 10 3TOMY IPEJICTABICHUIO MEPEXOIAT B JIMHEHHbIE KOMOUHAIINN
JpyT apyra. Beerya MoxKHO BRIOpaTh Oa3nc AByX (DyHKIINI, OHA UX KOTOPBIX ITPe0d-
pasyercst Kak f(r) = x u Bropast Kak f(r) = y, Ipu YCJOBUE YTO BBICOTA TTHPAMU/THI
OpUEHTHPOBaHA BJOJL 2. TakuM 00paszoM, B TaKUX YaCTUIAX €CTh BCErO TPHU THUIIA,
MOJI, IIPA 3TOM MOJIbl TPETHEr'O THUIIA SBJSIOTCS JBYKPATHO BbIPOKIEHHBIMU.

CobcTBeHHBIE MOJIBI KOHETHOI'O PE30HATOPA MOYKHO PA3JIOXKHUTD 0 KBAa3WU-HOP-
MaJIbHBIM COOCTBEHHBIM MOJIaM Cepbl, TaK»Ke 9TO HA3BIBACTCS Pa3JI0ZKECHUEM I10
pe3oHaHCHbIM cocTosiausiM [88—90]. OiHaKO MOHSITH, KaKie UMEHHO MOJbI chepb
(MyJIBTUIIONN ) BXOJSAT B PA3JIOXKEHNE, MOYKHO HE Ipuberast K 9uCJeHHBIM DACIeTaM.
OueBHUIHO, YTO B MOJY MOTYT BXOJHUTH TOJHKO TaKhe MYJILTUIIONN JNOO KOMOMHA-
IUU MYJBTHIIOJEH, KOTOpBIe MPeodpasyioTcs IO TeM Ke CaMbIM HeIPUBOINMBIM
npejacrapieHnsaM. OKasblBaeTCsd, YTO 0a3UC BEKTOPHBIX CPEepUUECKUX TapMOHUK
OKa3bIBAETCA OYEHb YAOOHBIM, W JJIs OOJIBIMTUHCTBA MPOCTHIX (POPM YACTHUIL KarK-
JIBIIT MYJIBTHTIOND [TPE0OPa3yeTcs TOJILKO 10 KAKOMY-TO OJIHOMY HEIPUBOUMOMY
IpeJICTABJIEHUIO, ¥ HaM HET HYKJIbl COCTaBJISATH JUHEHHbIe KOMOUHAIMU. [IoHATD,
KaK MMEHHO BeJlyT cebsl MYJIBTUIONN B KOHEYHOH TI'pyIIe JOBOJLHO JIETKO, IT0-
CKOJIbKY M3BECTHO, KaK OHU IMpeodPa3yloTcs MPHU BCeX MPeodPa30BAHUAX T'PYIIIILI

chepol. B HeTpuBHATBHBIX CIyYasgX BCETJia MOYKHO PACCMOTPETH COOTBETCTBYIO-
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e KOHKpeTHBIM yryiaM D-matpunibl Burnepa. OjHako Kak TPaBUIO OKA3bIBACTCS
JIOCTATOYHBIM BU3YaJIbHBIN aHan3 jJrarpaMM HallpaBJIeHHOCTH BEKTOPHBIX cdepu-
YeCKUX FapMOHHUK C ydeToM mojgpusaruu. OOJerduTh 3ajady MOKeT TOT (akT,
YTO 3JIEKTPUIECKNE TApMOHUKHI BOOOIIE TTPeodpas3yroTcsT KaK CKaJIsTpHbIC BEleCTBEH-
Hble cchepuyeckne PyHKIMT, 8 MAarHUTHBIE 00/181a10T ITPOTHUBOIIOJIOZKHON Y€THOCTHIO
IIpH OTPaXKEHWAX M MHBEPCHHU, & 3HAYUT MOYKHO IIPOCTO IPOAHAJM3UPOBATH KaK
Ipeodpa3yioTcs CKaJIApHbIe (PYHKITUN U BHOCUTH COOTBETCTBYIONINE N3MEHEHU JIJIsi
MarHUTHBIX TapMOHUK. [Io KaKuM 1pejicTaBIeHusIM TPeodPas3yoTcs CKaJIIpHbIe Tap-
MOHUKW M3BECTHO TakxKe u3 jureparypbl [84; 101; 102|. B pesynbrare, B Momy Aj
TPEYTOJbHOI TUPaMU/Ibl BXOJIST FAPMOHUKH, KOTOPhIE HIKaK He IPeodpas3yoTcs Ipu
1peodpa3oBaHusX nNupaMuibl. MOYXKHO 3aMeTUTh, YTO IIpu 1moBopoTax Ha 1207 u 240°
He IIpeo0dpas3yroTcs TaKie FrapMOHIKHI, KOTOPbIe He Ipeo0pa3yoTcst HU IIPU KAKIX 110~
BOpPOTaxX BOKPYT BepTUKAJILHOI ocu BooOIe, T.e. byHkiun ¢ m = 0, a Takxke Te, y
KOTOpbIX m = 3,6,9.., TO ecTb KpaTHO TpeM. Y TaKuX TapMOHUK YUCJIO ‘‘JIelecT-
KOB IIpM BHUJIE CBEPXY KpaTHO TPEM, M OHU IIPOCTO MEPEXOSAT JIPyr B JApyTa IpH
noBoporax. OHAKO TaK»Ke BayKHO CJIEJUTh 3a TeM, YTOObI BCE T'apMOHUKU ObLIN
YeTHBIE IPHU OTPArKEHMUAX ITON IPYIIIbI. 3aMETHM, UTO B 3TOM CJIydae HX BbIOOD
HEeO/IHO3HAYEH, W 3aBUCUT OT BbIOOpa HAIpaBJIeHUs oceil T W Y OTHOCUTETHHO Tpe-
YIOJILHUKA B OCHOBAHWU PU3MBI. TaK, HAalpUMep, ecJi IJIOCKOCTh y = () aB/sgercs
IJIOCKOCTBIO OTParKeHUs MPU3MbI, TO 3JIEKTpUYECKNE TApMOHUKN C UHJIEKCOM P = €
U MarHUTHBIE C P = 0 Ipeobpasyrorcs 1mo Ay (Ipu yCJIOBUM HHBAPUAHTHOCTU MPU
noBoporax). Ilo mpejcraBiernio Ay TpeodpasyroTCs TADMOHUKHI C TEMH K€ THCJIa-
MU M, OJIHAKO YeTHOCTh UX Yy2Ke OyJeT NPOTHBOIOJIOXKHA JIJId TaKOil OpUeHTaI[nn
IpU3MbI (9JIEKTPUYECKIe ¢ p = 0 U MarauTHble ¢ p = e). [lo npezacrasiennto E
IpeoOpa3yIoTCs BCe OCTABIINECS TApMOHUKN, & OPTOTOHAIbHbIE JTHHEeTHbIe KoMOUHA-
I MOXKHO BBIOMpPATDH I HUX PA3JIMIHBIMU CIIOCOOAMU, KOTOpbIE, KaK IPaBUIIO,
OIIPEJIC/ISIOTCS YI00CTBOM PEIIeHUsT 3a/1a9i ITPU KaKoi-TO KOHKPETHOI ToJidapu3a-
UK I1aJIar01eil BOJIHBI.

PaccmoTpuM, 9TO TPOMCXOAUT MPH MOBBIMICHUN CHUMMETPUN PE30HATOPaA OT
TPEYTOJIbHOI TpaMUIbl K TPeyroyibHoOil ipu3me (rpymia Dgy). B 9Tom cirydae mobas-
JISIeTCsT TOPUBOHTAJIbHAST IIJIOCKOCTh OTpaxkeHusi z = (). DTo 03HAYAET, UTO BCE MO/IbI
HAUYMHAIOT JIEJINTHCS HA YeTHbIE U HeUeTHBIE TI0 OTPayKEeHUsIM K 3TOi 1J10cKocTh. Bee
TPU HENPUBOJNMBIX IPEJICTABICHUS MUPAMUJILI PA3AESIIOTCS Ha, MMapbl ITPeJICTaB-
nenuit. ITpu sTom B npencrasaenns A}, Al E'| Bxogar My IbTHIONN, YeTHBIE MPU

1/ o
oTpazkeHun B miockoctn z = 0, a B npejcrasienns A, Al E” — uedernnie. Taxoii
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epexoJi B JIAJIbHEHIIEM MOXKET O3HAUYATH IO MEINBaHIE MYJILTHIIOEH TPOTHBOIIO-
JIOZKHOT YeTHOCTU TPH IJIABHOM HAPYIIEHUN CUMMETPHUN OT ITPU3MbBI K TTHPAMUJIE 1
OBITH BayKHBIM JIIT OOCY2KJICHUs B3ANMOJCHCTBUAS MO/,

B crarpe [50] Obl1a poBe/ieHa aHAJOTTIHBIM CIIOCOOOM KJIACCHPUKAIINA MO
U MyJIBTHIIOJIeH JId Pa3IndHbIX popM pe3oHaTopos. MurTepecubiit ciaydail mpej-
crapiistior coboit Konmdeckuii (Cooy) n mumapuaeckuii pe3oHatop (Daep). D10
HETPEPBIBHBIE TPYIIILI, U Y HUX CYETHOE KOJMIECTBO HEITPUBOJNMBIX IPEJICTAB-
JleHuit. Y TPyNIbl KOHYCa OJHOMEPHBIX IMPEJICTABICHUIN JIBa, OHU COOTBETCTBYIOT
yHKIMAM He Tpeodpa3yIonuMes Ipu TTOBOPOTaX, OJIHAKO 00JIaJAIONUMI TPOTUBO-
MOJIOXKHBIMEI YETHOCTSIMU TIPU OTPAXKEHUSIX B BEPTUKAJIbHBIX IJIOCKOCTIAX. YeTHBIM
QYHKIMAM 1IpU OTPazKeHNH COOTBETCTBYIOT dJIeKTpHUeckKue MysabTumnoan ¢ m = 0,
HEYETHBIM — MArHUTHBIE. DTO JIOCTATOYHO YHUKAJIBHBIN CJIydail, KOrja B CTPYKTY-
pe eCcTh MOJIBI, coJiepzKaliie Jub0 TOJLKO 3/IeKTpUIecKne, JTHO0 TOJTBKO MarHUTHbIE
MyJIbTUIONN. Bojiee Toro, Konyc ne ob/1ajlaeT MEHTPOM WHBEPCUU, YTO MO3BOJIAET
3a/lyMaThbCd B JlaJibHENeM 00 0OCYKJICHUN CBA3W MYJILTHIIOJBLHOIO COCTaBa, COO-
CTBEHHBIX MOJT 1 3 HEKTOB eKTPOMArHnTHOH OmannzoTpornuu. OcTajibHble MOJIbI
COOTBETCTBYIOT JIBYMEPHBIM HEIPUBOIUMBIM IIPEJICTABIEHUSIM, 1, 110 CyTH, HYMEPY-
10TCst dncioM m. B kaxkiyio mojty E,, BXoIdT Kak 9/ieKTpudecKre, TaK 1 MarHuTHbIE
MyJIbTUION W . TIpu iepexogie oT Konyca K HUJIMHJIPY CUTYaIUs 10JIHOCTBIO aHa-
JIOTUYHA TIEPEXO/Ty OT MUPAMUILI K IIPI3Me: KaxKI0e ITpeicTaB/IeHne pas3/IesaeTcs Ha,
JIBa, TI0 KOTOPBIM MPeo0pa3yIoTcs YeTHbIE U HeIeTHBIE 110 OTHOIICHUIO K OTPAYKEHITIO
B rOpU30HTaJILHOI 1tockocTu dyukiuu. Ha Puc. 1.4 npusejena MyabTUIOIbHAS
KJaccuUKaImsa MOJ| KOHYCa, IUJIMHIPa U IPU3MBI.

3aMeTuM TakxKe, UYTO XOTh Ha PUCYHKAX U IPUBEJIEHO KOHEUHOE KOJIMYECTBO
MYJIBTHIIOJEN, B KaXKIYI0 MOJY BXOJIUT OECKOHEUYHBIH psJl, 1 KPOMe TOr0, OUeBH/I-
HO HE CYMIECTBYEeT TaKUX MYJIBTUIOJEH, KOTOpble He BXOJAT HU B KaKHEe MOJDI,
MIOCKOJIBKY JII0Dasi BEKTOpPHAs IapMOHUKa, ITPeodpas3yeTcst 1Mo KaKOMY-TO IMPEJICTaB-
JIEHUTO, JINOO MPSAMOIl CyMMe TpPeJICTaBIeHN TOYEIHON TPYTIIIHI.

HerpuBuaibHbiM ciiydaeM Jijist MyJIbTHIIOILHON KIaCCHMDUKAIIN ABJIAIOTCS Ta-
ke cummerpun Kak Tq (Terpasjp) min Oy (Ky0), 0 IpUIrHE TOrO, 9TO MOSABJISIOTCSI
MYJILTUIIOJNN, TTPE0OPA3YIONINecs M0 MPAMO CyMMe HeIPUBOINMDIX TTPEJICTABICHTI,
1 HAM y2Ke HeoOXOMMO HCI0JIH30BaTh clieludrieckne JuHeinbie KoMmomHamn. Kon-
KpeTHble KOI(DMUIMEHTHI [JTs1 CKAJISPHbIX (DYHKIUI MOXKHO Hajitu B crarbe [47).

O,HHaKO7 B p€aJIbHBIX OIITUYECKHUX 3a/aY9aX TaKNe CUMMETPHUN BCTPEYAIOTCA PEIKO.
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PI/IcyHOK 1.4 — K.HaCCI/ICbI/IKaIH/Iﬂ 1 MYJIBTHUIIOJIbHBIE COCTaBbl MO KOHYCa, TUJINHIPa
" IIPHU3MBI. MozkHo H&6.}HQZL&TB, KaK IIOHNZKE€HNE CUMMETPUHN BJINAET Ha IIPpEACTaBJIC-

HNA 1N MyJIbTI/IHOJIbeIﬁ COCTaB.

[Ipu 3TOM, BayKHO TMOMHUTDL, YTO XOTHh Y KOHEUHBIX I'PYIIT U KOHEYHOE YHUCJIO0
HEIPUBOJINMBIX ITPEJICTaBICHUI, Y1CI0 COOCTBEHHBIX MOJI SIBJIsIeTCsl OECKOHEUHBIM, a
3HAYUT CYIIECTBYET MHOYKECTBO COOCTBEHHBIX MOJ| KayKJoro Tuiia. Tak, HalpuMmep,
naxe y cdep ectb GeCKOHEUHOe KOJMYECTBO JIUMOJIbHBIX(JTFOObIX JIPYTUX) MOJ, B

HEKOTODPLIX MCTOYHUKAX UX CBA3LIBalOT C TOPOUJAJIbHBIMHA MOMEHTaMU [48, 49]

1.2 MogoBblii cocTaB U paccessHHOe I0Jie

[Tonnmanme MOOBOTO coCTaBa MO3BOJISIET MI'HOBEHHO OMPEJIE/IATH COCTAB Pac-
CesTHHOTO 110J1s1. By MyJIbTUIIONIbHBI cocTaB BO30YKIAIOIIET0 0JIsI U3BECTEH, TO
KayK/JIbIIl MYJIBTUIIONb, BXOJANINN B I1aJIalONLyI0 BOJIHY, OyJeT BO30YKIaTh MOJY,
COJIEPZKAIIYIO0 9TOT MYJBTHIIONb. A 3HAYUT, YTO B PacCesiHHOI BoJiHE OyJIyT IpH-
CYTCTBOBATb BCE MYJIBTHIIONN, BXOJAIINE B 9TY MOJIy, a BeJMYWHA BKJIaJa Oyj1eT
OIpeIe/IAThCs pa3MepoM 1 (opMoil JacTull U JIIMHON BOJIHBL. BJaromapst aTomy

CBOMCTBY MOYKHO JIETKO OMPEAE/IATh, KAKe MYJIbTUIIOIbHBIE TTOISIPU3YEeMOCTH Oy Iy T
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HEHYJIEBbIMU (KaKI/Ie MYJIBTHUIIOJIN B036y}KrZLaIOTCH B paCceHHHOﬁ BOJIHE KOHKPETHDI-
MU MYJIBTHUIIOJIAMUA U3 naga}omef/’l BOJIHI)I), n ylpaBJIdTb MYJIBTHUIIOJIBHBIM COCTaBOM

PaCcCesTHHOTO TI0JIS.

1.3 CummeTpusi cOOCTBEHHBIX MOJ U CBA3aHHbIE COCTOSTHUS B
KOHTUHYYME B JINJIEKTPUUYECKUX PE30OHATOPAX

PaccMoTpnM, Kak CHMMETPHITHBIN aHaIn3 MOXKET TIOMOYb B TTPE/ICKA3aHI Ha-
JINUNs CBSI3aHHBIX COCTOAHWIT B KOHTHHYYME B HAHOUACTHUIAX PA3IUIHON (POPMBI.
Mg 3HAEM, UTO B KazKJ10# MOJIE 9aCTh MYJILTUIIOILHBIX KOI(MDMUIINEHTOB OOHYISICTCS
n3-3a CUMMETPHUH, HO KOHKPETHBIN “BeC’ OCTABIINXCA MYJILTUIIOJEN B pa3IoyKeHun
orpeiesisteTcss (POPMOI YACTUIIBI 1 HOMEPOM MOJIbI. B MyJIBTUIIONBHOM pa3I0yKeHUN
KaKO#-TO MOJIbI, KOI(DPUINEHT TIepe] KAaKIM-TO MYJIBTUIIOJIEM MOYKET OKa3aThCs HY-
JIEBBIM, JTHOO OBITH CUJILHO TOJIABJIEH JIJIsT OTIPeIe/IEHHbIX TapaMeTPOB PE30HATOPOB.
B wacTtHOCTH, M3MeHeHNEe IeOMETPHUH pPe30HATOpa € COXpPaHeHHeM ero CHMMEeTPUN
MOYKET TIPUBECTU K IMOJABJICHUIO PaUAllMOHHBIX TOTEPh Yepe3 MYJILTUIOIbHBIC
KaHAJIbI, pa3pelieHHbIe CUMMeTpHUeil. 9TO NPUBOIUT K PE3KOMY YBEJINYEHUIO JI0OPOT-
Hoctn (Q-pakTopa) M MOSIBJICHUIO TAK HA3BIBAEGMON CBEPXBBICOKOOOPOTHO MOIbI
WJIN KBa3UCBsi3aHHOTO cocTosinus B KoHTuHyyMe (KBasu-CCK)[103]. Dror s¢pdekt
ObLT TTO/IPOOHO M3yUeH TEOPETUUIECKN WM SKCHEPUMEHTAJBLHO IS IMUJINHIPUIeCKIX
pesonartopos [104; 105]. 3mech mbl mokaseiBaem, uto KBasu-CCK moxer nabio-
JlaThCd B pe30HATOpaxX HEIUJINHIPUIECKOil cuMMeTpun. B KadecTBe mpuMepa Mbl
PACCMOTPUM JTUIJIEKTPUIECKYIO TPEYTOJIbHYIO TMPU3MY C TPABUJILHBIM TPEYTOJIHLHU-
koM B ocHOBauun (Dgy,). Jlmsmekrpudeckast mporuiiaeMocTs npusMbl € = 81. Boicora
Ipu3Mbl paBHa, L, a jummHa pedpa ocHoBanus — a. Ha Puc. 1.5 noxkasana 3aBucumMocTb
Oe3pa3MepHoit 9acToThl ka 0T COOTHOIIEHHsT CTOPOH a/ L, Tie k — BOJIHOBOE 9HCIIO.
Cunsisg n KpacHas KpUBbIe COOTBETCTBYIOT JIBYM COOCTBEHHBIM MOJIAM PE30HATOPA 13
OJIHOI'O U TOT'O K€ HEeCBOJAUMOIo IpejcrasieHns B, DTu Mojbl UMEIOT OMHAKOBYIO
CUMMETPUIO U MYJIBTUIOJIBHDBIN COCTAB 1 MOT'YT B3alMO/IeHiCTBOBATH Yepe3 KOHTUHY-
yMm [106; 107] (3aMeTum, 9T0 B 3aKpBITOil YacTHIE ¢ 3epKAJbHBIMU CTEHKAMU JIJIs]
TEeX JKe CaMBIX MOJ HaOJIIOIA/INCH Obl TTlepecevdeHms MO/ BMECTO aHTHIIEPECeTeHI ).

Bzammo/ieficTBre MeK/Iy 3TUMU MOJIAMU TIPOSIBJISIETCA B BHUJE XapaKTEPHOIO

AHTUKPOCCHHIa Ha I'paduke 3aBUCUMOCTH COOCTBEHHOI YaCcTOTBhI MOJ OT I'€OMeT-
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pudeckoro napamerpa. B pesynbrare BzanmojeiictBusg (Q-bakTop OFHON MOJBI
YMeHbIaeTcs (CHHsid KPUBasi), a JJTst BTOPOil MOJBI YBEJIUINBACTCA (KpacHast KPH-
Bas). 3apucuMocTn Q-PaKTOPOB OT FEOMETPUIECKOr0 OTHOIICHNS L /a [y1st 9TuX MO
nokazaibl Ha Puc. 1.5(c). Bugno, uro Q-akTopbl oJHON U3 MOJ yBeIUIHBAIOTCS
Oostee 1eM Ha J1Ba nops/ika |Touka B na Puc. 1.5(b)| B okpecTHOCTH aHTHKpOCCHHTA,
korja a/L wm3mensierca or 1,15 o 1,25, DTo HAMISIAHO JEMOHCTPUPYET MOsBJIC
e kBa3u-CCK B HemuImHApHMYecKUX pe3oHaTopax. PacipejeseHne aMIHTYIbI
3JIEKTPUUIECKOT'O 0JIsT [T BBICOKOZOOPOTHOM MOJBI [Tl Pa3/INIHBIX 3HAUCHUI Teo-
METPUYECKOr0 OTHOIIeHNs mokaszano Ha Puc. 1.5(b). Bugno, aro mig orHomenus
a/L = 1,25, xorga Q-pakTop CTAHOBUTCA MAaKCHMAJBLHBIM, DACIpEIeseHne oI
CTaHOBHTCS H0JIee CHUMMETPHYHBIM. DTO KOCBEHHO yKa3bIBaeT Ha II0/IaBJIEHIE PacCces-
HIST 9epe3 OCHOBHOM My/IBTUIIONBHBIN (B JAHHOM CJIydae, JUIOoIbHbI ) Kanaa. ITo0b!
JI0Ka3aTh, 4To yBeamdeHne Q-pakTopa fABisgeTcs pe3yIbTaToM HOJaBICHUs pacces-
HIs 4epe3 [VIABHBII MYJIbTHIIONBHBIN KaHa/I, Mbl IPOAHATI3UPYEM MYJIBTUIOIbHBII
COCTaB U3JIy4aeMoro moJisi Kak GyHkiuo a/ L npusmer. 13 cummverpuiinoro anasmsa
cJIeJlyeT, YTO MYJIbTHUIIOIEM HU3IIEro MOopsjiKa, JAIONIM BKJIa/| B pacCMaTpUBaeMble
MOJIBI, SIBJISIC€TCA MArHUTHBIN TunonbHEl MoMenT (Meq), a ciegyiomumu nemyJte-
BBIMH MYJIBTHIOIAME JUIA 9TUX MOJ| ABJIAI0TCA syekTpudeckue (Nejg) 1 MarHuTHBIC
(Neg2) KBaJpymosibHBIE MOMEHTHI, a Takzke siaeKTpudeckne (Negs) U MarHUTHbIE
(M.13) OKTyTIO/IBHBIC MOMEHTBI. BK/Ia,1 9THX My/ILTUIO/EH B U3/TyYaeMyI0 MOIITHOCTE
B 3aBHCHMOCTH OT orHomienust a/L mokaszan ma Puc. 1.5(d). Pacuersr mposojn-
JIICH C McnoJib3oBanueM nporpaMmuoro nakera COMSOL Multiphysics™ Cepreem
['nagpimessiM. MoxkHO BujieTb, 9T0 UMEHHO B Touke B, rime Q-daxrop jgocturaer
MaKCHMAaJ/IbHOT'O 3HAYCHUS 3HAYCHUS, MATHUTHBIN JINIOILHBII MOMEHT MOJIBI OJaB-
JgeTcd U Moja BefleT cebd KaK 3JIEKTPUYEeCKHil KBaJIPYHOJIb. DTO TaKyKe MOXKHO
BUJIHO U3 JUarpaMM HallPaBJICHHOCTH M3JIy4eHUs JajibHero I10Jd, MOKAa3aHHBbIX Ha
Puc. 1.5(e).

BaxkubIM fBJIS€TCA TO, YTO B3aHMOJIEHCTBOBATH MOI'YT TOJIBKO MOJbI OJINHA-
KOBOII CHMMETDHUH, TO €CTb, IIPeodpasylolyecs 110 OJUHAKOBLIM HEIPUBOIMbBIM
npejcraBjieHaM. MoJipl pa3HOil CHMMETDPHH IOJHOCTBIO OPTOIOHAJIbHBI 1 B3al-
MOJIEHICTBOBATb HE MOTLYT, a 3HAUYUT Ha COOTBETCTBYIOMINX KapPTHHKAX MBI Obl
HaOJTIO/JA/IN TOJIBKO UX KPOCCHHI'H. 3aMEeTHM, 4TO O/arojapst HOHIMAHUIO TOTO, KaK
BeJyT ceOs HEeIPHUBOAUMBIC IIPEJICTABICHNAS U MYJIbTUIIONBHBIN cOCTaB MOJ| IIPU Ha-
PYIIEHIN CHMMETPUH MOXKHO YIPaBJIATH Cuioil B3ammojieiicTsus. Tak, Hampumep,

B IMJIMHAPE UJINX IIPU3ME MOIbI ABJIAIOTCA JIb0o YE€THBIMU, JINOO HEYETHLIMHU II0 OT-
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Pucynok 1.5 — (a) CusibHast cBsi3b Moji E-Tunia ¢ BbicoknM Q-hakTopoM n HU3KUM
Q-dbaxTopoM B JANIIEKTPUUECKOM TPEYTrOJHLHOM pe3oHaTope ¢ € = 81 B 3aBUCUMO-
CTH OT pasMepa napaMerpa ka u reomerpryaeckoro otuomennst a/ L, tne k, a u L —
BOJIHOBOIT BEKTOp B BaKyyMe, CTOPOHA TPEYTOJbHIUKA B OCHOBAHUU MPU3MbBI 1 BBICO-
Ta IPU3MbI, cOOTBeTCTBeHHO. (b) Pacipeneienne aMIinTy bl 9JI€KTPHYECKOTO TOJIST
| E| Mmojibt ¢ BhIcOKUM (Q-(haKTOPOM JIJisl PA3JINYHBIX COOTHOIIEHH CTOPOH (TOUYKH A,
B, C). (¢) DBouonust Q-daxropa JBYX B3aNMOJIEHCTBYOMNX MO B 3aBUCUMOCTH OT
oraomenns a/ L. (d) Briaj seKTpiaeckoro 1 MAarHITHOTO MYJIBTHIONEH B M3JIyda-
eMyT0 MOIITHOCTB BBICOKOI0OPOTHOI MOJibl. (€) KapTuubl n3/1ydeHns gajbHero moJs
st pasinanbix a/L (toukn A, B, C). [lanens B coorBeTcTByeT BBICOKOIOOPOTHO-
My pexKuMmy. HucjieHHOe MOJIeINpOBaHUe, MOUCK aHTUIIEPECeUeHMs], U ITOCTPOEHNE

rpacdukoB ObL10 1poBegeHo Cepreem IaabiieBbiM
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HOIIIEHUIO K OTPayKEHUIO K FOPU30HTAJIbHON TIJIOCKOCTH, OHU Pa3Hble 110 CUMMETPHH,
1 TI09TOMY HUKAK He B3aUMOJEHCTBYIOT. Ecjim MbI IpU KaKMX-TO T'€OMETPUYIECKUX
napamMeTpax HaOJI0JlaeM KPOCCUHT TAaKMX MOJ, TO Mbl MOYKEM WPEBPATUTL ITOT
KPOCCUHT B aHTUKPOCCHHT, BKJIIOUUB B3alMO/IefiCTBIE, & NMEHHO, TIJIABHO HapyIIas
CUMMETPUIO YACTHUIILI, HAITPUMED, ‘TIOATAUYNBasA MIJIUHJID ¢ OOKOB, IIpeBpalias M-
MeTpiio Doop B Caoy. Ilpu 3TOM cumiia B3amMoeiCcTBUsT OJTHOCTBIO PEryJINPYEeTCsI
OTJINYHEM ITOJIYIEHHOI'O YCeYeHHOr0 KOHyCa OT IMJINHIPa, TO ecThb Ag. DTO OTKPbI-
BaeT IIPOCTOP JJIg HAOJIIOAEHNST MHOIUX PA3/IMIHBIX 3P (DEKTOB, CBA3aHHBIX ¢ CUJION
B3aUMOJICHCTBUST MOJI, TAKNX KaK, HAIIPUMED, UCKII0UNTEIbHbIe TOUKN (exceptional
points)[108].

1.4 MyabTunojgbHas KilacCuuKaIimsa MO B METAIIOBEPXHOCTIX

o aToro Mbl paccMaTpuBaJil OJMHOUYHBIE HAHOYACTHIIHI, OJHAKO METOJIbI
CUMMETPUITHOTO U MYJILTHIIOILHOIO aHaIN3a TPUMEHNMBI TAKXKe K aHCaMOJIsIM HAHO-
JACTUII, & TaKyKe K TMePUOJINIeCKNM CTPYKTypaM. B 9ToM pasjese Mbl PACCMOTPUM
MYJIBTUTIONBHYIO KJIACCU(UKAIIIO MOJT TEPUOANIECKON CTPYKTYPbI, TpOaHaIn3upy-
€M, KaK B paMKaX TaKOTO PACCMOTPEHUsST 00bICHIIOTCH CUMMETPUIHO-3aIUIIIEHHbIE
n “ciaydaiiibie’ CBA3aHHBIE COCTOSHUS B KOHTHHYYME, & TaKXKe IPEeJICKAYKeM BO3-
HUKHOBEHUE CBA3AHHBIX COCTOSHUII B KOHTHUHYYME, HE U3JIyYalolUnX B KOHYC
HaIPABJICHUIA.

Mper OyjieM paccMaTpuBaTh YaCTHBIN CIydail ABYMEPHONH METAIIOBEPXHOCTU C
KBaJipaTHOI pemerkoii u3 cdep (Puc. 1.6), 6o 001X IpyTUX 9aCcTUIl CHMMETPUH
He HUZKe, YeM ToYedHas CUMMEeTPUs PeIleTKY, HO JaHHbIl MeTO/ IIPUMEHUM J1JIs JIIO-
OBIX MEPUOINIECKUX CTPYKTYP. HecMOoTpsi Ha TO, YTO MYJIBTUIIOJIBHOE Pa3JI0yKEeHNE
JIAJIbHEr0 I0JIl UMeeT CMBIC JIJIsT KOHCYHBIX CTPYKTYDP WM YaCTHIL, JJIg [ePUOIN-
YEeCKOIl CTPYKTYPBI BCE €Ille MOXKHO IIPOBECTU MYJILTUIIOJILHOE PAa3JI0KeHNe I0JIei
KaKJION d9eiiKW, U CBA3ATh €ro ¢ N3/1ydaeMbIM Bcell MeTaroBepXHOCTHIO TTos1eM. Mbl
He OyJleM paccMaTpuBaTh 33/lady PACCETHIS METAllOBEPXHOCTBIO, HO Oy/1eM aHaIN31-
pPOBATh TOJHLKO COOCTBEHHBIE MOJIBI. B paboTe paccMaTpuBaeTcsl 3aBUCUMOCTD TMOJIei

OT BpeMeHu B Buje e 'Yt
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d

Pucynok 1.6 — KsajipaTublii nmepuojindecknii MaccuB jindjiekTpudeckux cdep. Ile-
puox d = 600 uM, paguyc Hanocdepbl a=100 HM, IU3aeKTPUYIECcKasl IPOHUIIAEMOCTD

cep €9=12, npoHnIaeMoCcThL cpejbl £1=1.

[IpoBejisi MYJIBTUIIONBHOE PA3JIOYKEHUE, MbI y3HAEM, KaK M3JIydasu Obl TOKU
BHYTPH MaTepuaJjia OAMHOYHON ssueiiky, npuHajjexKaieil MmeranoBepxuoctu. [loaHoe
n3JIydeHne Beell MOBEPXHOCTU OYIET CyMMON M3JIyUeHU OT TaKUX siueek.

[Tose BHYTpPH cpebl (MaTepuasa) j-it sdeiikn maccuba B samucbisaercs ciie-

JIYIOITAM 00pa30M B T€PMUHAX MYJILTHIIOILHOTO Pa3/I0XKeHnst

EP() = 3" FolDayns Wil () 07, (117)

nlmO

rie ko = /€2 — BOJIHOBOII BEKTOp B MaTepuaJe, BepxHHil mijexc (1) orsedaer
chepuueckum DYHKIUAM beccelist B pajuajibHON dacTu BeKTOprIX cchepuyaeckmx
rapMoHUK, Kkj — OJI0XOBCKHIT BeKTOD, I’ = I — T'j, U I';j UEHTD j-i dueiku. Diyypmn
— KO3 DUIMEHTH B MYJILTUIIOJBHOM pPa3JI0yKEeHNUN, KOTOpbIe OYIYT 00CYKIAThC B
paznene 1.4.1. Unjgexke w coOTBETCTBYET MArHUTHOM WM SJIEKTPUIECKON rapMOHU-
Ke. /[y1s1 TOro, 9TOOBI BHIPA3UTH TI0JI€ CHAPYZKI MacCHUBAa, BOCIIOIb3yeMcs (DYHKITHei

['puHa, KOTOpast yJI0BIETBOPsieT cJiejytomeMy ypasaenuto [109)]:

A 2 A A
V xV xG(wrr)= (2) e(r,w)G(w,r,r’) + 16(r — '), (1.18)

Cc

A

rie 1 — equnnunas quajia, u €(r,w) = 1 B ciydae BakyyMa.
Bakyymnas auajnas yHKiusg ['puna BbIpakaeTcsd cCJeyIonmM odbpa3oM B

TepMUHAX BEKTOPHbIX cepudeckux rapmonuk: [110; 111]:
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A 2n+1 (n—m)!
Go( (2 —0p) :
;pz;h;o 0) n(n+1) (n+m)!

’ <[M;E)?T)r)m(k17 ) ® M]gm)ln(klv r )] + [an)ln(kla I') ® N]S):ir)m(kh IJ)])? r > T/ (119)

e Bepxmne nnjekcs (1) n (3) coorsercTByIoT 3amene GyHKINN 2,(P) B pa-
auasbhoil actn chepudecknMu dynkimsamn Beccesist n XaHKeas 1MepBoro poja

coorBeTcTBeHHO, &g = 1 Korma m = 0, u &y = 0, Korma m # 0.

OmnpenesieHnus: IMapoBbIX BEKTOPOB. /[l jajbHeHmnx pacdeToB HaM  II0-
Hajoburea eme oaun tun chepudeckux dynkuuil. Ilaposble BeKTOPBI Y ypmn

obosnavalorT apa Tuna (GyHKIUNR, X, U Zpyy, BBEIEHHbIE CJIeLyIONUM oOpa-

soMm [112]
k k
o () =9 (k72 (1)) a0
k k k
e
Yemn = cosm@ P (cos 0) (1.22)
Yomn = sinme P (cos 0) (1.23)

4eTHOCThL NIpU MHBepcur Wit Takux Gyukiuit (—1)" nna X, u (=1)" ana Z.
3aMeTuM, 9TO MOBEJICHIE IIPH MTPeodPA30OBAHUIX I'PYIIIILI chepbl 0JINHAKOBO Jiist W
nY, XuM,ZuN, VP uY, coorBercrBeHHO. 3aMeTHM, 9TO OHU HAIIOMIHAIOT
BBeJICHHBIE paHee BEKTOpHbIE cdepuuecKne TapMOHUKN, HO Y HUX HET PaJuajibHO
gacTu. [IlapoBble BEKTOPHI OMUCHIBAIOT YIJIOBYIO ACUMIITOTHK BEKTOPHBIX cepude-

CKMX TapMOHUK IIpU 7" — OO.

Ilone omnoit ga4eiikm BHYTPM U CHapy»Km MaccuBa. lIpenmosiokum, 4To
MYJIBTUIIONBHBIN COCTaB MOJIBI y7Ke n3BecTeH, u Koy dunnentol B dpopmyste (1.17)
yzke jgaHbl. C IOMOIIbIO BaKyyMHON JanajHoit dyHkuun ['puna G, MOKHO BbIpa-
3UTh 110JI€ CHAPYXKU MacCHBa

]{2

E(r) = in

/d3 "Ae( H)GQ(I‘ r )Em< //) _
k2

471(82 — & Z/dSr'GO r,r; + 1 )E"(r; + 1) (1.24)

J
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3jech k= (/€17 BaKkyyMHblil BoJIHOBOI BeKTOp, V' — 00beM OJMHOYHOM YaCTHILbI
(MaTepuasa B stueiike).

[ToncraBuMm BoIpazkenue s GyHKIUK [ pruna depe3 BeKTOpHLIE cepuaecKue
rapMOHUKU. VICIOJIb3ysl CBOHCTBO éo(r,rj +1w) = éo(r —r;,r', W), n noacTs-
asist (1.17) m (1.19) B (1.24), MBI nosydaem

Eozzk 82—81 Z Z (2— ) 2n+1 (n—m)! (1.25)

n(n+1)(n+m)!

w,p,n,m w’ p' ,n' m’

prnm’w( )

wpmn(

'ei(kb'rj /d3 /[Wwpmn(khr/) ) Wz(y?pmn (k27 )] (126)
%

kl,I‘ — I‘j)'

BepxXHUii WHAEKC (3) coOTBETCTBYET pacxojsdrieiicss cdepudeckoit Bosae (DyHK-
st XaHKes1 B paJuajbHoil dactn). Termepb MbI OCTAHOBUMCSI Ha CJIydae, KOrja
MACCUB COCTOUT n3 cdeprudecknx HaHodacTuil. [Ipn mcrnob3oBannm cBOWCTB OPTO-
I'OHAJIbHOCTH BEKTOPHBIX ChepriyecKrX rapMOHUK, HHTerpaJl 1o cepe MoKeT ObITh
nosiyuer aHajmtuaeckn |[94].On mpomoprmoHaien MpousBeeHo cuMBOIOB Kpo-
HeKePa Oy Opp Omm/Onny KOTODBIIL 103BOMIACT M30aBUThCA OT cyMMbl. Cobupast Bce
K03 PUIMEHTDI, BKIOUast nHTerpas B KoappumuenT D Mbl IOJVIAEM, 9TO T0Je

CHApPY»KHM MacCUBa, MOYKET ObITh BbIpaKeHO (pOpMYyJIOit

E(r) =Fo Y Dupmn W, (k1 — 1) - €™, (1.27)

3ameruM, 410 KOI(POUIUEHT Dy, HEHYJIEBOH TOJILKO €C/IM I'apMOHUKA C Ta-
KUMH K€ HHJEKCaMU IPUCYTCTBYET B pa3JIOyKEHUU II0Jid BHYTPU c]epbl B CUITY
OPTOTOHAJILHOCTI BEKTOPHBIX CepuuecKnx rapMOHHUK. Ecin 1o, co3iaBaeMble

G,D;I/IHI/I‘{HOPJI A9eKOI YK€ H3BECTHbI, Mbl MO>KEM Ha4YMHATL PaCCMOTPEHHUE C 9TOM

dopMyITHI.

Cssi3b Mexk 1y Koaddunuentamu D u D mist cpepuueckux wacrur. Ko-
sbdurmentsr D B ypasuennu (1.26) u DB ypastaerun (1.27) cs3anbl hopMyIIoit

- ik 2n+1 (n—m)!
Duwpmn = W@ N 6O)n(n +1)(n+ m)!'
Dugmn > [ (e — &)W, (ke ¥') W) (ko x)] (1.28)

! M/ / /
w',p,n,m V
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DTa GopMmysia OIUChIBAET KaK MAaCCUB HAHOYACTUIL, TaK U IPOU3BOJIbHBIN (DO-
TOHHDI{I KPHUCTAJLI, HO B ciaydae chepudecKnX HAHOUACTHUIL MHTErpaj MO 00beMy
JACTUIBI MOYKHO B3STb AHAJUTHICCKH.

Bocrosibayemest coiicTBaME OPTOrOHAJBHOCTH BEKTOPHBIX C(HEPUUECKUX Tap-
MOHUK |94] |cTp.418|, u paccMOTpUM HHTErpasibl OT MATHUTHBIX M JEKTPHICCKIX
FapMOHUK OTJIEJIbHO. BBINOJIHsAST HHTErPUPOBAHNE 10 YIJIY, MbI CBOJNM HHTETrDAJT
K HHTerpaJly npoussejiennii chepruuecknx byHKImii Beccens, 3aBucsimmx ToIbKO
OT T, KOTODPbIil TakxKe MOXkKeT ObITh HaiijeH aHaauTudecku. Jljist MArHUTHBIX rap-

MOHUHK IIOJIydaeM

DMpmn = iDMpmna2£1[k;fjn_l(kzla)jn(kzga) — k’lkgjn_l(kga)jn<k1a)] (129)

rje a — paJuyc HAHOYACTUIIBI, U JJIS SJIEKTPUYCCKUX

- _ n+1 _ , ' '
Dpmn = iDpmnt” €1 %—H[k%]n—z(/ﬁa)]n—l(ha) — k1kojn—2(koa)jn_1(kra)]+
+ _271 1 [k%jn(kla)]n—l—l(kéa) — klk?]n(kZG)]n+1(k1a)] (130)

3aMeTnM, 9TO 9TO BbIparKeHne o0palaeTcss B HOJIb JIJIsT HEKOTOPBIX JacTOT, TO
€CTh y Hac MOYKET OBbITh HYJIEBOI D IIpU HeHyeBOM [). DTO CBSI3aHO C aHAIOJISIMU
cpepuyuecknx HaHoqaCTMLL[HB]. Yacrora, Ha KOTOPOIl IOSIBJISIETCsl aHAIOJIb, TaKasl
ZKe, KaK U JJIs1 OJMHOYHON M30JIMPOBAHHON YaCTUIIDI.

Eciu y Hac Jpyroit THIl MeTallOBEPXHOCTH, HaIpUMEpP, ILJIaHApPHBI do-
TOHHBIN KPUCTAJII C IMUINHJIPUICCKUMU OTBEPCTUAMM, WJIN MACCUB IWUJIUHIPOB,
CBOMCTBO OPTOTOHAJIBLHOCTH MHTErPasioB 10 cdepe MPUMEHUTb HeJIb3sI U UHTerpaJl

[ d*r Ae[Wl(,}]zmn(kl,r’ ) WS,)p,m,n,(kg,r' )] Byser cMemuBaThL HEKOTOPBIE TAPMOHHU-
7

ku. OjiHaKo, Bce NMPUMENINBAIOIINECsT TapMOHUKI B JIFOOOM ciiydae OyIyT TaKUMU
JKe, KaK 1 3aMellamible B MOJIe BHYTPHU OJIMHOYHON sueitku. To ecTh Takoe 3aMeltn-
BaHME HE BJINAECT Ha MYJIbTUIOJBHBIN COCTaB, & TOJbBKO Ha KOHKPETHBIC 3HAYCHUA

KO DIMEHTOB B Pa3/IOyKeHUN ITI0JId CHAPYKU.

CyMmMupoBaHre TapMOHHUK C IIOMOIIbIO ToXKAecTBa Beiisis Bocrnosb3yem-
cd TOXKJECTBOM Beiiist 11 pa3jioyKeHusi BEKTOPHBIX cepuyecKux TrapMOHHUK Ha

IJIOCKUE BOJIHBI B CJIydae, KOIJIa B paJuabHON dacTu z,(kr) crout cdepudeckast
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dbyuximst Xankesst (jijis ciydast ccpepraeckoit pyHkImn Beccesst B panaibHOil da-

cTH passioxkenne Kyjua 6osee TpuBnasibho) [114; 115]:

—+00 +00

‘1 i(kpx+kyytk.z) k
3 1 e
M) (k,r) = ok / /d’fu " [Xpmn (E)] : (1.31)

—00 —O0

—+00 +00

—n i(kga+kyytk,z) k
NG (k1) =~ //dke Zown |~ )| . 1.32
pmn( ,I‘) 27tk I kz p L ( 3 )

-0 —00

3Hak 1epe]l k, 3aBUCUT OT 3HAKa KOOPJAMHATHI z. VTak, mepeornpejeicHHbie

FapMOHUKHN 3allMCbIBalOTCA CJIEAYIOIINM o6pa30M

+00 +00
1 i(kpx+kyytk,z) k
WG (k1) = ~ //dke Y o [ = 1.33
wpmn( ,I‘) 27TI€ || kz D k ) ( )
rie k, = \/ k? — k3 — k2. Tloncrapnss sto pasnokenue B ypasnenue (1.27), 1o-
JIydaeM
+00 +00
. ) —n i(k(r—r;)) k
_ Ceilkory) b e 7 b
E(I‘) = EO | Z prmn e 27’[k1 / /dkxdky kz |:prmn (k)] .
Jyw,p,m,m oo o0
(1.34)

HaJiee BocmoJib3yeMcst ciaejytorieit hopmyJioit
D e =1, 8k —K) (1.35)
j K

rie K — Bekrop obparuoit pemerku, u Vj, — obbeMm 30Hbl Bpuiiioena (B JaHHOM

(2m)?

ciydae JBYMEpPHOi ), paBHbBIH ~—p— a4 KBaJPATHON PeIeTKu, n nojcras/ss (1.35)

B (1.34), noygaem

+00 +00 .
. Vi ™" oikr Kk
Kapiapmman —00 —00 &

(1.36)
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[MTapossie BekTopbl Y (N) 3aBUCAT OT chepUIecKUX YIJIOB €MHIYHOTO BEKTOPa 1,
KOTOpPBIIf B HaIlleM CJlydae HallpaBJjeH BJIOJb BOJHOBOTO BEKTOPA.

CymmupoBanne B ypapuernn (1.36) 1mo BeKTOpamM OOpPATHOI pEIeTKn COoOT-
BETCTBYET OTKPBITHIM JN(PPAKIINOHHBIM KaHaJ aM, TO €CTb TOJILKO CJaraeMble C
BEIECTBEHHBIM k., BHOCAT BKJAJ B JajbHee ToJie. [l qacTor HinKe audpakiii-

OHHOI'O IIpeJeJia TOJbKO CjlaracMoe C K=0 aeT HGHYHGBOﬁ BKJIaJ B JaJIbHee IIOJIC:

EOVb ik kl
Z 1 w mn Yw mn | 7 3 137
I') 27'[]{1]{312 Z & P P kl ( )

o

wp,

rae Ky = ky, n kp, = :I:\/k% — k‘g B coorsercrBun ¢ ypasuenuem (1.37), BKjaj
MYJIBTHUIIONST ¢ WHIEKCAMI W, P,M,n B JajbHee 1moje (IIOCKYI0 BOJHY C BOJHOBBIM
BEKTOPOM K1) MPOMOPIHOHAJIEH MY/IBTHIIOIHLHOMY KODhOUIIHEHTY D u 3HAUEHHIO
MapoBoro BeKTopa Y B JIAHHOM HampassieHun. Ypasaenue (1.37) mokasbiBaer co-
OTBETCTBHUE MEK]ly JuarpaMmoil HallpaBJIeHHOCTH H3JIy9eHHsI OT/Ie/bHOI sTueifiku u
CBOIICTBaAMH JIaJIbHErO I0JIsi BCEro OecKOHeYHOro maccusa. JIpyrum crocobom 3ToT
YK€ Pe3yJIbTAT MOYKHO OBLIO IIOJIYUUTh, CYMMUPYSI IIOJIsI B 3aaHHOM HAIIPABJICHUN
cpasy B JlajbHeil 30He. B oTiimdane oT oJMHOYHON HAHOYACTHUIIBI, TJIe KAXKIbIiT MYJIb-
THUIIOJIb BHOCHT CBOIl BKJIaJl B JlajibHee 110J1e, B caydae cyOandpakTUBHOIO MaCcCUBa
MOXKeT CYIIeCTBOBATH HallpaBJIeHHe, TJie HU OJIH U3 MYyJIbTUIIOJEH He JJaeT HUKAKOI'O
BKJIaJla, MJIM, HA00OPOT, HEHYJIEBOI BKJIAJI PA3/IMYHBIX UJIEHOB MOYKET B KOHEUHOM
uTore oopallaThCcsd B HOJIb B cyMMe. B jajbHeiineM, Takue ciaydan OyIyT paccMOT-

peHbl O IPOOHO.

1.4.1 CummMmeTpuiinblii aHAJIN3 MOJ METAIIOBEPXHOCTH

TeopeTuKo-IpyIIoBoii aHaJn3 y»Ke IHPOKO U3BECTEH JIJIsi (POTOHHBIX CHCTEM,
OJIHAKO MYJIBTUIIOJIBHOE PA3JIOyKEHHE C yIeTOM BEKTOPHOI HpUpOAbl (PYHKINNA 1
CBA3b €ro ¢ 0Opa3oBaHUEM CBA3aHHBIX COCTOsIHUII B KOHTUHYYME He OBLIO IIPOBE-
neno patee [116—120]. B arom pasjiesie Mbl IPUMEHUM 3TOT METOI JIjisl TOTO, YTOObI
OlIPEACIUTD, Kakue KoadduuenTsl Dy, 1, COOTBETCTBEHHO prmn Oy/IyT HeHy-
JIEBBIMU JIJIsT Kazk10ro Tuia Mojt [121; 122]. Mbr mpoBesieM aHa M3 Jjist KBaIpaTHOI
perieTkn cdep, HO OH TakKyKe MOXKET ObITh NPHJIOXKEH U K APYIHM CHUMMETPHUSIM

JaCTHUl U pEelmeTKH.
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CCK B I'-TOUKe

(b) CCKBTl-Touke  |CCKB FX-p,ohMHé
7 - TE1 M
10 § — TE,
2 § --- TM; 4 ky r X
O
o 1
I
'—
o
Q.
to)
o
S|

Pucynok 1.7 — (a) 3oHHast cTpyKTypa JjIsi KBaJIPATHOTO MEPHOITIECKOr0 MACCHBA
amastexTpuieckux chep B I X-posuue. Iepuon d = 600 uM, pajnyc HaHocdepbl
a=100 HM, JU3IEKTpUUIecKas MPOHUIIAECMOCTE cep €9=12, TPOHUIIAEMOCTH CPEJIbI
e1=1. Monwr TE;, TEy, TM3, TMy sasisitorcss cummerpuitno-sanuiieaabivu CCK
B I-Touxe. (b) Q-bakrop momer TM3 B I' X-nommune. [Ipu onpeeseHHOM BOJTHOBOM
BekTope Q-cbaxkTop crpemuTcs K OeckoHedHOCTH 1 mosiBjstercs caydaiiabiii CCK.
YucieHHBIE pacueThl 30HHOI CTPYKTYPHI 1 J00poTHOCTH ITpoBeieHbl Caiprenoil 3a-

PUHOI
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g nmocTpanun MyJIbTUIIOBHOTO PA3JIOXKEHNS, Mbl TTPOBEJIEM €T'0 JIJIT MO/
MaccuBa M3 JIN3JIEKTpuiecknx cdep, nokazanubix Ha Puc. 1.7. Iucnepcun n j100-
POTHOCTH MOJI OBLIM TOJIydeHBbI IIyTeM dncjieHHoro pacuera B cpejge COMSOL
Multiphysics™ Canpuesoit 3apunoii.

Taxxke Kak 1 K HAHOCTPYKTYPaM, K TePUOJNIECKIM CTPYKTypPaM TOKe MpU-
MeHnMa TeopeMa BurHepa, OJHAKO MPOCTPAHCTBEHHDLIE TPYIIILI ABIAIOTCI KyIa
boJiee CJIOKHBIM OOBEKTOM, UeM TOUYeUHble, TaK, CAUMMOPQHBIE TPYIIILI ABJIAIOTCS
TOJTYTIPSAAMBIM TTPOU3BEJIEHUEM TPYIIILI TPAHCAAINNR U TOYETHONH T'PYIIIBI CTPYKTY-
pol [123]. Takum o6pazom, coOCTBEHHDBIE MOJIBI JIOJIZKHBI Y2Ke MPE00PA30BBIBATHCST 110
HEIPUBO/IMMBIM TIPEJICTABICHUSAM BCeil pocTpaHcTBeHHON rpymmbl [82; 124]. Jlaib-
Heffme coodpaxkeHus He OYyIyT ABIATHC CTPOIUM JOKA3aTETHCTBOM, HO MO3BOJIAT
COCTaBUTDH IPEJICTABIEHNE O MOJOBOM COCTaBe IMEePHOJNYeCKUX CTPYKTYp. Teope-
My Buraepa MOXKHO NPpUMEHATH, 3Has TOJBKO MOJATPYIITY BCell TPYIIILI CHMMETPUN
CUCTEMDBI, OJIHAKO, CTOUT IMOMHHUTL, YTO, MOCKOJILKY CUMMETPHUS BCell CUCTEMbI BbI-
e, MOTYT TOSBJISITHCS JIONMOJHATEIbHBIE BRIPOXKIeHN . TaK, paccCMOTPUM cHadaIa
HOPMAJIBHYIO TOAIPYITY TPOCTPAHCTBEHHON TPYIITBI, SBJIAIONLYIOCS TPYIIIOi TpaHC-
nanuit. [Tpumenss onepaTop mpoekTopa Ha HEMPUBOANMOE TTPEJICTABIEHNE TPYIIIIHI
Tpancssiiuii [125] K mponsBosbHOIN (DYHKIMN, MOXKHO JIOKa3aTh, TeopeMmy Bijoxa, To

M Oynkius uy g, (r) —

€CTb, 9TO (DYHKINN JIOJIZKHBI HIMeTh B \P(r) = Uy, (r)e
neproJiaeckas ¢ nepuojgomM perterki. Oyuxiwm P (r) Takoro BUJA YiKe SBJISTIOTCS
6a3uCcHbIMI (PYHKIMAMU HEITPUBOIMMOTO IIPEJICTaBICHUS TPYIIIbl TPAHCISINNA, KO-
TOpPOEe MOYKHO HyMepoBaTh BeKTopoM Kj. Jlajiee HeoOXoauMo MPUHSTH BO BHUMaHUE
TOYEUHYIO I'PYIIY CTPYKTYpPbI, B cjydae KBaJpaTHOH pemieTku u3 cdep 0e3 1mo/-
J02KKN 910 Tpymma Dy, Onepanuu Todednoit rpymmbt nepeBogat dyakiun P(r) B
W/(r), mpu 3ToM B 00IIEM CJTydae MEHsIeTCsT KaK SKCIOHEHTa, TaK U MepUOInIecKast
dyukumst. OgHAKO JJIsT TOYEK BBICOKOI CHUMMETPUU HEKOTOPbIE OIEPAINN OBOPO-
TOB WJIM OTParKeHUil TOYEUHON TI'PYIIIbl MOTYT TEPEBOJIUTHL OJIOXOBCKMIT BEKTOD B
SKBUBAJICHTHBIN, 1 B TaKUX CJIy4YasgX MOXKHO BMECTO OJIHOI'O SKCIIOHEHINAJIbHOTO
MHOXKUTEIA He yMaJisist OOIHOCTH BBECTH MHBAPUAHTHYIO JIMHEHHYIO KOMOMHAIIUIO
MHOXKUTEJIeN ¢ 9KBUBAJEHTHLIMU Kj, ¥ TOBOPUTH O TOM, UTO Mpeodpa3yeTcs TOJHKO
byHKIWS Uy k, (). 3aMeTnM, 9T0 CHMMETPHsE OJIMHOYHOMN sT9efKN JJ0JIKHa OBITH IPH-
HsTa BO BHUMaHUE, IIOCKOJIbKY BJIMSET HA TOUEUHYIO I'PYIILY CUMMETPUUN CTPYKTYPHI.

Teopust rpymi roBopuT HaM, 9TO (DYHKINS Uy k, (T') JOJIKIA TPe0OPA30BBIBATHCS 110

IIpeJacTaBJICHNAM MaJIo¥i I'PpYIIIbl, NJIA I'PYIIIIBI BOJTHOBOI'O BEKTOPa — COBOKYIIHOCTH
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TOYEUHBIX 3JIEMEHTOB CUMMETPHH, KOTOPhIe IepeBoadAT BekTop Kp B camoro cebsi
6o sKBuBaseHTHbIN. [IpuBegem Baxkubie monsgTus [126]:

Manas rpynmna (rpyima coOcTBeHHOI cuMMerpun BeKTopa Kp) — COBOKYII-
HOCTb 3JIEMEHTOB TOUYEUYHON I'PYNIIbLI, HE MEHSIONNX BEKTOP Kj, JIMOO 1mepeBoianinx
€r0 B 9KBUBAJICHTHDIN.

Mauble mpeacTaBJAeHUA — IIPEJICTABICHUS MAJIONH IPYIIIIHI.

3Be3/1a BOJIHOBOTO BEKTOPAa — COBOKYIIHOCTb BCEX HEIKBUBAJIEHTHBLIX Kj,
MOJIYIAaEMbIX U3 UCXOJHOTO Kp MoCpeIcTBOM BpAICHUST WJIH OTPaYKeHMUs.

Tax, nanmpumep B ['-Touke MaJioit Tpymoit aBsieTcs Bed rpynna Dy, Tak Kak
HIKaKHe 3JIeMEHTBl He m3Menstor Bektop k, = 0. B T X-noamnHax Majoil rpymmoii
siByisieTcst Coy, KOTOpPasi COCTOUT u3 TTOBOpoTa Ha 180° BOKpYT OCH & WK Y (3aBUCHT
OT BBIOOpA JIOJIMHBI), U JIBYX OTpazkeHuii B miockocTax z = 0 u y = 0 win = 0,
cooTsercTBenHo. Anajormuno, B gommHax 1M wmamas rpymma toxe Co, (¢ oTpa-
JKEHUSIME U [IOBOPOTaME BOKDPYT Jpyrux oceil u riockocreii). B roukax X wmasoit
Ipynmoit aeisgercsa Doy, MOCKOIBKY U3 YeThIpeX ToUeK X SKBUBAJIEHTHBIMU SBJIAIOT-
cs1 TOJIbKO maphl Touek. s touek M rpymnna k-Bektopa — Dy,. CooTBercTBeHHO,
byHKINN Uy, (T) MO/ ¢ GIOXOBCKIM BEKTOPOM Ky, IpHHa [Ie2KAIIM TOYKAM U JIOJII-
HaM BBICOKOI CUMMETPHH, IIPE0OPa3yIOTCs 110 MPEICTaBJICHISIM MaJIbIX IPYIIL. Takmm
00Opa3oM, MyJIBTUIIOIBHBII cOCTaB OY/IET TaKzKe CTPOro OrpaHuvYeH. 3aMeTUM, YTO M0~

CKOJIbKY SKCIOHEHINAJIbHASA YaCTh He MpeodpasyeTcs pu IpeodpasoBaHUSgX MaJIOi

/

v’kb(r)eﬂ‘br), Best yukuus P(r) meaukom Oyer Tak-

rpynibl, (U, (r)e™ — u
Ke 11PpeodpPa30BBIBATHC 110 IIPeJICTaBIeHusM MaJiofi rpymibl. OJiHAKO, HAIPUMED,
noopot Ha 90° it ToUKE X MEPEBOJUT SKCIOHEHTY B HEOKBUBAJICHTHYIO, H [OITO-
My Pa3MEPHOCTH HEIPUBOIUMOIO [PE/ICTAB/IeHHs] IPOCTPAHCTBEHHOf IPYIIIbI PABHA
IPOU3BEJICHIUIO PA3MEPHOCTH TIPEJICTABICHUS MAJION I'PYIIIbI Ha THUCJIO JIydeii B 3Be3-

A€ BOJIHOBOI'O BEKTOPa.

1.4.2 MyabTUNOJIbHBINI COCTaB MO/

ITo anayiorum ¢ OMMHOYHBIMU YACTUIIAMHI, MbI IIPOBEIEM MYJIbTHIIOIbHYIO KJIAC-
cudukamnuo moa B ['-Touke u I'X-gosmmmHe. 3aMeTuM, 9TO IPU CYMMUPOBAHUN ObLI
BBbIHECEH SKCIIOHEHIIMAJIbHBII MHOXKUTEJIb, B ciaydae ' X-10/MHbl OH MHBapPUAHTEH

pu Beex npeodbpazoBanusx rpymibl Co, U MIOTOMY HE CKA3bIBACTCS HA MYJIHTUIIO b
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Tabauna 1 — MyJsIbTHIIONBHBI cOCTaB U HENPUBOAUMBIE 1peacTapieHus: TE-mom B
-touke u B I X u ['M posunax. Cdepudeckie rapMOHUKH JIsl IIPeICTaBJIeHM
By u A; B I'X upusejensl B npaBoil KOJOHKe Tab/uibl. MysIbTUIONI I TeX Ke
npejcrasiennii mpu I'M MOryT ObITb 110JTyUeHbl BPAIICHIEM Ha mt/4. Munumas enn-
HUIIa O3HAYAEeT, YTO KOIPPUIMEHTH! [) mepes STUMU FapMOHUKAMHU JIOJIZKHBI ObIThH
MHUMBIMH. Z-KOMIIOHEHTa MArHUTHOIO 10J1s1 H, 1okas3aHa Ha BcTaBKax. UncjeHHoe

MOJIeJIIPOBaHKE pacipeeieHust 1oJis IpoBoaumaoch 3. Canpuenoii.

l-Touka: MarHutHoe none H, |lpeacrasiexHuna My]'IbTVII'IOﬂ
B [pesctasneHus |BAC/MHAX B gonvHe [ X
oo U MyNbTUNOAU X, m
TE, (CCK) r Az B2 (M'X):
Ty 2 M., Mg, rx: B: iN_N_
N M o110
@ - €% —— INol?; IN033
X Megs Noge - rv: B N, N,
M _iM
e01 el2
TE, TE - E.
!VIeOS !Vle23
| II\/|e14 ||vle?»4
@ FX: Ba+A 1
— A1 (r—)
M: B+A
?Nell I_\leoz
INe13 INe33
N N
BZg Ne24 e44
rx: B: .22 eod
_. !M012 _IVIOZS
™M: A M1, M, .
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Tabymia 2 — MyJIbTUIIONBHBINA COCTaB U HENPUBOJAUMBIE IpejacTaBienus 1 M-mo.
Z-KOMIIOHEHTA, 3JIEKTPUIECKOro 10Jis F, oKa3aHa Ha BCTaBKAX. 3AMETUM, YTO IPe/I-
CTaBJICHUS MOYKHO IOJIyInTh, 3ameHnB st TE-mox Ay <> A1, By < By, u ¢ g, a
MYJIBTUTIONBHBIN COCTAB MOXKHO MOJTy4unTh, 3aMeHnB M <+ N. Hucnernnoe mojenn-

poBaHue pacupejeseHns 1moJisd TpoBoaunaoch 3. CaapueBoii.

+ 0 -
Ha BcTaBKax anekTpuyeckoe nose E E s
MNpeactaBneHna n MynbTUNoan B M-ToukKe:
T™, (CCK) M Aw ™, (CCK) l: Bau
Ty NeOl Ne03 K / M022 Ne13
M044 NeOS >< M024 Ne25
—)>( Ness Moge / X Moze Mogs
MNpeactasneHna B A4OANHAX:
rX: B T™: B; [X: B ™: A
F-Touka: Eg Aonntbi:
™,
M _ N .
ell 012
rx: Bit+A:
Mel3 Me33
N N -
old o34 M: Bi+A:

HOM cocTaBe. 3JIeCb He paccMaTpuBaeTcsd Touka X, OJHAKO IPU €€ PacCMOTPEHUN
HEOOXOIMMO aKKYPATHO BBLINMNCHLIBATH JUHEITHbIE KOMOWMHAINN SKCIOHEHITNATHHBIX
MHOZKHUTeJIe.

['-mouxa. Hanpumep, paccmorpum TE; Moy KBajpaTHOlN pemnieTkn, KOTopas
1peobpasyeTcs 110 npejcrasiennio Ay, B I'-rouke (cm. Puc. 1.7). Ilpu npeobpasosa-
HUSAX TPYHIIBL Dypy MyJIBTHIIONIAME HEBBICOKOTO 1I0PA/Ka, IpeobpasyomuMes 10 Agg,
SIBJIATOTCS MATHUTHBINA TUTOIb M o1, MAarHUTHDBIN OKTYTIONL Mgs T 91eKTpriecKuit
rekcajiekanoib Nyyy. Bee onn nnBapunanTinl npu sparienusx Cy, YeTHBI IPU THBEP-
CUU W OTPayKeHNH B TJIOCKOCTH 2 = () 1 HEYEeTHBI IPH JAPYTUX TpeodpazoBannsax Dyy.
MynbTumom BLICIIEro mopsjika, KOTopble BeIyT cebsl aHAJJOTTIHBIM 00pa30M, TaKKe
BXOJISAT B MYJIBTHIIOJIBHBIN cocTaB 9Toit Mosbl (em. Tabsmiy 1). Jlnst HarisiHocTH,
B TabJinIle Mokas3aHa TOJbKO 2-KOMIIOHEHTa MArHUTHOI'O I0JIs, OJHAKO BEKTOPHBIE

ceprdecKre rapMOHUKHI BXOJIST B Pa3/I0zKEeHNE UMEHHO 3JICKTPUIECKOIO TOJIS.
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AHaJI0rmaHO, MBI KJI1aCCHMUITIPYEM BCE OCTATBHBIE MOJIbI 1 MYJIBTUIIONN B TOU-
ke I' B cOOTBETCTBUN ¢ MX CUMMETPHel 1 IIPUBOAUM TaOJUIBI C MYJIbTUIIOIbHBIM
cocraBom Mo, (Tabmurer 1 u 2). Ormernm, aro moasl TEs u TE3, a takke TM;
n TMy BbIpOXKIAIOTCSI, 1 OHU IIPpeodPa3yIoTCst APYr depes3 JIpyra Kak JiBe Oa3UCHbBIE
dbynkuuu npejcrapiennit B, u E, cooTsercrsento.

Josuna T X . Tlociie yMeHbIIEHNS] CHMMETPUH, KOIJIa, MbI BBIXOUM 13 I -TOuKn
B I' X J0/IMHY, HEKOTOPBIE OIIEPALIIN CHMMETPUI OCTAIOTCSI, HAIIPUMED, 3ePKaJIbHBIE
oTpaxkKenns B 110cKocTsIX z = 0 u y = 0 u BpalneHnue Ha 7t BOKpyT ocu x. CobcTBeH-
Hble MOJIbI JOJI2KHBI BECTH ceDsl IIPU 9TUX OIEepalusaX CUMMETPUM TaK »Ke, KakK U
B Touke [

B kauectse nnpumMepa paccmorpum Moy TE;, koropas npeodpasyercs 1o Agy
B Touke [', m Moy TM3 (Ayy). Ucnoms3yst coorrormennst copmectumoctn [119], Mbr
oJIydaeM, ITo Mojia, KoTopas Ipeobpasyercs o Ay, B Touke ', mpeobpasyercs 1o
npejcrasiennio By rpymmbl Coy B mosmne I'X. TMs-Moga, KoTopasi Ipeobpas3yercs
no A, B Touke I, npeobpasyercst 1o By B I'X.

Hna moapl Age B Touke ', KoTOpast dABjdeTca HEUETHON IIPH OTpazKeHUU B
rjiockocTn y = 0 u 7-BpallleHun BOKPYT T W YETHOMN MPH OTParKeHUM B ILJIOCKOCTH
2z = 0, eJMHCTBEHHbIE BO3MOXKHBIE MYJILTHIONA B [ X JIOJIMHE JOJZKHBI HMETh Te
’Ke cBoitcTa cuMmmerpun. Jjist Mogbl Aj, BO3MOXKHBIE MYJIBTUIONK B josinHe I'X
JIOJIZKHBI ObITh HEYETHBIMU IIPH OTParKEHUU B IJIOCKOCTH 2z = () W 7-BpallleHUH |
YETHBIMU IIPpU OTparkeHun B IIockocTu & = (. Bo3aMoxKHbIe MyJIBTHIIONN HU3IIETO
nopsiyika B josinHe 1 X IepednciieHsl B pasoil Kosionke Tabumier 1 st TE Mo,
a g TM mom jierko BbIBOIATCs IyTeM 3aMeHbl As <+ A, By < By, u < g,
M < N. Anasiornuno, it gojuasl LM Mbl nMeeM crenndIuecKyo CHMMETPUIO
B HaIPaBJIeHUU & = Y WIA & = —Y U BO3MOXKHBIE MYJIBTHUIIONNA Te, KOTOPhIE IIpe-
06pasyIoTCs 110 TeM Ke IpeCTaBIeHIAM B jgojmHe I X, Ho ToBepHyThle Ha 7/4 ¢

nomortibio D-marpur; Burnepa [60; 96].
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CCK B I-ToYKe (CUMMETPUIAHO 3aLMLLEHHbIN)
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Pucynoxk 1.8 — HMiumoctpanus My bTUIONBHONR MTPUPOILI CUMMETPUITHO-3aIUIIEH-

woro CCK (B-I'-Touke) u ciayuaitaoro (BHe I'-Toukn)

1.4.3 CBsi3aHHBIE COCTOAHUS B KOHTUHYYME€ C TOYKU 3PEHUH
MYJIBTUIIOJIBHOTO Pa3JI02KEHUS

B sTom pasjesie MbI UCTIOJIB3YEM Pe3YIbTAThl CUMMETPUITHOTO aHaIn3a, ITO0bI
OOBSICHUTH BO3HHUKHOBEHNE CBA3AHHBIX COCTOSHHUII B KOHTUHYYME€ C TOYKU 3PEHUsI
MYJIBTUIIOJIBHOTO PA3JIOYKEHUSI.

CCK 6 I'-moukxe. CCK B I'-TOUKe COOTBETCTBYET OTCYTCTBUIO W3JIyUEHUS
JIaJIbHEr O T10JIs B HAIIPaBJIEHUN BI0JIb och 2. V3-3a CTPYKTYpbl BEKTOPHBIX chepute-
CKUX TaPMOHUK OKa3bIBAETCS, UTO PsiJl MYJILTHUIIONEN He U3J1ydaeT B BePTUKAJIHLHOM
HaITpaBJIeHUN BJIOJIb ocu 2. Ecim 1moJsie BHYTPHU OJHON 3JeMeHTapHO sd4uefiku co-
CTOUT TOJILKO U3 TAKUX MYJbLTHUIIOJEH, TO TOJHOIO U3/IyUeHNs] B 2-HAIIPABJICHUN HE
Oyzer. DTOT HMpocToit haKkT MLIIOCTPUPYeT BepxXHss dacTb Puc. 1.8. 3amerus, aTo
TOJLKO (DYHKIUKN Y 41, € M = 1 HeHyJieBble B HalIpaBIeHUN OCH 2, MOXKHO 3aKJIIo-
9uTh, 9T0 B I'-TOouKe B CcyOnmnpaKIMOHHONI pelleTKe Bce MOJIbI, He COJeprKallie
rapMoHUK ¢ m = 1, saBisiorcs cummerpuitno-samuinenabiMu CCK . CymiecrByer
noxos [127; 128], aro coberBerHble MOJIBI B TOUKe ' MOTYT H3JIydaTh B HOPMaJib-
HOM HAIIPABJIEHNN 2, €CJIM UX M0JIg HedeTHbI 11pu Bparennn C3, 1 He NMEIOT HUKAaKOi
Japyroit BpamareabHoit cumMmerpun tuna C:. C TOYKN 3peHns MYJIbTHIIOIBHBIX MO-
MEHTOB, 3TO CJIEJIyeT U3 TOro, 4To B Touke I’ Jirobast m3jydaromiast Mojia JI0JIZKHA
cojiepxkaTh MyJabrTunogn ¢ m = 1. Pesynbrarsl cummerpuitnoro anajunza CCK un
X MYJBTHUIIOJBHOTO COCTaBa ObLIN MOJTBEPXKIACHBI YUCIEHHBIM MOJIETUPOBAHIEM,

nposejieHHbIM 3. Cajpuenoii.
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CCK ene I'-mouxu. B obmem ciydae kodpdunmeHTsl [ ABJISIIOTCA KOM-
IIeKCHbIMU dncsaMu. OHU OIPeesIsiioT aMILIITYIbl 1 (DA30BYIO 3aJePXKKY MEXK Ly
mysibTrnossivu. OHako, coracuo [129; 130], eciu crpykTypa 06/1a1aeT cCuMMeTpU-
eil K oOpallleHII0 BpeMeH! I MHBEPCUN, COOCTBEHHBIE MO/IbI JIOJIZKHbBI YIOBIETBOPSITE
yeiopuio E(r) = E*(—r). D91or dakr HaKIagbBaeT YKECTKHE YCJIOBHs Ha (as3bl
MYJIBTUIIOJIENl B JIOJIMHAX; ITOCKOJIBKY IPM MHBEPCHU HEKOTOPhIC U3 HUX YETHBIC, a
HEKOTOpble — HedeTHble, Koapduuuent D_1, py, Lepesl HeueTHBIMU JIOJIZKeH ObIThb
MHHUMBIM. DTO OTpPakeHO B TabJIUIAX C I[IOMOIIbI0O MHUMOI ejauHunbl. 3 310ro
cJIeJlyer, 9TO KayKJblil 4jeH cymMMbl B ¢opmysie (1.37) 4mcTo BelecTBeHHbI, a
BCEe MYJIbTUIIONNA CUH(A3HbI Wi TPOoTUBOMga3Hbl. Bee KoddduImeHTh 3aBUCIT OT
k-BexkTopa n mapameTpoB cTpyKTypbl u B ciaydae CCK Bue ['-Ttoukm sTa cymma
obparmaercs B HOJIb, 11o3ToMy, CCK Takoro poxa siBisiercs orHocutcst Kk CCK, Bos-
HUKAIOIIIM [IPY U3MEHEHUN IapaMeTpoB. dpyrumu cjaoBamu, JJiss KOHKpeTHoOro ki
BCE BEKTOPHbIE MAPMOHUKI CKJIAJIbIBAIOTCA B HOJIb B HampapjieHun Ki, aHajgornaso
apdekry anTu-Kepkepa, IOCKOJIbBKY OHHI Y2Ke HAXONATCA B (base 1 [pU M3MEHEeHUN
k-BekTOpa MOYIUPYIOTCS TOJBKO aMIinTy bl (Puc. 1.8, Hmknss nanenn). Uaryn-
tuBHO 1oHsATH caydaitabit CCK ( ayst TM-MojbI) MOXKHO € MOMOIIBIO JUIOTHHOM
MOJIEJIH, COCTOSIIIEH 13 BEPTUKAIBHOIO 3JIEKTPUIECKOTO U TOPH30HTAIBHOIO MATrHUT-
HOT'O JINTIOJIEH, JIeCTPYKTHBHO MHTePMEPUPYIONINX MpH HeKOoTopoM k-BekTope ([131],
Puc. 4).

B jomnosinenne Ko BceMmy, XOpoIno m3BecTHO, uto st nosaydenuss CCK Bhe
[-rouku [129] Tpebyercs cummerpust K orpakenuto B miockocrun z = 0. Jleiicrsu-
TeJIHO, TIPU OTCYTCTBUU TaKOil CUMMETPHUHN KaxKJasg Moja OyJeT cojeprKaThb Kak
YeTHbIe, TAK U HEUETHbIE MYJbTUIIOJIU IpU OoTpakeHuu B Itockoctn z = 0. s
OrpaHMYeHUs U3JIyUYeHUs] KaK B BEPXHEM, TaK M B HUKHEM II0JIyIIPOCTPAHCTBE, JeT-
Hble U HeYeTHbIe MYJIBTHUIIONN JIOJXKHBI CYMMHPOBATHCS B HOJIb HE3aBUCUMO JIPYT
OT Jpyra, U HallpaBJIeHHsI OOpaIleHusl B HOJIb CyMM JIOJI?>KHBI COBIIACTb, B TO BPEMsI
KaK JIJISI CHMMETPUYIHON CTPYKTYPHI JJIsT KazKJ0H MOJIbI IIPEICTABIEH TOJILKO OJUNH
THUIT MYJIBTHUIOJEH (Bce MO0 YeTHBIe, MO0 HEeYeTHBIE MPHU OTPayKeHUH B OPU30H-

TaJIbHOM TLJIOCKOCTH ), 4To mo3BoJisier jgoctndb CCK myTem HaCTpoiikn nmapameTpoB

CTPYKTYPBI.
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JInHna CCK

¥
CCKB r-TQI‘KE \

Pucynok 1.9 — Jlunusg CCK, obpaszoBaHHasi MeTallOBEepXHOCTHIO, COCTOAIIEH U3 TO-
YEYHBIX OKTYIOJIel ¢ auarpaMMOil HaIIPpaBJICHHOCTH U3JIyYEeHUd, BbIpazKaloleicsd

BEKTOPHOII cpepuueckoii rapMoHnKoit N 3.

1.4.4 CBsi3aHHBIE COCTOSAHUSI B KOHTUHYYMe B KOHYCe HaIpPaBJIEHUIA.

BakHo OTMETHUTD, 9TO HAIl MOJXO0/, OCHOBAHHDBIN Ha aHaJIM3e MYJILTUIIOIHHO-
ro pa3jIo¥KeHusl OTJETbHBIX MeTa-aTOMOB, HE TOJBKO YETKO W MPOCTO OObLSICHSAET
[IPOUCXOXKICHNE KaK CHIMMETPUITHO-3AIUIICHHBIX, TaK U CJIyYailHbIX CBA3AHHDLIX CO-
CTOSIHUI B KOHTHUHYYMe, HO M 00JIajaeT INpecKa3aTeJIbHON CUIO U MOXKET OBbITh
HCIIOJIL30BAH KakK JIJIgl [IPe/ICKa3aHusl, TaK U JiJIsl IPOEKTUPOBAHUS Pa3/IMYHbIX TUIIOB
CCK. B kavectBe npumepa pacCMOTPUM METAIIOBEPXHOCTH, COCTOSIIYIO U3 METAATO-
MOB, YIIAKOBAHHBIX B CyOBOJIHOBYIO JIBYMEPHYIO PEIIeTKY. KarkIbIit MeTaaToM MOZKET
OBITH MOJIAPH30BAH TOJBKO KAK OJIIH MYJIBTHIO B, HampuMep, N3 (em. Puc. 1.9).
Ha npaxTuke Takue cTpyKTYypbl MOXKHO Pea30BbIBATH C TOMOIBIO, HAIIPUMED, Me-
TaJIMIeCKUX crepkuei [132—134], onmHako KOHKpeTHas pean3allisi TAKOH CHCTeMbI
ocTaeTcs IIpeJIMeTOM JJIgd JaJibHeiIero n3y4eHusd.

Kaxkap1it OKTYIOIb TAKOTO THIIA UMEET y3J0BOH KOHYC, W MO3TOMY MOYKHO
OYKHIJIATH, YTO B IIEPUOJINYIECKOM CyOBOJTHOBOM Maccube Takux mera-aTomoB CCK
He OyIyT W3/ydaTb B IeJblil KoHyc HampaBierunit. OpaHaKo s HAOJIIOEHUS 9TO-
ro sBjaeHns 3hdeKTUBHAS MOJIIPU3YEMOCTD JIeMEeHTaPHON STUefiKi, YUNThIBAIOIIA
B3aMMO/IEIICTBIE MeXK/ly BCEMU MeTa-aTOMaMU, He JIOJ?KHA 3aBUCETb OT OJIOXOBCKO-
ro k-ekTopa WM MMETH OYeHBb CJIA0YI0 3aBUCUMOCTB. [Ipyrnmu cioBamu, JTUHUS
CCK mokeT HADJIIONATHCS B METAIIOBEPXHOCTSAX C TIO/IaB/IEHHON TPOCTPAHCTBEHHOMN

JICIIepcueii, 9TO Bce ele OCTaeTcsl CI0XKHOI 3aadeil. MHTepecHo, 9TO Takoil BUI
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CCK 0Oyzer HabJroaThes JIJIsi OJHUX U TeX »Ke HallpaBJICHUI HEe3aBUCHUMO OT CHM-
MEeTPHUH PEIIeTK MeTallOBEPXHOCTH, €CJIM Mbl He yIUThIBAeM IIPUMENINBaHIe IPYIUX
MyJsibTuIoeit. HesnaunrenbHoe mpuMeIInBaHue JIPYIUX MYJILTUIIONEN MOXKeT HCKa-
3UTh POPMY KOHYCa, clesIaB ee “TopPUpPoBaHHOI, TOBTOPSIONIEHl CUMMETPHUIO 30HbI
Bpuiiiosna, HO nIpu 3TOM COXPAHUB CBSI3HOCTH ITOBEPXHOCTH.

[Tomumo CCK B KoHyce HallpaBJIeHIIT, Mbl TaK»Ke MOXKEM HaOJI10/IaTh NHTEPEC-
Hble 9 deKThl, cBsI3aHHble ¢ cuMMeTpuiiHo-3amuieHabiM CCK B I'-Touke. Bynem
HCII0JIB30BaTh IPUOJIMKEHIe JIBYX MYJIbTUIOJEH, 100aBUB B PACCMOTPEHUE TUIIOJb
No1 (Takum o6pasoMm, KayKjblil MeTaaTOM MOYKET ObITh MOJISIPU30BAH KAK KOM-
OMHAINS STUX JIEKTPUIECKOrO JIUIOJST U JEKTPUIECKOro OKTymojst ¢ m = 0).
Haiigem nooporaocrs I'-CCK. lj1st 3T0roHe00X0 M0 HAfiTH 3aBICUMOCTH CKOPOCTH
noTepu SHepruu oT K-Bektopa B ypasHenuu (1.37), mpejmosaras, 9TO 3araceH-
Hasl HEPIUsl IMOYTH IOCTOsAHHA, Korda 0 — 0. AcuMmToTmdeckoe IMOBeIeHNE IS
Or — 0 g dynkuuit Y, mn (ﬁ) B JlaJibHEll 30HE OIIpeJIe/IsieTCsl MHOXKITe/1eM

dP(cos 0y)
dey

. Urak, B nomme I'X acnvmrornka Y. 103 (ﬁ) o (—6k, + 17k3/2)eq, n
Y 1eo1 <%) o (ky — k2 /6)eq. Ecam Mbl MOXKeM yIpaBJIsITh OTHOCHTEILHBIM BKJIA-
JIOM JIUIIOJIST ! OKTYTIOJSI, B KOHKPETHOII TOUKe, KOrja KO3 MUIIEHT 1epejt JUIoIeM
B IIIECTb pa3 OoJIbIle, HOJTydaeM, YTO JUHEeHHbIe YIeHbl aHHYJIUPYIOT APYT Apyra 1
ACUMIITOTUKA 1OJIsl TIPONOPIUOHAJIbHA k2| 103TOMY POCT JIOOPOTHOCTH HPOIOPIH-
onanen k9. Tlonobusiii adpdexr nabmomancs B [135] as dboToHHOr0 Kpucrasia.
OJiHaKo, paccMaTpuBasl PealCTHUHbIe CUTYAINT, Mbl JIOJZKHBI yIUTBIBATH BCE BO3-
MOZKHBIE MYJIBTHIIO/BbHBIC BKJIAJIbl, BKJIIOYAsd YJIEHBl ¢ m = 1, IJie y2Ke UrpaeT poJb
CKOPOCTb POCTa MYJIBTHIIOJIBHOTO BKJIaJa, HO He €ro aCHMITOTHYECKOE ITOBEJCHIE.
Taxnm 00pa3oM, MyJIBTUIIOJNBHBIN aHAJN3 CBA3aHHBIX COCTOSTHUI B KOHTHHYYME OT-

KPbIBaeT 3HAYUTEJ/ILHBIN [IPOCTOP /I JAJIbHEHIINX NCCIe0BaHNII.
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I'maBa 2. I'enepaiisi BTOpoii rapMOHUKY U3 ANJIEKTPUIECKUX
HAHOYACTUI] 1 HAHOCTPYKTYP

B npegprayineii riaBe ObLIN UCCIEIOBAHBI JIMTHEITHBIE CBOICTBa, HAHOYACTUIL 1
HAHOCTPYKTYP, & TaK»Ke UX CBS3b C¢ MYJIbTUIIOJIbHBIM COCTABOM COOCTBEHHBIX MOJI U
II0JIY9eHO MHOZKEeCTBO MHTEPEeCHBIX CJIEJCTBUIl TaKOro aHasm3a. B sroil riiaBe OymayT
paccMOTpeHbl HeJlnHeliHble 3(D@EKThI, B YaCTHOCTHU, MeHepalisi BTOPOl TapMOHUKI
JJIEKTPUYICCKUMU HAHOCTPYKTYPaMU U3 MaTepuaJioB, KPUCTAJINYECKad peIeTKa
KOTOPBIX He 00ja/aeT 1neHTpoM mHBepcun. OKasbIBaeTCsl, pacCMOTPeHne HeJInHeil-
HBIX 3(@PEKTOB ¢ TOUYKM 3PEHUs] MYJILTUIIOJIBHOIO aHAJIM3a II03BOJISIET IOJIYIUTh
MHOKECTBO MHTEPECHBIX CJIeJCTBUIl 1 3dpdeKToB, He npuderast K CI0KHBIM aHAJIN-

TUYECKUM MNJIM YMCJCHHbBIM pacdeTaM.

2.1 Teopus reHepanumu BTOPOii rapMOHUKA

Iloaxon, ncnoab3ytomnuii pynkiuio ['puna. Bo30ykaeHne miaocKoii BoJI-
Holi. Mpbl paccmaTpuBaeM ceprIecKyo JUIJIEKTPUUYCCKYIO YaCTUILY pajiuyca a
XapaKTePU3YIOIYI0Cs YaCTOTHO-3aBUCUMON  JIMAJIEKTPUUIECKON ITPOHUIIAEMOCTHIO
€2(W), TOMEIEHHYI0 B OJHOPOJHYIO cpely ¢ €1 = 1. Hanowacruma wmsrorosiie-
Ha M3 Marepuaja C HEeIleHTPOCUMMETPUYHON KPUCTAJIINYECKON CTPYKTYPOil, a ee
HeJInHelHble 3JIeKTPOMarHuTHBIE CBONCTBA OMUCHIBAIOTCS KBaPATUUHBIM TEH30POM
BocrpuuManBoct X2, 3aMeTnM, 4To HEKOTOPbIE U3 MATEPHAJIOB, MeHEPUPYIOIIIX
BTOPYIO TapMOHUKY, BOODIIIE TOBOPsI, 00J1a1al0T aHU30TPOITHEHl JIMHEHHOIO TeH30pa
BOCITPUIMYINBOCTH €9(W). Permenne 3aja4u ynpyroro paccesiiust Ha cepe U3 aHu-
30TPOIHOrO MaTepuaJia u3BecTHO |54; 55|, HO MbI ipeHebperaeM 5TUM 3(DdEKTOM 1
cYnTaeM JIMHEIHYIO BOCIPUUMYNBOCTDL U30TPONHOM. [leiicTBUTENbHO, YPOBEHDL aHU-
30TPOIUN JIOBOJIbHO MaJi [136] u He u3MEHUT CYIeCTBEHHO Pe3yJIbTAThl, B TO BpeMsl
KaK aHaJUTHYECKUE BBIYUCJICHUS C YUeTOM aHW30TPOINM TPUHAJN Obl TOpasjio
boJiee CIIOKHYIO (POPMY.

3Bajiava JUHEHOTO paccesiHusl cBeTa chepoil pelraeTcst ¢ MOMOIIbIO MYJIbTH-
MOJIBHOTO Pas3JIoyKeHust cormacHo ¢ Teopueit Mu [18; 43]. . Jlng x-nosipusoBanHoit
eiklz

IJIOCKOIT BOJIHBI Fjpe, , HaJiaronieil BJ0JIb HalpaBJIeHUs z, 1OJie BHYTPHU cde-
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Pucynok 2.1 — T'eomerpusi paccmarpuBaeMmoii 3aiaun. Cdepa n3 marepuasa c
KPUCTAJINYECKOI pereTkoii 6e3 1eHTpa MHBepcun 00Jydaercs ILJIOCKOH BOJIHOM,
Haaronieil BI0JIb OCH 2 1 IIOJIAPU30BAHHON BIosb ock x. CTPYKTypa KpUCTALIIIe-
cKoit pereTkn paccmarpuBaeMbix Matepuason, BaTiOsz (a) u AlGaAs (b), Takke
nokasaa Ha pucynke. OpueHTalus KPUCTAJLINICCKON PEIIeTKH OTHOCUTEILHO CH-

cTeMbl KOOpJMHAT (hUKCUPOBaHa BO BCell paboTe, ec/ii He YKa3aHO WHOE.

pPUYECKON HAHOYACTUIBI (7 < @) pPACK/IAIBIBAETCS TI0 BEKTOPHBIM C(EPUICCKITM

rapMOHUKAM CJICJIYIONUM 00pa30M:

wipy N 24D
B =D "By | en My, (ka(w).r) =i d NG, (ko(w).0)| L (2.1
rjie BOJIHOBBIE uncia ki(w) = wy/€1/c, ka(w) = wy/ea(w)/c. Marnurusie My, 1

snekTpudeckue Nq, chepuieckne rapMOHUKN 6bIJII/I BBeJIeHbI paHee. Koadhdunnen-
TBI ¢y, dy, TPUBEJICHBI B MPUJIOKEHNN, HAJACTPOUIHBI nHeKe (1) ucrnosb3yercs s
ornpejiesienus chpepudeckux GyHkimit Becces.

Hagejiennasi nHesmmHeitHasi mosisgpusaliist Ha 4acToTe BTOPOH FapMOHUKHU OIIpe-
JIEJISIETCST TEH30POM TTOJISTPU3YEMOCTH BTOPOI'O TTOPSIIKA:

P2(r) = eoXp, BL (r) EX(r), (2.2)
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rje BY — neKapToBbl KOMIOHEHTBI (PyHIaMEHTAJIBHOTO 110JIs1 BHY TP HAHOYACTHUITHL.
MbI npuHIMaeM BO BHUMaHUE TOJIBKO 0O'beMHBbII HeJIMHERHbII OTKJINK, OCTaBJIsIsl BHE
paccMOTpeHus MmoTeHnuaabible mopepxaocTuble ucrounnku I'BIY. Ilome BI' Bre va-
CTHUIIBI IIPU T > @ MOXKeT ObITh HaliJIeHO C IIOMOIIbIO JauajaHoil dyHKuuu ['puna

G cepsr:

E*(r) = (2w)?ug / AV'G(2w,r,r )P (r) (2.3)
v
KoTOpasi yjoBieTBopsier ypasuernio (1.18) e e(r,w) = e(w) g r < a, u

e(r,w) =1 st 7 > a.
fdBHOE MysbTHIIONBHOE pasyoxkenne ¢yuknun ['puna mpusemeno B 50|, a
takxke B [lpmnoxkenun A. ITlogcrapisgs pasnoxkennme dyukiun ['puHa B ypaBHe-

Hust (2.2),(2.3), noydaem MyJIbTHIONIBHOE PA3JIOKEHNE TI0JIs BTOPOH rapMOHUKI

E*“(r) = Z Z Z EO(DWemnW((jr)m[kl@w)ar] + DWOmnt%n[kl(Qw%r]) -
n=1 m=0W=M,N
(2.4)

3nech obosnadenne W = M, N pazimgaer 37eKTPUUECKYIO U MarHUTHYIO Tap-
MOHUKH, HAJICTPOUHBI MHIEKC (3) MCIOJB3YeTCsT JJist OIpejIesieHnst chepuaecKx
dbyukunit Xankens nepsoro poja. Kosddunuentor pazinoxkennst Dyyep,, J1eIKO
OLIEHMBAIOTCS KaK CyMMa, UHTEI'PAJIOB IePeKPhITIS MEK/1y JIBYMsl BEKTOPHBIMI ce-
pUUYECKUMH FapMOHMKAMU Ha YacTOTe (W UM OJIHOH Ha dacTore 2W, CBEPHYTBHIX C

ternsopom X2:

(2w % iks(2w) B 2n+1 (n—m)!
Dy = ( c ) Eodmt (2 6O)n(n + 1) (n+m)! (2:5)

ag)(Qw

b<2)(2w)) /Wé}%n(kQ(Qw),r))A(@)Ew(I‘)Ew(r)dv,

Vv

31ech wil (ko(2w),r) — BexkTOpHAst cdeprueckas rapMOHHKA MY (k2(2w),r)

‘cmn emn

VJIH Né}%n(kg@w),r), K03 GUIUEHTHI ag)(Qw) BBIOUPAIOTCS B CJIydae MArHUTHBIX

rapMOHUK, a b7(12)(2w) — 9JIEKTPUYECKUX, U 0epyTcd U3 MYJIBTUIOJIHHOIO Pa3JIoZKe-
aust gyuknnu [puna (A.7).

Hakounern, acdbdexkTuBHoCTh TPeodpazoBaHust SHEPTUM BO BTOPYIO IapMOHUKY

OgH, ollpejiesisieMasl KaK OTHOIIEeHNe ITOJIHON M3JIydaeMOil MOIITHOCTU BTOPOI rapmMo-

HIKI Pgy K MHTEHCUBHOCTHU IaJalolieil BOJHBI [; depe3 reoMeTpuieckKoe cedeHune
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7ta® YACTUIIBI, MOJKET ObITH BbIPAKeHa depe3 Ko3(hQUIIIEHTHI Dwepy ciegyromum

obpazom [57]:

Psu (n + 1
(o) =
ST a2l ma? k1 2w )]? E:l WEA;N 2n +1)

n

m_nquwmaﬁwamu>+ﬁDwmf]<2®

m=1

C nomorpio ypashenusi (2.6) Oyger paccunrana s dexrusrocts Bl ogy

st gactui BaTiOs n AlGaAs cyOBoOIHOBOTO pasmepa Hpu BO30OYKIEHUN ILJIOCKOI
BOJTHOM. B 3TOM pazjese Mbl mpejroaraeM, 4TO IVIABHBIE OCH KPUCTAJLIMIECKO
PeIeTKH OpUEeHTUPOBaHbI BJIO/Ib cucTeMbl koopauunar: [100]|e,, [010]||e,, [001]|e.
(em. Puc. 2.1). B pazgese 2.3.2 Mbl 00Cy UM JApYTHe KPUCTAJIMIECKAE OPUEHTAIIIH.
B BbiOpanHOil cucTteMe KOOpJAMHAT HequHeliHas nossgpusaiius kpucrawia BaTiOs

nMeeT CJeYIONNIl BU/I;

[ EeEe )
E®E®
p2w 0 0 0 0 dy 0 v
2w EZ EZ
P2 [=¢| 0 0 0 ds 0 0 R (2.7)
p2 dy dsi dz 0 0 0 2Ey B
z 31 31 33 2E;UE;U
\ 2B9EY )

L€ Xzzz = d33 = 6.8 pm/V7 Xzzzx = Xayy = d31 = 15.7 pm/vp Xezz = Xyyz =
di5 = 17 pm/V [137]. B cucreme rinasubix oceii kpucraia AlGaAs rersop Hen-
(2)

HEHHON BOCIPUMMYMBOCTU BTOPOIO IOPSAJKA CONCPAKUT KOMIOHEHTBL X, = X(Q) =

100 pm/V, gBisiomnecss HEHYJIEBbIME, €CJIi Jo0ble JIBa WHJEKCa i, j, k He COBIa-

JIaroT:
P2w Ew pw
T y 'z
P | =2e0x” | ECEY | (2.8)
P2w Ew pw
z r Ty

Junsl Bosin najtatomeit Bosabl s BaTiOs n AlGaAs — 1050 am n 1550
HM COOTBETCTBEHHO. DTH 3HaUeHUs ObLIM BbHIOPAHBI B COOTBETCTBUU C TUIIMIHBIMU
9KCIIEPUMEHTAJIbHBIMEI 9aCTOTAMU, UCIOJb3yeMbIMI J1j1s0 HaO roneHus: ['BI' u3 sTux

b+3

MaTepuason, 1 coorsercTyior Yb 13 nasepy (1050 nm)[41] wm Er™ neruposamnno-

My BostokorHOMY Jtazepy (1550 um)[29]|. [ockobky AlGaAs nmeer 6oJiee BBICOKMIL
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Pucynok 2.2 — CrexkTpsbl resepanun Bropoit rapmonuku st BaTiOgs, paccunran-
Hble IIPU OOJIYIEHUN IIJIOCKOM BOJIHOM, IaJjaromeil BJIoJIbL ocu z, coryiacHno Puc. 2.1.
Juna Bosmbl najatomieit Bojabl 1050 um. (a) CritoiHast YepHast JIMHEST MOKa-
3bIBAET IIOJIHYIO HMHTEHCHBHOCTL SH, HOpMUpOBaHHYIO Ha IAJAIOIIYI0 MOITHOCTD
Iy = 103 Br/m% u reomerpudeckoe cedenue 7ta’. LpeTHble JHMHUN ITOKA3BIBAIOT
pas3IMIHbIe MYJIBTHIIOIBHBIE BKJIABI BO BTOPYIO rapMoHuKy mosist. (b) Ceuenne pac-
cesiHUsl, HODMUPOBAHHOE Ha I'eOMeTpUYecKoe cedeHue Jijis JIByX JinH BosH: 1050 HM
(myskTHpHAs JuHAg) U 525 HM (CILUIONIHAS JIMHUA), ITOObI TTOKA3ATH MOJIOXKCHUST
MYJIBTHIIOJBHBIX pe3oHancoB. E/MD — sjekrputdeckuii /MarHuTHbIH AUI0Jb, XQ

— KBaJIpy1osib, XO — okrynosib, XH — rekcajgexanosnb, XT — TpruakoHTaMII0JIb.

noKazaresib npeaomiernst (~ 3,5) mo cpasaennio ¢ BaTiOz (~ 2,4), pasmepbl da-
CTHI[ HAXO/IATCS B OJIHOM JIHAIIa30HE W BHIOPAHBI TAKUM 00pa3oM, 4TOOLI BO BTOPOI
rapMOHUKe BO30Y7KJIaJI0Ch HECKOJILKO HEPBBLIX pe30HaHcoB Mu.

PaccunTannble 3aBucumoct 3 dexrupnoctu I'BI' oT paguyca HaHOYACTUIIBI
nokazanbl Ha Puc. 2.2(a) u 2.3(a), u JeMOHCTPUPYIOT SIPKO BBIPAYKEHHYIO PE3OHAHC-
HYIO CTPYKTYPY. JJist TOro 4To0bl OTIMUUTE PA3IMIHbIE MYJILTUIIOILHBIC PE30HAHCHI,
BKJIaJ] OT KasKJIOI0 MYJIBTHIIOJIBHOIO KaHasa B ypaBHeHnu (2.6) ObLT paccauTaH oT-
JeJIbHO |eM. I[BeTHBbIe KpuBble Ha Puc. 2.2(a) u Puc. 2.3(a)]. Bkiajgbr rapMoHuK ¢

OJMHAaKOBBIM IIOJIHBIM YIJVIOBBIM MOMECHTOM 7! 1 pPAa3HBIMU IIPOECKOUAMN MOMECHTaA 711
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Pucynok 2.3 — Cnekrpbl rerHepanun Bropoit rapMmonuku st AlGaAs mpu o0y-
YEeHNH TIJIOCKON BOJIHOM, agatorieil BIoib ocn 2, corytaciHo Puc. 2.1. /Iauna BOJIHBI
maatotiero usydenus 1550 um. (a) CruroriHast YepHast JIMHUS TOKA3bIBAET TOJIHYO
unTencusHocTh BT, HOpMupoBanHyto Ha najatoltyto Momunocts Iy = 101 Br/m? u
reoMeTpudeckoe cevente 7a’. [IBeTHbIC TN — BKJIAbI MYJIBTUIIONECH B NHTCHCHB-
woctb BI'. (b) Ceuenne paccestHust, HOpMUPOBAHHOE HA TEOMETPHIECKOE CeUEHUe 17T
ABYX e BostH: 1550 HM (IyHKTUpHAs JIUHNS) 1 775 HM (CIUIOIIHAS JIMHIS ), ITOOBI
MOKA3aTh MOJIOKEHUsST MYJIBTHIIOJbHBIX pe3oHancoB. E/MD — sjekrpuaeckuii /mar-
HUTHBIN JiUIoJb, X(Q — KBaJipynoyib, XO — okrynoJsb, XH — rekcajexarnosb, XT

— TPHUAKOHTaIUIIOJIb.

obbemHenbl. Kakne nMEHHO rapMOHUKHI BHOCAT BKJIQJI B CIIEKTPBI, Oy/1eT MoIpod-
HO 00Cy»Kyarbest B pasjene 2.3.2 (em. Tabuier 3, 4, 5). Mbl Tak:ke cpaBHEBaeM
CIEKTPBI BTOPOIl TAPMOHUKHU € T'PaUKOM JIMHEHHOTO CIEKTpa PacCedHUs IJIOCKOI
BOJTHBI Ha OCHOBHO{T U y/IBOeHHO{T dacToTe Ha Puc. 2.2, 2.3 b), siCHO MOKa3bIBAIOIIIIM
oT/Ie/IbHBIe pe3onanchkl Mu. 3ameTnm, 910 Hanboiee TBHbIE MK BTOPOI TapMOHUKN
BO3HUKAIOT TOIJ/Ia, KOTJla PE30HAHC Ha OCHOBHOI U yJIBOEHHOII 4acTOTe COBIIA/IAET.
[eitcTBuTe/1bHO, HA MHTeHCUBHOCTH BI' 3HAUNTETHHO CKa3bIBAETCA HAIPSIKEHHOCTH
[I0JIs1 BHYTPU YaCTUIIbI, a Ha Pe30HAHCAX BTOPOIl TapMOHUKM OHA YCUJIUBAETCH yiKe

3a CUeT yBeJWYEHUs TJIOTHOCTU PE30HAHCHBIX COCTOAHUII, aHaJOrnIHO 3PDEKTyY
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[Tapcenna [138]. Tlpu srom HaumboJibIllee yCuieHne BO3HUKAET B CIydae, KOTJa Ha
dyHIaMEeHTAIbHON YacToTe BO30YXKIaeTCsI MarHUTHBIN JTUIIOIbHBI PE30HAHC N3-32,
OOJIbINeHT KOHIIEHTPAIMH T10JIsI BHYTPU YACTHUILLI, IIPK 9TOM BO BTOPOIl rapMOHUKE
YCUJIMBAECTCS UK JIEKTPUIECKOIO OKTYIIOJISA, YTO COIVIACyeTCs C Pe3ybTraTaMu 1
apyrux pabor [139—142].

Pesyibrarhl HaINX aHAJIUTHIECKUX PACUETOB IIOJITBEPIK/IEHbI ITOJIHOBOJIHO-
BBIM YHCJIEHHBIM MOJICTUPOBAHUEM, BBIMOJTHEHHBIM C MOMOIIBIO CPEJIbl YNCICHHOIO
mogesmposanuss COMSOL Multiphysics™ coasropanmu 1. Boskosekoit u JI. Cmup-
HOBOIi, B COOTBETCTBUY C IIPOIEYPOil, IpUMeHeHHON B paborax [27; 29; 39; 40].

Bennunna sddexkrusnocru BI' 3aBucuT oT MHTEHCHUBHOCTH Osy ~ Ij, II0-
CKOJIBKY OHa OINChIBAET JIBYX(OTOHHBII 1Iporiecc. B yacTHOCTH, J1J1s1 HHTEHCUBHOCTH
nagaromeii Bonbl Iy = 1 T'Br/cm? acbdekTuBHOCTS IpeobpasoBaHust JOCTUIAeT 3HA-
gernnst 107° s nanogactuis BaTiOs u 5-1074 g nanouacruns: AlGaAs B Tom
JKe Jranas3one pajmycos 0kos1o 200 nm. DTu 3HaYeHus IPUMEPHO Ha MOPSIJIOK BbIIIE,
geM 9KCIIepUMEHTaIbHbIE 3HAUCHHSI, M3MEePEHHbIe [IJIsT HAHOIUCKOB B aHAJOIMIHBIX
9KCIIEPUMEHTAJIbHBIX YCI0BUAX [29; 32|. DT0 HEeCOOTBETCTBHE MOXKET ObITH CBSI3aHO
¢ bosiee HU3KOI 3pdexkTuBHOCTHIO ['BI' OT AUCKOBBIX PE30HATOPOB, MCCJIEIOBAHHBIX
B 9KCIIepUMEHTaX, 13-3a 3(PPEKTOB HOIIOMKKI U OTIHIUSIX SKCIEPUMEHTAIbHBIX 00~
pasIoB OT HjieabHbIX.

BaxkHoii 0COOEHHOCTBIO sIBJISIETCsI OCOOBIN MYJIBTUIIOJBHBIA COCTAB I10JIsSI BTO-
poit rapmonuku. Harpumep, MOXKHO 3aMeTUTh, UYTO B curaaJje BI', renepupyemom B
Hanouactuie BaTiOs orcyrcTByeT MarHuTHBIN anio/b, a B Hanodactuie AlGaAs
OTCYTCTBYET 9JIEKTPUIECKUI JTUIIO0JIb. DTOT 3aIlIPeT JIUKTYeTCsI CUMMeTpueil TeH30pa
%), a TakyKe HAITpAB/ICHIEM I TIOJISTPH3AIIIEl T JAIOMIeH BOIHBL DTO OyIeT mo1pos-

HO U3YYEHO ¢ TOYKHU 3PEHUsT CHMMETPUH B pazjiesie 2.2 n 00Cy:KJIeHo B pazjeie 2.3.2.

2.2 CumMeTpuiiHBIl aHAJIN3 TeHepaIul BTOPOl TapMOHUKN

B srom pazgesnie Mbl anannsupyeMm Bo3MoxKHOCTb ['BI' uepes paznnanbie Mysb-
THUIIOJIbHBIE KAHAJIbl, 9TO OIPeJessieTcss 0co00i cuMMeTpueil MoJi Ha OCHOBHOI

yﬂBOGHHOfI JqacToTax. MHTeraﬂbI 10 061>eMy HaHO4YaCTHUIbI, KOTOPbLIM IIPOIIOPIIHO-
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HaJIbHB KodbdunneHTs (2.1)

ay " xun

[Hn,u/n’%}lﬁn” = /dVX(2) W(l) (I‘)W(l) (I‘)W(l),, //(I'), (29)

r<a

ompeestior BKiaabl Mysabrunoseit wW'n',un nose BI'. 3xech unpexent w,u,1” o3na-
YaT YETHOCTb €,0 U IPOEKINIO 1M BEKTOPHBIX CPepruIecKUX IapMOHUK WS,)m(r)
JI71s1 KarKJ10ro KOHKPETHOI'O 3HAUEHUs] MHJIEKCOB TaKue MHTerpaJsibl MOI'YT ObITh BbI-
YUC/IeHbI aHAJIUTUYIECKHU, U OOJIbIIIOe UX YUC/I0 OKa3blBaeTcst HysieBbIM. Halla mesb —
BBISIBUTH CUMMETPUiHbIE IPUINHBLI OOHYJIeHISI HHTEerpaJsoB. Bee HaIl paccy K 1eHust
OCHOBaHbI Ha CJiejIytoteil obieit Teopeme [83; 98]. Tlycrs LI)E“) — ojiHa 13 6A3UCHDIX
QYHKIUIT HETPUBUAJIBLHOTO HEIIPUBOAUMOIO IIPEJICTABICHUS K IPYIIBI CUMMETPUN
cucreMbl. Toryma mHTErpaJj 9Toi PYHKIMU 110 KOH(MUI'YPAIMOHHOMY TPOCTPAHCTBY
dbusndeckoil cucreMbl paseH Hyiio: [ LI)Z(.“)dq = (. st Toro, 9ToObl HHTErpaJi ObLI
HEHYJIEBBIM, IOJbIHTerpaibHasl (DYHKINS JOKHA COJAePKATh 4IeH, NHBAPUAHTHDII
IpU [IpUMeHeHnn JIF00OH u3 omepalnii CHMMETPUN I'PYIIILI, TO €CTh IIPeodpas3yio-
IIUIiCs 110 TPUBUAJIBHOMY IIPEJICTABJICHHIO.

B paccmarpuBaemoM cirydae OTMEHBI 00YCJIOB/ICHBI KaK (1) MUKPOCKOITIYECKOit
KPUCTAJJINIECKOI CUMMEeTpHell MaTepuaJia, Tak 1 (ii) MaKPOCKOIITIECKOi cheprde-
CKOIi cHMMeTpHeil HAHOUACTHIB B IeJIOM. 3aMeTnM, 9To uHTerpas (2.9) BKIUYaeT
B ce0sl CYMMY 110 HOBTOPSIIOIINMCs 3HAUKAM, 1 CYMMUPOBAHUE IIPOUCXOIUT 110 BCEM
HemysteBbiM KoMmmonenTaM Temsopa X2, TosToMy BbIpazkeHme MOXKET 06PATHTLCS
B HOJIb 110 JIBYM IpUYMHAM: JIOO BCE cjaraeMble OOpPaTU/INCh B HOJIb, JINOO 9acThb
cJIaraeMbIX KOMIICHCUPOBAJIM JIPYT JpyTra, B CHJIY, HAIIPUMED, PABEHCTBA KAKUX-TO
KOMIIOHEHT TeH3opa. CuMMeTpusi KPUCTAJIMYECKOil peleTK BJIUsSeT Ha 00a 3TUX
caydasi, KOTOpble OYyIyT paccMOTpPeHbI mo3gHee. OTMETHM, UTO B HAIeM pPacCMOT-
peHnH MbI IIpeHedperaeM ‘‘MepoXoBATOCTHIO” TOBEPXHOCTH CepPUIecKOoil JacTUllbl,
HaJlaraeMoi KpUCTaJInIecKOi CTPYKTYPOii, TTOCKOJIbKY IIPEIoaraeM, 9To HaHO a-
CTUIA COJIEPIKUT JIOCTATOUHO OOJIBINOE THCJIO aTOMOB.

CumMerpuitHblii anagn3 nHTErpajsoB B yp. (2.9) cranoBurcsa Gojiee 0YeBU/I-
HBIM, KOI'JIa IIPOEKIINN BEKTOPHBIX ceprdecKnX rapMoHuK W 3alincaHbl HECKOJIBKO
JIpyruM o0pas3oM. 3aMeTHUM, 4TO JIeKapTOBble 0a3MCHBbIE BEKTOPhI TOXKE MOXKHO 3a-

0,r) = N, x e,

mucaTb B BUJe BEKTOPHBbIX rapmonuk mpu k — 01 N,

Ngll)l((),r) = N, x e, Ng))l(o,r) = N,  e,. 9T0 H03BOJISET IEPEHucaTh UHTE-



94
rpast. (2.9) B ciemyrommem Buje

Lt O Xy / AV [No - Wi (1) ][N - Wy (1) ][Ny - Wi ()] (2.10)

r<a
Pacemorpum maTerpan (2.10) 6ostee mogpobHo. [Ipekie Bcero, ol CoIepKuT CyMMy
HECKOJIbKIX HHTErpaJjioB OT TPeX CKaJsIpPHBIX IPOM3BEJECHNN BEKTOPHBIX chepudie-
CKIX TAPMOHUK, IJIE KAyKJI0€ CJIATAEMOE COOTBETCTBYeT ool u3 X'¥-rommonent
TeHzopa. Mbl uieM ciydan, Korja WHTerpaj WHBApUaHTEH [P MPeodpPa30BaHUsIX
rpymibl cuvMerpun O(3). Cradasna #He GyjeM HPUHUMATL BO BHEMAHHE TO, UTO
pasHbIe cjaraeMble MOTYT KOMIICHCUPOBATD JIPYT JIpyra, U OyJieM OXKUJIaTh, UTO WH-
TerpaJi OyJeT HEeHYJIEBbIM, €C/IN XOTd Obl OJIHO U3 CJaraeMbIX MHTErpaJa COINEP:KUT
QYHKIINIO, THBAPUAHTHYIO IIPU BCEX BpallleHnaxX u nHpepcuu. CKajisipHble IIPOn3Be-
nenust, Bxojstiiye B ypasterue (2.10), MOryT O6bITH JIETKO PA3JI0ZKEHbI IO CKAJISTPHBIM
cepuaeckM rapMoHUKaM, cM. cebliku  [62; 143| u paszgen 2.3. Iocse sroro, mo-
JIYYEHHbIE HHTErPasIbl MOZKIO IIPOAHAII3NPOBATE /I PA3ANIHbIX X (2)-KoMIOHEHT
TeHzopa u chopmyanpoBaTh Tpu oomux npasumia A, B u C', onpeneisiioniux, paBHb

JIM UHTEr'paJibl HYJIIO WJIN HET, IJId K&)K,Z[Oﬁ KOMIIOHEHTDBI OT/JICJILHO.

2.3 Crpornii moaxos AJjs IIpaBUJ OoTOOpa, HajJaraeMbIX cdhepruiecKkoii
cumMMeTpueit

PaccmarpuBast Tpu CKaJIAPHBIX ITPOU3BEJIEHNs] BEKTOPHBIX CHepUIecKux rap-
MOHUK B ypasrennu (2.10), Mbl 0OHADYKUBAEM, U4TO KayKJ0€ U3 HUX MOXKET ObITb
PA3JIOZKEHO B KOHEYHYIO CyMMY HECKOJILKMX KOHKPETHDIX CKaIAPHBIX PYHKIUI Peyyp
¢ koabdunuentamu, He 3apucsiiumu ot yriaa [62; 143]. B cBoro odepejib, 1po-
U3BeJICHIEe TPeX CKAJIAPHBIX (DYHKIUH MOXKHO CHOBa IIPEJICTABUTH B BUJE CYMMbI
CKaJIIPHBIX cdeprdyecKnx rapMoHuk. Mbl umiem ciydan, Korja KodduimeHT me-
peJl MHBaPUAHTHBIM 4JIeHOM .9 HEHYJIEBOI, 9TO TakKe obeciiednBaeT HEeHYJIeBOI
marerpan (2.10).

3J1eCch HAC UHTEPECYIOT TOJILKO CKaJIIPHbBIE IIPOU3BEJICHUS C JIEKAPTOBBIMU Tap-
mMoHnkamu Ny, HMOJHBIH MOMEHT KOTOpbIX n = 1. B pesysibrare, Mbl mojydaeMm jiBa

TUIIA CKAJAPHBIX TPOU3BEJCHUIL:
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1. Ecim W, samenutsb na Ny, ,, 1 Ng na Ny, T1€ P MHIEKC 9€THOCTH,

BBEJICHHBIN B 2.3, mojtydaem |144]:

[Np/qupmn] X Z C(T)ll)p.p/mun//. (211)
o
n”;én
Hanpumep:
[Neo1(0,1) - Neo1(k,1))] = [Neoi ], = (2.12)
2 21(p) { Weoo n W02 20(p) — 22(P) [ Weoo ~ Yeno
3\ p \=(p) 2(p) 3 z0(p)  22(p)
(2.13)

2. Ecom Wy, 3amenserca na My, ., a Ny 3amenserca na Ny /1, MBI 10-
JlydaeM aHaJoTm4IHoe BbIpazkeHnne. [TocKoMbKy I AeKapTOBBIX MTPOEKITIi
MAIHUTHBIX apMOHUK N/ = m, TO CyMMHUPOBAHUE 110 IIOJHOMY YIVIOBOMY

MOMEHTY VIIPOLIa€TCA:

[Np/m 1 Mpnn] o< Z c(r)Wppmme- (2.14)
n),”:m:tm/,
Hanpuwmep:
[No11(0, 1) - M1 (k,r)] = [Mpi1]y ~ Poo1 = 0. (2.15)
2
[Neo1(0,1) - Meig(k,r)] = [Meg), = 523(9)1%13- (2.16)

[Too0HbIE COOTHOIIIEHUST MOT'YT OBITh TaKKe IOJIYUIeHbl U3 CUMMETPUITHBIX CO-
oOpakKeHwnii, a UMEeHHO, TIOBeJIeHIe TTPU TTOBOPOTaX U OTPayKEHUX y JIEBOI U MpaBoOit
JacTH PaBEHCTBA JIOJI?KHO OBITH OJMHAKOBBIM. B HaINX paccy’KJeHUsX HAC HE MH-
TepecyeT ToIHasi (hopMa KOIGPUIUEHTOB ¢(7), TTOCKOJIbKY OHU HE UMEIOT YIJIOBOM
3aBUCUMOCTH, TIO9TOMY MHBapPUAHTHBI IIPU BCEX ITPeodpa3oBaHusX cdepbl U HE MO-
I'yT U3MEHUTh IpaBujia orbopa. Ecin pajanajibHOoe MHTErpUpOBaHuEe 00paIaeTcs B
HOJIb, TO 9TO He CBSI3aHO C CUMMETPHeil 1 He MOKeT ObITb PACCMOTPEHO TaKUM IIPO-
CTBIM criocoboM. B jiroboM cirydae, Takoe oOHysIeHne Oy1eT IPOUCXOAUTD TOJIbKO JIJIs
KOHKPETHBIX JacTOT, TOIJla KakK IMpaBujia 0TOOpa 3alpenialoT I'eHepalio BO BCeM
CIIEKTpaJIbHOM Jirania3one. Hakonerl, Mbl mojiydaeM HHTerpaJi, COCTOSINNN U3 CyM-

MBI IIpoM3BeJeHnil ceprudecKnx rapMOHUK Yey,,, KOTOPEIl JIETKO BHIPA3UThL Yepes



96

koabdunuentor Kiebma-Topnana [61; 145]. UuBapuanrnocrs unTerpaia tpedyer,

qTO IIpOoUu3BE€ACHNE JIBYX U3 TPEX CKAJIAPHBIX 'APMOHUK JOJIZKHO COAEP2KaThb TPETBHIO!

Wy Wpmn X Z Uy m”n”C( )CHOSIO (217)

m!''=m=Em/,n"

Koadpbunmenr Kiedma-l'oprana g()n’() HEHYJIEBOI TOJILKO Torja, Korga n”
UMeeT Ty K€ YeTHOCTh, YTO U CyMMa m U n'. DTO CBA3AHO C TEM, 4TO HPOU3Be-
JeHne AByX (PYHKIHUI cjieBa JIOJXKHO 00J1aJaTh TOH »Ke UeTHOCTBIO IIPU UHBEPCHUH,
q10 1 PYHKIM cripaBa. [Ipu 9ToM J0JI2KHO BBIIOIHSITHCA U 0O0OBITHOE HEPABEHCTBO
TPEyTroJbHUKA JIJIsT 7.

Huzke MbI IPUBOUM HECKOJIBKO IIPUMEPOB BbIUNC/IEHUS MHTEIPAJIOB, IOy dast

IIpaBUJIa 0T6opa HJId KOHKPETHLIX MYJIBTHUIIOJILHBIX KaHaJIOB:

/X:w:z [NIM011(2w>] [NxMoll(w>] [NzNem(w)] dV =
v

= /sz [Ne11(0)Mgi1(2w)] [Ne11(0)Mgi1(w)] [Neo1 (0)Negr (w)] dV — (2.18)

— Xaaz /1l)eo1ll)eo1(01ll)eo2 + coaPego)dV # 0,
1%

371eCh C] U Co 3ABUCAT TOJBKO OT paJinyca 1 He 3aBUCAT OT yIyia. TakuM oOpa3oM, B

MaTepuaJiax, I'le eCTb KOMIIOHEeHTa TeH30Pa Xgzpr TaKad CBA3bL BOSMOZKHA.

/sz [N2(0)Ner1 (2w)] [N4(0) M1 (w)] [N (0)Negr (w)] dV =
J

= /Xm:z [Ne11(0)Ner1 (2w)] [Ne11(0)Mor1 (w)] [Neo1 (0)Neor (w)] AV — (2.19)

— Xzzz /(Clq)622 + 621'])600 + C31b602>1b601q)602dv - 07
%

Takoe BzamMojelicTBue sanperieno, Tak Kak Ciyyy = Oy = 0. efictBurennHo,
IOJILIHTETPAIbHOE BhIPasKeHNe HeUeTHO 110 OTHOIICHUIO K IIPOCTPAHCTBEHHOI MHBED-
cun. Taxoil anajaus npasuy oTOOpa ABJAETCH JOBOJBHO CTPOTUM, HO HEJIOCTATOUHO
ObIcTpbIM. Bo MHOrux ciydasx npuMeHuM u 60jiee rpyObIii METOJI, OJTHAKO CJIe]ly-

€T IIPpUHUMaTb BO BHUMaHKWE, 9TO BO3MOXKHDLI AOIIOJTHUTEJILHBIC 3allpeThbl, KOTOPbLIE
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o | [y | [ || 22 o
yXX yyy yzz f z;'; ol
=] ] [=] 5 o
~BaTiO, - - ---------- ’ AlGaAs
praBV +m
BaTiO, 1 yer

-1 HeyeT
1 HeyveT
AlGaAs -1 yet

Pucynox 2.4 — Wnjekcsl deTHOCTH KOMIOHEHT Tenzopa X\2). CIUIONIHASL U IIYHK-
TUPHAs JINHUS 110KA3bIBAIOT HeHyJieBble KoMIoHeHThI TeH30poB AlGaAs u BaTiOj

COOTBETCTBEHHO, B CjIydae, KOTJla KPUCTAJJINUYeCKe PeleTKN OPUEeHTHUPOBAHbI KakK
na Puc. 2.1.

He Oy/IyT ydTeHbl B O0Jiee IPOCTOM MeTojie. A MMEHHO, MbI HCCJIeYeM IIPON3Be/Ie-
HUe IIeCTH TapMOHUK, He IPUHUMAas BO BHUMaHHE, KaKie UMEHHO 00pa3yloT Iapbl

CKaJIAPHBIX TIPOU3BEJICHUIL.

IIpaBuio A: YerHocTh TpM MHBEPCUU M OTPakKeHum B 1jtockoctu y = (.
BekTopnbie ceprdeckie rapMOHUKI IIPEOOPA3yI0TCA TaK »Ke, KaK 1 BeleCTBeHHbIE
cKaIApHble cepudeckne rapMOHUKH ey, [58—61] mpu BpaleHnn KoOpuHAT, a
npu uHBepCHH ey, U Neppy, puobperaior 3uak (—1)", a My, — 3HaK (—1)",
[I09TOMY YETHOCTH MAIHUTHBIX BEKTOPHBIX TaPMOHUK 00paTHa YeTHOCTHU DJIEKTPHUYe-
CKIX 1 CKAJIAPHBIX rapMOHIK. MbI BBOIM HHJIEKCE! 9eTHOCTH p; = (—1)" 11t Neyy,,
up; = (=1)" e Me,,,,,, onmcplBaoIue nopejeHne cepuieckux rapMOHUK P
IIPOCTPAHCTBEHHOI MHBepcuu. pyroit MHAEKC YeTHOCTH P, OIHUCHIBAET IOBEJICHUE
rapMOHHK IIPH OTParKeHUU B ILJIOCKOCTH ¢y = (), UTO SKBUBAJCHTHO M3MEHEHUIO a3M-
MyTaJibHOIO yruia @ — —@. OyHKIUT Wemn, Nemn 1 Mo, 9€THBI OTHOCUTEIBHO
TaKOro oTparkeHus, ajst HuX p, = 1, a GyHKIUT Wommn, Nomn 1 Mgy, HEUETHBI,

pr = —1. Takum obpaszom, rmpaBuia oTbopa, CBA3aHHbBIC ¢ YeTHOCTHIO IIPU MHBEPCHH
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1 OTPaXKEHNH, MOYKHO O0OOIINTH KaK

pipipy = —1 (nEBepens), (2.20)

apy

PrPYprprper =1 (oTpazkenue) . (2.21)

[IpaBuio (2.20) aBTOMATUYECKH YUUTHIBAET, YTO TEH30D HEJIMHEHHOCTH BCerja
HEYeTHbI!l TIPU MHBEPCUU, U NPUMEHSETCS TOJIbKO K BEKTOPHBIM MapMOHUKAM, OIH-
ceiBaronuM 1oJisd. IIpasmio (2.21) yKe yunTbIBaeT TO, YTO TEH30D Xqpy MOZKET
06J1a/IaTh PasHBIM HOBejIeHNeM IIpu oTpaykennsx. Muoxutens ptPY B Eq. (2.21)
— 9TO YE€THOCTbL NPOU3BEJICHUS TylpTy IPU OTPAZKEHNN B IJI0CKOcTH y = 0, 4TO
nokaszano na Puc. 2.4. B nanbHeiiieM MbI TaKzKe Oyj1eM UCIOIb30BATH 0003HATCHIIS

pf()r) Wi p?(‘;’) JIJTsT MHJICKCOB YETHOCTH BEKTOPHBIX CPEPUUECKUX MapMOHUK.

ITpaBuio B: CoxpaHeHme MHpoeKNWW YTrJoBOro mMomeHTa. Ilocie BbIvmc-
JIEHUsI CKaJISIPHBIX pousBejeHuil B Yp. (2.10) MarpudHblil 9J€eMEHT CBOJIUTCS K
UHTErpaJly HePEeKPbITHS CKaJSIPHBIX CHEPUIecKX IapMOHHUK. 3aKOH COXPaHEHHs

IpoeKInn yrjaoBoro MOMeEHTa JIJILA MyﬂbTI/IHOJIeﬁ 3allUCbhIBacTCA KaK
+m* £ m?® +mP £ mC Em¥ £m/"C =0. (2.22)

Marpuambtii sement (2.10) MoKeT ObITh HEHYIEBBIM, TOILKO €CJIH HAXOUTCS TaKas

KOMOMHAIHST 3HAKOB, 9TO Yp. (2.22) yI0BJI€TBOPSIETCS.

HpaBI/IJIO C: HepaBeHCTBO TpEeyrojJibHuKa IJid IIOJIHOT'O YIJIOBOI'O MOMEH-

ta. [IpaBmio dhopmynupyercs Kax
—h+ |n/w _ n//w‘ < n?w < |n/w _‘_n//w‘ T h, (2.23)

rie uHjekc h € [0..3] 0003HAYAET YUCJIO JIEKTPUIECKUX TAPMOHUK 110/ HHTErPaJIoM
(2.9). Hanuune nngekca h oOycaoBIeHO TeM, 9TO JeKapTOBbI KOMIIOHEHThI BEKTOP-
HBIX JIEKTPUYICCKNX IAPMOHUK C IMOJHBIM YIVIOBLIM MOMEHTOM 7 BKJIIOYAIOT TOJBKO
CKaJIsIpHble TAPMOHUKN ¢ MOMEHTOM N+ 1, & IpoeKInyu MariuTHBIX TapMOHUK BKJIIO-
YaloT TOJIbKO COCTOAHUA C TeM K€ YIJIOBLIM MOMEHTOM M.

Teneph npomJLTIOCTPUpPYEM TIOJYYEHHDbIE BBIIIE IIPaBUjia Ha HEKOTOPLIX
KOHKDETHBhIX MpuMepax. Hadunem ¢ paccMOTpeHHsI BO3MOXKHOCTH T'eHepalun
Z-TIOJIAPU30BAHHON JIEKTPUUICCKON JTUTIOJTHLHON MO/IbI (NZ = NeOl) B HaHOYACTHUIIE

AlGaAs myreM B3anMOIIefCTBUsT Y-TIOJISIPU30BAHHON MarHUTHON JIUITOJIBHON MOJIBI
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(M, = M,11) u z-noJsipu3oBatHoil sjiekTpudeckoit aunosbHoit Moabl (N, = Nepyp).
35ech p;pipi» = 1, M09TOMY TaKasl reHepalis 3allpenieHa MepBbIM TPaBUIOM 0TOO-
pa. [asee morpobyem 3amMeHnTh N, Ha KaKOH-HUOY/Ib SJCKTPUIECKUIT KBAIPYIIO/Ib,
nanpuvep, Nyjo. st 3Toro mysnbrunons pipypn = —1, p*Y = —1 cormacmo
Puc. 2.4, u p**p,pp = (1) - (=1) - 1-1 = 1. CrenosarenbHo, TaKoil mpoIece
He 3alIPelieH MepBhIMU IBYMs IpaBumaamu. Ho cymMMa mpoexIuii yriioBoro MOMeHTa,
(2.22) jyist paccMaTpUBaEMbIX TPeX MyJIbTUIONEH BCerjia HedeTHa, TOrJa Kak Jijis
TEH30pPHON KOMIIOHEHThI OHa 4erHa (Puc. 2.4). Dro o3navaer, uro obIast cyMma
HUKOI'/Ia He paBHA HYJIIO, & TaKOIi IIPOIECC TeHEePAIH 3alPEIeH BTOPHIM ITPABUIOM.

[IpuBeienHbIE BBIIIE TIPaBUIA JAIOT OOJIBIIOE KOJUIECTBO BOBMOKHBIX HYJIEI,
OJIHAKO BO3MOKHBI HEKOTOPBIE HCKJIIOUEHNsI, CBSI3aHHbBIE CO CBOMCTBAME CKAJISIPHBIX
npousBegennii. YToObI MOIYYUTh BCe HYJH JIJIsT KOHKPETHONH KOMIIOHEHTHI TEH30DPa,
MBI JIOJIZKHBI JTUOO MCIIOJIB30BATh IIPaBUIa COCJUHEHUSI TPEX CKaJISPHBIX MTPOU3BE-
JIeHUil, cjie/lyss aJropuTMmy, npuBejeHHoMy B IIpuioxkenun 2.3, OO0 HPUMEHUTD

JOINOJIHUTEJIbHBIE TPUYMHBI CUMMETPHUN, PAaCCMOTPEHHBIEC HUZKE.

2.3.1 OrpaHnyeHusi, HaJJaraeMble TOYEYHOI I'PYNNOil KPUCTAJIIA B
1eJIOM

B npeabiyiiem pasjesie, Mbl OTJIEIbHO PACCMOTPEJI OOHYJIEHUE ClaraeMblX B

Yp. (2.9), COOTBETCTBYOIINX OTIETbHBIM KOMITOHEHTAM X(Z)—TGHSOpa. O 1HaKO, HEKO-

(2)
oy

TOYCYHOI I'PYIIIbI, 9YTO MOXKET IIPUBECTHU K AOIIOJTHUTEJILHBIM O6H}/'JI€HI/IE{M II0CJIE

TOPbIE KOMIIOHEHTHI X .., PABHBL JIPYT JAPYTY B CHJIY CUMMETPUN KPUCTAJLITIECKO
CYMMUPOBaHUs 110 KOMIIOHEHTAM TEH30DPa. lakue ciaydanld MOIYT OBITh pacCcMOTpe-
HBbI C IIOMOIIBIO TEOPUHU IIPejCcTaBJeHnii rpyin. PaccMorpenne sTux orpaHmdeHmit
IIPOBOJIMIOCH cOBMECTHO ¢ coaBTopoM A. IlommyOHbIM.

V4aecTb CHMMETDHIO He OTAeIbHLIX CJIAMACMBIX, a TeH3opa Henneiinocti x (2
B 1eJIOM (KOTOpasi MOYKEeT ObITh BBIIIE CHUMMETPUE CAMOIl PEIIETKH) MOYKHO, eC/Id
[IOHSITh, KaK Ipeodpasyercst TeH30p B rpyiie cummerpun cdepbl O(3). BoiBaer, uro
9TO JIETKO CJIeJaTh, TaK, HAIPUMED, sl apCeHUa Tajljius TeH30p IIpeodpasyeTcs
Tak ¥Ke, KaK QyHKINA P03, & TUTaHATa Oapus — Kak JinHeliHas KoMOnHaIus pyHK-
it Peoz 1 Wepr. i1t Toro, 4rodbl renepaliusi Oblia pa3pelieHa, IPOU3BeIeHe TPex

BEKTOPHBIX CPepuIecKnX rapMOHUK JIOJZKHO COJIEpKaTh dacTh, KOTOpas Ipeodpa-
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syercst Tak ke, Kak temsop X2 (eciam Temszop mpeofpasyercs 10 IPAMOIl CyMMe
[PEJICTABJIEHNH, TO KaK XOTs Obl OJIHO U3 CJIAraeMbIX ).

Kak 1mpeobpasyroTess TeH30pbI, MOXKHO BBLISICHUTD, II€pe3allicaB UX B I[UJIMH-
JTPUIECKUX KOOpAMHATAX (M ONpenesinB TakuM obpasomM dncia m) [72|, mpu smom
YICJIO M MOXKET PABHATLCS TOJBLKO 1 WM 3, OCKOJILKY TEH30D TPEThero paHra i

HEYETHBINl TP MHBEPCUU.

2.3.2 Ilpumenenme mpaBuj oTdbopa

[IpumenuM paszpaboTaHHBIE MTPaBUIa O0TOOpa K CJydasM, pacCMOTPEHHBIM B
pazzene 2.1, rje Mbl yzKe 00CYXKJIaJIu OTCYTCTBHUE OIPEJIe/IEHHBIX TApMOHUK B I'e-

HEPUPYEMOM TIOJIE.

Bosby:xaenue niaockoii BosHoit. [Ipu BosOyxiaerun BaTiOs (AlGaAs) mano-
YACTUIIbI IIJIOCKON JIMHEHHO-TIOJIIPI30BAHHON BOJIHOM, Mbl HAOJIIOJAIN OTCYTCTBUE
MD (ED) mox B moste BT [okasaresbHo HaYIATH ¢ OrpaHNYeHN{l, CBA3AHHBIX C OT-
JIeJIbHBIMI KOMIIOHEHTaMI TEH30Pa, Ha KOTOPBIE TPUXOIUTCA OOJIbITast YaCTh ITPABUIT
otbopa.

CuauaJsia paccmorpum Hanodactuily BaTiOg, kpucramimaeckne ocu KOTOPOi
OPHEHTHUPOBaHbI KaK 1mokasaHo Ha Puc. 2.1. 31ech Mbl OyJieM paccMaTpuBaTh TOJIBKO
JIATIOJIbHBIE YJIeHbl B BO30Y:KJIeHHH, OOJiee cTapiime MYyJIbTHIIONNA MOIYT paccMaT-
puBaTbCs aHAJOIMYHO. Bee paspelieHHble MYJIBTHIIONN Bblucanbl B Tabsuie 3,
paccMOTpUM I0JIpoOHee, KaK OHM 1oJIydeHbl. [IpuMensist mpaBuio A B cirydae TOJIbKO
JIATIONIBHBIX TADMOHUK B (DYHIaMEHTAJIbHON BosiHe (1 = 1), MBI He MOJIydaeM HUKa-
KUX 3aIIPeTOB U3-3a YeTHOCTH IIPU MHBEPCHH, ITOCKOJIbKY 00a ciaaraeMbix KD ®@ ED
u MD ® ED conepxarcst B GyHIaMeHTaIbHOM M0JIe (ILJI0CKasi BOJIHA He 00J1ajia-
eT OIIpeJIe/IEHHON YeTHOCTBIO IPU MHBEPCHUM, XOTsI, UCXOJd W3 YEeTHOCTH BOJIHBI B
KayK/IbIil MOMEHT BPEMEHU, MOXKHO H3BJIEKATh HEKOTOPYIO MHGOPMAINio O ¢Qra3ax
reHepUpYeMbIX MyJIbTHIO el ). OHAKO, MOXKHO OOHADYKHUTH, UTO UETHOCTH MPU
orpazkenun B 1ockoetd y = 0 moanl BI' jlosmkna 6bith p?® = 1. JleiicTBurein-
HO, corJiacHO Teopun Mu, B maJIalolyto IJI0CKYI0 BOJHY BXOJST TOJBKO TapMOHUKN
Nei1 1 My, npudem s obonx py” = 1, n gy BaTiOg )A((Q) TeH30pa pﬁ‘BV =1

(em. Puc. 2.4). U3 npasmia B (coxpanenne MpOEKINE YIJOBOTO MOMEHTA) MbI


kristina
Комментарий текста
Это верно для простых тензоров. В общем случае тензор может вести себя даже как псевдоскаляр, 0 и 2 тоже возможны. 
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Tabmuna 3 — BosMoxkHble MYJBLTUIION BO BTOPOH TapMOHUKE, TeHepupyeMble Ji-

ITIOJIBHBIMN CJIal'a€MbIMHI I1aJaOIIEro I10JIA. OpI/IeHTaHI/IH KpI/ICTaHHI/I‘{eCKOﬁ peHIEeTKHN

BaTiO; — [100][le,, [010]||e,, [001]e.

MNagatowee MynbTUNoAN BO BTOPOM rapmMoHUKe
none MarHuTHble dneKkTpuyeckune
MD | MQ | MO | MH | ED EQ | EO EH ET

Ne11® Nell M M NeOl Ne03 NeOS

PP, 022 024 (pz) NeZ3 s
M011® Moll M NeOl Neoa

my® m, oz (pz) N,
Neu® Mou |\/|023 Neoz Ne04

pX ® mY e22 e24

HAXOJIUM OrpaHmdeHus Ha yryioBoit MmomeHT BI', a mmenno, dmciaa m. s komro-
HEHT TeH3opa cymMa £m® + mP + mY wernas, cornacuo Puc. 2.4. Takum 06pazom,
+m2®Y + m/® + m"® TakKe JOMKHO OBITH YETHBIM, & U3 TeOPHH MH ciemyer, 4To

W — m"® = 1, uro 3acraBisgeTr M>® OGbITH YETHBIM. DTO Cpa3y HUCKJIOYAET BCE

m
MarHUTHbBIE JUIIOJIbHBIE MOJIbI, TaK KaK €JIMHCTBEHHON JUIIOJIbHOI MOJON ¢ YeTHBIM
m u p*® = 1 asnstercs My, KoTopas TOJlecTBeHHa Hyo (He cyllecTByer Ta-
KOIl BEKTOPHOI chepuieckoii FapMOHI/IKI/I). DuiekTpudecKas JAunosibHast Moga Negp
UMeeT Ty K€ YETHOCTH IIPU OTparKeHUU U, TaKUM 00pa30oM, paspellieHa B IIPOIecce
['BI. ITpu 5TOM MarHuTHbBIE U SJIEKTPUIECKIE MOJIbI 00JIee BBICOKOT'O MOPS KA MOI'YT
Takke Bo30y:KmaThed. Cornacuo npapuiy C, HaWBBICIIAsi BO3MOYKHAsI FapMOHUKA,
remepupyeMas 3 JUTOJLHBIX MOJ, SIBISETCS SJIEKTPUIECKON Moo ¢ n = 5, Kak
nokazano B Tabsmne 3: ED ® ED — ET. Onaaxo Jijist BO30YKIeHUsI ILJI0CKO BOJI-
HOI B IIEJIOM 9TO MPABUJIO HE UMEET CMBIC/IA, ITOCKOJIbKY B HEe BXOJAT MYJIBTUIION
CO BCEMU BO3MOXKHBIMU 7.

Jlo cux 1mop MblI paccMaTpHUBAJJIU TOJIBKO OJHY OPHUEHTAINID KPUCTAJLIIYe-
CKOIl peleTku, rnokasaHHyio Ha Puc. 2.1. OaHako, apyras OpHeHTalldsl pPelreTKn
BaTiO3 obnajaer apyrum, “NOBEpHYTHIM TEH30POM, & 3HAYUT JijId Hee OyJIyT
Jpyrue npasmia oroopa. Hamnpumep, mMoxkHO noBepHyTh pemierky BaTiOs na 90°
tak, uro [100]|e,, [010]|le., [001]||e,, upu sTOM OKazkeTcs, uto p*FY = 1, a cymma
+m* 4+ mP + mY nosmxua 6bITb Heuernoit. ITosyuennble npasmia oT60pa 06061Ie-
uol B Tabsuie 4. B sroMm ciiydae okasbIBaroTCs OTKPbIThIMU Kak MD, tak u ED

KaHaJbl. DTO JdaeT HaM BO3MOXKHOCTb KOHTPOJIMPOBaTbL CHUI'HAJI BF, U3MeHAd OTHO-
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Tabmuna 4 — BosMoxkHble MYJBLTUIION BO BTOPOH TapMOHUKE, TeHepupyeMble Ji-

ITIOJIBHBIMN CJIal'a€MbIMHI I1aJaOIIEro I10JIA. OpI/IeHTaHI/IH KpI/ICTaHHI/I‘{eCKOﬁ peHIEeTKHN

BaTiO; — [100][le,, [010]]le., [001]|e,

MNapgatowee MynbTMNOAN BO BTOPOI rapMOHMKe
none MarHuTHble dNeKTpuyeckme
MD | MQ | MO | MH | ED EQ | EO EH ET

Ne11® Nell Nell Ne13 NelS

P, ®P, (p,) N, s
Mou® M011 M Nell Ne13

m &m, otz (p) N_.,
Ne11® Moll Moll M013 eld

px ® m\/ (my) Moss w e34

CUTEJIbHYIO0 OPUEHTAILINIO MEXKIY HOJIsipu3aliieil 1 HalpaBIeHneM Ia/atoleil BOJIHbI
I KPUCTAJJIMYECKON PEHIeTKOII.

ITpasuia orbopa a1 AlGaAs npusejiennst B Tabsmmre 5. [Ipu paccmoTperun Jjiu-
1oJIbHBIX KaHa 0B I'BI' MoryT ObITh IpUMEHEHBI Te »Ke apr'yMEHThI, YTO U B CJaydae
BaTiO3. ExnncrBennoe oT/imdne COCTOUT B TOM, YTO YETHOCTH KOMIIOHEHT TEH30-
pa a1 AlGaAs p*Y = —1 (cm. Puc. 2.4). Ilpasuno A GyjerT BBITOIHEHO s
MOJI, IIPOTHBOIIOJIOYKHOI YETHOCTU P, YTO IO3BOJIUT T'eHepallio MarHUTHOT'O JIU-
nonss MD ® ED — MD. pyrue Bo3amoxKuble Kanaibl ED @ ED A ED wm
MD ® MD - ED 3anpeliesbl, Tak Kak 9T0 1norpedyer rerepamnun Nog; MOJIBI,
KOTOpAasl TOXKJIECTBEHHA HYJIO (COOTBETCTBYIOINIAs BEKTOPHAs ChepudecKast rapMo-
HUKa He cyiiectByeT). Bosiee Toro, rexeparust JunojibHbIX Mo B mojie BI' Oyier
HO-TIPEXKHEMY 3allpelleHa, dazKe eCJIu MOJbI BBICIIETro MoPsKa OYIyT BO30YKIaTh-

cd Ha CbYH,ZLaMeHTaHI)HOfI JJIMHE BOJIHBI.

2.3.3 Bo30yKaeHne oANHOYHBIM MAarHUTHBIM JAUIIOJIEM.

31ech MbI cocpeporounmcs Ha ['BIY, BBI3BAHHON TOJBKO MarHUTO-IUIIOJDb-
HOIT MOJ10i1. BOIM3M gpKO BbIpakKeHHBIX PE30HAHCOB paclpejescHue 10/l BHYTPU
JaCTUIIbI, BO30Y2K/JIaeMOIl OCHOBHOI BOJIHOM, MOYKET OBbITh allllpOKCHMUPOBAHO CO-
OTBeTCTBYIOMEH cobcTBeHHOiT Mogoit [27; 39]. Taxrke cesieKTHBHOE BO3OYZXK/ICHUE

OTJIE/IbHBIX MYJIBTUIIONEH BO3MOXKHO € IIOMOINBIO WHXKeHepuu Tydka [146; 147).
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Tabmuna 5 — BosMoxkHble MYJLTUIIONNT BO BTOPOI TapMOHUKE, TeHepupyeMble J1-

ITIOJIBHBIMN CJIal'a€MbIMHI I1aJaOIIEro I10JIA. OpMeHTaHHH KpI/ICTa.H.HI/I‘IeCKOfI peHIEeTKHN

AlGaAs — 3 =0°.

Mapgatowee MynbTMNoan Bo BTOPOI rapMOHUKe
none MarHuTHble dneKkTpUYECKne
MD |MQ | MO | MH | ED | EQ | EO EH ET
Nell® Nell Meoz Me°4 025
b ®p M I\/Ie24 N023 N
X X e22 Me44 045
M011® Moll MeOZ
my® m, M., S
Ne11® Moll e01 M903 N . N024
pX® mV (mz) Me23 ° 044
yA
m
MarHUTHbIM
ANNONbHbIN
MOMEHT
\
Y

Tok noaapusaumm

Pucynok 2.5 — I'eomerpust Bo30y:KIeHIST MarHUTHOMN JIUIIOJIBHON MOJION. YTUIbI CO-

OTBETCTBYIOT OpHEHTallNN JUIIOJIbHOI'O MOMEHTA.

Tabuia 6 — OjiHomo/10Boe BO30OYXKeHue. ['enepupyeMble HeJTMHEHbIE MYJIHTUIIOJNI
B Hanouactuie BaTiOg s aByx opuentaruii MD MoMeHTa HaKaduku IIPU Bpaliie-
HUH B IJIOCKOCTH Yz (@ = 71/2). BakpalenHas 00JIacTh COBIAJIAET C 3aKPAIleHHO

obstacThio B Tabsmie 3.

OpueHTauma

MarHUTHOrO AMNONA MynbTMNOAM BO BTOPOM rapMOHUKe

6=rt/2 (m ) ED,MQ,EO:  N_,M_,, N, N

022’ " "e03’ " "e23

0=0 (mz) ED, EO: NeOl’ Ne03
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Ecim mokazaresb mpesioMIeHnsT TOCTATOUYHO BBICOK, ki(W)ay/€2(w) ~ 7, T0 Mar-
HUTO-INIIO/IbHBII PE30HAHC JOMUHUPYET B (DyHIaMEHTAJILHOM I10JI€ B OIIPEJIe/IeHHOM
CrieKTpasibHoOl obiactu (pajuyc okoJio 220 HM Jiist (DYHJIAMEHTATBHBIX J[JTUH BOJIH
wa Puc. 2.2, u Puc. 2.3). Cnyuqait I'BI, BerzBanroro MD B30y ieHneM, mpejicras-
JisieT co0Oil HAIVIAIHBIA MPUMED, O3BOJISIIONINN OHSTH MYJIbTHIIONBHYIO ITPUPOLY
reHepupyeMbIX 3JIEKTPOMAIrHUTHBIX 110J1eit B Mu-pe3oHaHCHBIX JU3JIeKTPUIeCKIX Ha-
HOYACTUIIAX.

CuadgaJjia paccMoTpuM 0oJiee MoJIPOOHO Caydail y-OpueHTUPOBAHHOIO JIUIIOJIsT
M,;1. Ilpumensisi BeIBeieHHBIE TIPaBIIa 0TOOPa, MOXKHO HMOJIYInTh 13 mpasuia C,
9TO MaKCUMaJIbHO BO3MOXKHON T'eHepUpyeMOil MOIOU SBJIACTCA OKTYIOJIbHAS MO
n < 3. s nanovactuns BaTiOs 3 npasuia B Mbl yiKe yeTaHOBHIH, 4TO m2Y
JIOJIZKHO OBITH YeTHBIM. YeTHOCTH IIPKU UHBEPCUHU 1 OTParKeHNH U3 IpaBuia A JaroT
HaM, uto pr® = —1 u p?® = 1. Jlng 3Ha4eHns MOJHOrO YIJIOBONO MOMEHTa n = 3
9TO 03HAYAET, UTO JOJIZKHBI TeHEPUPOBATHCST TOJIBKO JIEKTPUICCKIE MOJIBI (TOJIBKO
OHM HEYeTHBIE MPH WHBEPCHN), W OHU JOJKHBI ObITh YE€THBIMHU TIPH OTPaZKeHHH,
YTO JaeT HaM JIJIsl YeTHOI'O 1M TOJIbLKO JBe BO3MOXKHBIE MOIBI: Ngogz 1 Neog. s
n = 2 TOJIbKO HeueTHasl MarHUTHAas KBaJIpyIOJbHas MOja 00Jja/laeT HeoOXOIUMOIt
YETHOCTBIO MPU OTPaXKEHUU 1 MHBEPCUM, YTO JAaeT HaM TreHepalnio My, Tak Kak
M,yp2 = 0. 91tu npasmia orbopa NPUBEJEHbI B BbljeJeHHONI cTpoke Tadsuinl 0,
KOTOpasl TaK»Ke COOTBETCTBYET BbIJIeJIEHHOI 00J1acTu paciimpenHoit Tadaunb 3.

Tor »Ke TOJXOJI TO3BOJIsIET HaM AaHAJU3UPOBATH MOJIbI, T'€HEPUPYEMbIC BO
BTOpO#l TapMOHHKe IIPU HaKadKe MarHUTHBIM jumnosieM B Hanodactuie AlGaAs,

Kak IokazaHo B Tabjmie 7. 3amTpuxoBaHHas 00JIaCTb ONUCHLIBACT BO30YKJICHUE

Tabnuna 7 — OHOMOI0BOE BO30Y K AcHE. [ eHepupyeMble HeJTMHETHbIE MYJIBTHITONN
B Hanouactuie AlGaAs a1 nByx opuenTamnmuit MD MoMeHTa HaKAQIKH [IPY BpAIeHNN
B miockoctn xy (0 = 71/2). BamrpuxoBannas 06/1aCTh COBIAIACT C 3alITPIXOBAH-

HOH 00J1aCTBHIO B TabJI. D.

OpwueHTauma

MynbTunonu T M rapMOHUK
MarHMTHOro AMNonn Y/IBTANONM BO BTOPOU rapMOHMKE

(P=T[/2 (my) MQ, EO: MeOZ’ Me22’ N023

p=1t/4 (my=mx) ED, MQ, EO: Neorr Meypr Nogar N
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Y-OPHEHTHPOBAHHBIM MAIHUTHBIM JUIOIEM (1M, ). Mbl y2Ke 00CyKIa/a1 B 9TOM pas-
Jieie, 9To TeHepallys 3JIEKTPUIEeCKOl JUMoIbHOI Mojibl Bo3MoxkHa B AlGaAs n3-3a
yernoctu p*PY = —1. [TosTomy 3HaueHMsl YeTHOCTH IIPU MHBEPCHM W OTPArKeHUs
JIOJIZKHBL ObITH paBHbl P2% = —1 n p?® = —1. Takum obpaszom, st n = 3 N3
ABJISIETCS €IMHCTBEHHOI HEHYJIeBOI MO0, YIOBJICTBOPAIONIEl YCIOBUAM Y€THOCTH,
TOTJIa KaK JId M = 2 4YeTHble MarHUTHLIE MOJBI UMEIOT HYXKHYIO YeTHOCTH, Ta-
KUM 00pa3oM, reHepupytorcest TapMOHUKH Mego 1 Moy (3ammTpuxoBaHHble CTPOKH

B Tabmunax 7 u 5).

IIpaBusa orbopa, obecriedmBaeMble CUMMETpHUEl KPHUCTAJIJIMYECKOil pe-
mieTku. /Jlo cux mop Mbl 00Cy2KJIaju IIpaBuia 0TOOpa, KOTOPbIE PEryJInpPOBAIICH
npasuiamu A, B, u C, Ho He yunTbiBaan o0IIy0 cummerpuio tensopa. Cdop-
MYJINPOBaHHBIE TTPaBU/Ia 00ecreunBaloT OOJIBIIYI0 YaCcTh BO3MOYKHBIX 3allpETOB Ha
MYJIBTUIIOJIBHYIO MeHepaIiio, OJHAKO He IOKPbIBAIOT abCOIIOTHO BCE BO3MOYKHBIE
ciaydan. Hurke MbI npuBejieM IpuUMep KaHaJia I'eHepallii, KOTOPbI He I0JIIIaIaeT
1101, cpOpMYJIMPOBAHHBIE IIPaBUJIa, HO, TeEM HEe MeHee, 3alpelleH 10 cuMMeTpru. Ero
aHAJIN3 BO3MOXKEH C ITOMOIIBIO IIPUMEHEHHsI TeOPUH IIPeICTaB/ICHHII.

[Ipu Bo3Oy ) erun HanodacTuilbl AlGaAs MarHUTHBIM JUToieM s @ = 71/4
(em. Tabmuiy 7) mogbpl Myy 1 Mgy OpHCYTCTBYIOT B (DyHIAMEHTAJIBHOM TI0JIE,
B TO BpeMsi KakK KaHaJbl IeHepalliy BBICIINX KBaJIPYIIOJbHBIX MOJ 3allpelleHbl
M1 ® Meir A Moig, Mo, Moo, XOTsI TIOCTIEIHSIST 13 HUX YAOBJIETBOPSET Ipa-
sitaMm cumMmerpun A, B, C. Tenzop Bejer cebst kax dyukuusa P,o3. IloBepuyroe
BOKDYT ocu z Ha 45° npoussenenne M1 ® M1 Kak juHeliHas komOuHAIUs 99,
Weo2 1 Pego (yI00HEE TIOBEPHYTH BCE TMPOU3BEJICHIE EJMKOM, YeM YMHOXKATDH “TIO-
BepHyThie” jmnosn). B To Bpemst kak rereparust Mo, M2 HEBO3MOXKHA TTPOCTO
IIOTOMY, 9TO He yJIOoBJIeTBOpsieT IpaBuiy B, npoussenenue Mo Ha QYHKIUT P00,
Wep2 1 Wego HUKAK HE MOZKET JaTh (DYHKIINIO, KOTOPasi peobpasyercs Kak Yooz (1151

HepBOfI HE CKJIaAbIBalOTCA IIPOCKIMUU 771, HJIAd OCTaBIIMUXCA ABYX — r-IGTHOCTI;).

2.4 IlpaBuja orbopa AJjs YaCTHUIL ITPOU3BOJIbHOI (POPMBI

1o aTOTO MBI paccMaTpUBAIN AHAJUTHIECKN pelracMylo 3a/iady O reHepalinm

BTOPOIl rapMOHUKH B cdepudeckoit HaHodacTuie. OKasblBaeTCsl, 9TO JIJIsI YaCTHI]
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IIPOM3BOJILHOI (DOPMBI ITpaBujia 0TOOpPa MOXKHO BBIBECTH U3 MHTEI'PAJIOB IIEPEKPbI-
THs TAKOTO K& BUJIA, UCMO/IB3Ys MeTo (yHkiun ['puna. Samumiem narerpas (2.10)

HEMHOI'O B JAPYI'OM BH/JE, BBECAA Cpa3dy NMHIACKCbI Y€THOCTU MYHbTHHOHeﬁI

T o <X, / AV [Ny W, i (20)]
14
‘(Ng - W ()] [Ny - W ()] (2.24)

31ecb Ny — 0asucHbIe BEKTOPHI JIEKAPTOBOI CHCTEMbBI KOOPMHAT, C yI€TOM HOBBIX
NMHIEKCOB Nx 0.8 Wf1111<0), Ny X Wf1f111<0), Nz 0.8 Wf1101<0). ,ZLJIH IIpouns3-
BOJILHOI YaCTUIIBI HHTETPAJI y2Ke BeJeTcs He 10 ccpepruiecKoil YacTuIle, a 1mo YacTUIle
OoJ1ee HU3KOI CMMMeTpHUH, YTO 1 OYJIeT BAUATHL Ha ITpaBuia oroopa. [Tommus mpo cBoii-
CTBa OPTOTOHAJIBHOCTU BEKTOPHBIX chepudeckux yukuuii, [N _ g, - Myg,] = 0,
[INp,mn - M_p, mn] = 0, Hepenuiem HHTErpas depe3 CKaJlsipHble QYHKINH, 110JIb3Y-

4Chb YKa3aHHOU BBIIIE MPOIEYPOIi:

v Xy [ AVEY crtbymll 3 bl 3 by

VvV Prym,n p’r,m’m’ p;{7m”7n”
(2.25)

[IpousBesieHnst Tpex CKaJIIpHBIX (DYHKIMI MOYKHO 3aTeM IIOBTOPHO Pa3JIOKUTh B

CyMMY cKasisipHbIX yHKImin [145]:

IW’,W”—>W X X&ng/d‘/[ Z d(r)ll)prmn]- (2.26)
V Pr,m,n

B ciyuae cdhepudeckoit HaHO9acTUIbl, uHTErpasi Iy vy MOXKET ObITbL HEHyJIe-
BBIM TOJIBKO €CJIM B UTOIoBoii cymme kKodddunmenT repen Pigp HeHyseBoii. st
YACTUIl JIPYroil CUMMeTPHUHU IIpaBujia O0TOOpa MeHee CTporue, n HaJu4due chepu-
YecKN CUMMeTpuyHoil pyHKImn Pigg yzKe He saBjsgeTcsd HeoOxoanMmbIM. VHuTerpas
OyZleT HeHYJIEBBIM, €CJIM B CyMMe IIPUCYTCTBYeT Jito0as 13 QyHKIUil Py, 1y, HHBAPH-
aHTHAsI [IPU IIPEoOPA3OBAHNIX CUMMETPUU HAHOYACTHUIBI. TaK, HAIIPIMED, PABUIO
TpeyroibanKa C ucyesaer jijist 9acTIl Becex popM Kpome chepruiecKoi.

B Tabummiie 8 npuBeieHbl yIIPOIIEHHBIE IIpaBiia 0TOOPa, He yINThIBAIOIIIE BO3-
MOXKHYIO OPTOI'OHAJIbHOCTH BEKTOPHBIX (DYHKIINI, a TaKyKe BNsIHIE CYMMUPOBaHMUsI
110 KOMIIOHEHTaM TeH3opa. B JjieBoM cTosiblie npuBe/ieHbl PyHKINN, HHBAPUAHTHBIC
(6o coseprKalie MHBAPHMAHTHYIO YaCTh) IIPU BCEX MPEOOPA30BAHUAX CHMMETPUH
qacTur pa3andabix ¢popM. B cpegrem crosbdre (“mpasmia orbopa’) MOKa3aHo, demy

JIOJIKHBI OBITH PaBHBI IIPOU3BEJCHUST UETHOCTEH p; P, & TaKxKe CyMMa IPOEKITUil
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Tabsuma 8 — Ilpasura orbopa mist Bl B HanouacTumnax pasandubix dhopm  (Jie-
Basl KOJIOHKA), U IPUMEPBI MYJIbTHIIOEH Ha 9acToTe 2 TeHEPUPYEMbIX B apCeHU e

raJuids npu 00JIydeHUN X-1T0JIIPU30BAHHON IIJIOCKOIN BOJIHOI (KOJIOHKa cnpaBa).

CvmmeTpua YacTuubl, +m%mP+mY+m’ %m’’ 4m2® |[I1ockas BoaHa: H Td peweéTKa:
d)VHKU.VIVI, ﬂpaBMna aBy ) p apy=_1
otbopa PR PR r i
coepalume p s B R metmP+mv=0, +2
WHBApPUaHT R B |
z, k - HaTypanbHble 1. 2. 3. m=0, 2, 4
BepTuKasbHbIN E P=
p T '
LUANHAP +
0 1 -1 .
ll')elJO, lIJeO(Zz)
Ky6 (0,) m?2»=0, 2z
4 1 -1 p =-
ljJeoo, lbe(4z)(2k), k22 r
m2¥=0, 2z
Tetpasap (T,) - 1 1

lb e00, l'l'. e(4z)(2k), kZZ

- - e
U 74,1 4z-2 | -1 1 3 :

MoBepHyTbIN LMAUHAP,

- z
NPAMOYronbHas Npusma ) 1 1 * + p=-
ljJeuo, llJe(Zz)(zk) § !

MosepHyTas Nnpusama 4 1 1 m?2»=0, 2z
(Mn unanuap) ) z p =Y
r
00, (4z)(2k)
o 74,422 | 1 | 1 +..
o(42-2)(2k)
S-yronbHas npusma, s=6:
yeTHble s m2®=0, 2z
s 1 -1 -
llJeoo, llJeo(zk) pr__l
ll)e(sz)(lk) S=12:
s-yronbHas m2=0, 12z,
nMpammnaa, YeTHble s s 1 v 122+2,127+4,
llJeOO, ljJel)k, llJe(sz)k pr:-l
S-yroNbHas Npusma, s=3:
HeueTHble s, is, 12 1 -1 mo=Y
CUMMETPUA Y-y -1
ll)eoo, l"’m(zk], LIJe(Zsz)(zk), s, 12 1 1 P=
e(s(2z-1))(2k-1)
S-yronbHas NnMpamunaa, y M—lll?z N—mf z -« N,
HeyeTHble s, 4
CUMMeTpUA y&>-y HES 1 A %Xﬁ i‘ T \‘? x% +...
y
Ll"e[]!), Lpeok, lIJe(sz)k A “
S-yronbHas npusma, s=3
HEYETHbIE S, is, 12 1 -1 y W m2=0, 2z, p=-1
- r
CUMMETPUA XE&>-X i E X - m?®=2z-1, p=1
4 r
dJeOO, qJeO(Zk), lIJe(Zsz)(Zk), s, ] 2 -1 1 i + *

o(s(2z-1))(2k-1)

s-yronbHas nupamuaa, N,., *z Mmf z N, —~»
HeyeTHble s, is, 12 1 Y y A 4
CUMMETPUA XED-X e‘ ‘y X *y +...
X
Ll)eOO, LIJeOk, le(ZSZ]k, . Iy E ¢ 4

o(s(2z-1))k
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m (3HaK® + MOTYT OBITH BHIOPAHBI IPOU3BOJILHO) BCEX TAPMOHUK 110/ MHTEIPAJIOM,
JJI TOTr'0, YTOOBI HOJBIHTEIPAJILHOE BhIParKEHUE MOIJIO COJep:KaTh MHBapuaHT. B
TPeThbeM CTOJIOIE IPUBEIeHBI BOBMOXKHbBIE I'eHepUpyeMble MYJIBTUIIONH JIJIsi 9aCTHO-
ro ciaydasi oOJydeHMs] JacTUIbl U3 apCeHua TajlIns IJIOCKON BOJIHOM. 3aMeTnm,
YTO OHU 3aBUCAT OT OPUEHTAIINHI PEIIEeTKH, II09TOMY OHa, sIBJIsSIeTCsI (PUKCUPOBAHHOI:
[100]||z, [010]||y, [001]||z. U3 Tabmuie! BU/IHO, UTO, UeM HUKE CHMMETDPHUS TaCTHIH,
TeM ciabee npapuiia oroopa i ['BI. OqHaKO MOYKHO 3aMETUTD, UTO JJIsI IIJINHIPA,
nosepHyToro Ha 90° BOKPYT ocu y, IpaBujia BBIISIIAT “ciaabdee’, ueM JJisl HIJINHIPA,
OPUEHTHPOBAHHOI'O BJIOJIb OCH Z. DTO CBA3aHO C TE€M, UTO IIPaBIa 0TOOpa HE JTAl0T
TOYHBIX 3HaYCHUIT KO(DUINEHTOB ITepe/l KazkIbIM MyJabTuioieM. Harpumep, hyHK-
st \Pqo2, MHBAPUAHTHAA JIJI 2-OPHUEHTHPOBAHHOTO IMJIMHIPA, IPEJICTABJISIETCS B
BiJIe cyMMbl QyHKIHi Py, me 1pu nosopore (Puc. 1.2). Ilostomy st mosepryToro
IMJINH/IPa TOJBKO KOHKpeTHas KOMOMHAIUA ), o MHBApUAHTHA, HO U3 IIPABUJI OT-

oopa sroro He BujHO (cM. Puc. 2.6). B cBsasu ¢ snM, 1e/1ecoobpasHo BIOUPATH

rot ~
l'IJ]_OZ d102 102 + dlZZLIJ 122

z
¢ - @»
X
MHBapnaHT B ->

Pucynok 2.6 — IIpeobpazoBanne cdpepudeckoil (pyHKIMHE [IPU [TOBOPOTE

HanboJiee eCTeCTBEHHOE PAaCIOJIOyKEHUEe CUCTEMbl KOOPJUHAT, NPU KOTOPOM Oyjer
HarboJIbIIIee YKC/Io 3ampeToB. Kormga Mbl BbIOMpaeM IIPOU3BOJILHYIO CUCTEMY KOOpP-
JINHAT, B TEHEPUPYEMOM II0JI€ MOSIBJIAIOTCS MYJIBTUIIONN CO BCEMHU BO3MOXKHBIMU M
U P, HO 9TO BCE PABHO MYJBTHUIIONNA C KOHKPETHBIMU 1M U P, HO IIOBEPHYTHIE C
nomoinbio D-marpui; Burnepa. 1o anajorndsoli mpudnHe npaBuia 0TOOpa B HUK-
Heit yactu Tab/uibl 8 BBIIVISIIAST I0-PA3HOMY JIJI PA3HBIX OPUEHTAINI IPU3MbI UJIN
IUpaMUJIbl, HO 9TO OJHU U Te Ke IIpaBuJia B Pa3HbIX CUCTEMaX KOODIUHAT.

XoTsl mpaBuiia, IpuBeJeHHble B TabJMIle, O3BOJISIOT 00HAPYKHUTL OOJIBIIOe
YUCJI0 3alIPETOB MYJIBTHUIIONBHON reHepalny, NHOTIa HEOOXOAMMO PA3JIOAKUTh O bIH-
TerpaJibHOe BhIPayKeHHe 110 CKAJIAPHBIM (DYHKIIUSIM JIJIsT KarKI0H 13 KOMIIOHEHT X,
KaK OIIMCAHO BHIIIe, YTOOBI IOJYyIUTh O0Jiee cTporue mpasuia orbopa. DTO BCe ele
HEe HCKJII0YaeT CYIIeCTBOBAHUSI CIEIU(MUIECKIX 3allpeTOB, HAIIPUMED, U3-3a HHTe-

IPUPOBaHUS 110 PaJIAyCy.
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Kpome Toro, 3jiech Takxke, Kak 1 Jijist cepbl, HEOOXOIUMO YUIUTHIBATH CUM-
MEeTPHIO TeH30pa B IEJIOM, HO U 3/1eCh IIPaBu/ia OyayT MeHee CTPOTMMU B CUJIy DoJiee

HU3KOI CUMMETPUN HaHOYaCTHUILI.

2.5 Bo30yxkjeHne MarHUTHBIM JTATIOJIEM

B sTom pasjesie OyjieT mokazaHo, Kak MpaBujia 0TOopa MO3BOJISIOT ITPEICKa-
3BIBATH CBOMCTBA CHUTHAJA BTOPOI TapMOHWKH, & TaK:Ke IMO3BOJISIOT ONpEICTIATh,
KaKyI0 IMEHHO CHIMMETPUIO HEOOXOINMMO HapYIIUTh, YTOOBI C/IeJIaTh BOZMOYKHOI I'e-
HEPAITUIO OTPeeIeHHbIX MYJILTUIIOEN.

Kak yxke obcyzK1a/10ch BBIIE, B HAHOYACTHUIAX BO3MOYKHO CEJIEKTUBHOE BO3-
Oy»KJIeHIE OT/Ie/IbHBIX MYJIBTHUIIOIEH Ha OCHOBHOI yacToTe. [ToaTomy, /18 TPOCTOTHI,
Mbl paccmarpuBaem ['BIT maraurhbiM jumosieMm M _1g; (mapasiiebHbIM OCH 2) B
MOHOKpuUCTa/mIeckoM Hauonminaape (Puc. 2.7) u3 apcenuga rammns (Tq perrer-
Ka, € = 12.96 u KpucTa/UIM4YeCKUMU OCSIMU, HAIIPABJIEHHBIMU BJIOJIb KOOPJIUHATHbBIX
oceit). [Tomobuast reomerpus Gblia U3ydeHa SKcrepuMeHTaabio B [64]. st usyde-
Hust 3 dekTa HapyIIeHnsl CAMMETPUN ObLI TAKXKE PACCMOTPEH IUJIUH/IP, YCeUeHHbBII
BJIOJIb TIJIOCKOCTH T = Y. /lJTmHa BOJIHBI, COOTBETCTBYIOIIAs OCHOBHO YacToTe W, CO-
crapageT 1480 nm, pajnyc numunapa — 140 nm, a Boicota — 280 nm. Hanmenbimmas
MIIPUHA yCeUeHHOro MIIHIpa cocTaBsgeT 230 uM. Mbl paccunTain guarpaMMbl Ha-
paBJeHHOCTH BTOpoil rapmonuku ¢ noMompbio COMSOL Multiphysics™ pia o6enx
HAHOYACTUIl. PacueTsl MOKA3BIBAIOT, YTO JIIS TEJ0T0 IUJINHIPa OCHOBHAS JIOJIS N3~
JIyIEeHUs TPUXOJUTCST Ha MAPHUTHBIN KBAPYToyib (IM_199), 1 ipeHeOpekuMo Majia
JIJIsT MYJIBTUIIONEH BLICIIEro MOpsijKa, TaK KaK 9acToTa JajieKa OT X PE30HAHCOB.
B ciyudae mapyuienns cuvmMerpun (ycedeHHbIH MUUHID), JOIMYCKAETCsT TeHepaIs]
9JIEKTPUIECKOro Um0t B0k ocu 2 (N1g1), I OCHOBHASI 9aCTh SHEPIUU H3JTy I€HUST
HPUXOJIUTCA HA 9TY MOJLy, KOTOpasi KHTepgepupyeT ¢ MarHuTHBIM KBaIPYIIOJIEM, ITO
OTparkKaeTcsd Ha KapTHHe U3JIydeHUs B ITMPOKOM JIMala30He JaCTOT.

[Ipumenss mpasuia ordbopa K ['BI' or marnuTHOrO numosiss B MUJIKHIPE C
perreTkoit Ty, morydaem, 9To € IMHCTBEHHBIMI HEHYJIEBBIMI MHTET PAJIAMHE 110 TTHTITH-

1py (37€ch HEOOXOAUMO YUIeCTh CBOHCTBA OPTOrOHAJBHOCTH BEKTOPHBIX (DYHKIHIL)
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MarHuTHbIN AMnonb Ovnarpamma Mpasuna otbopa
Ha YacToTe W HanpasaeHHOCTK Bl
xyz [M 101] [M

O For el

-@+. @t -
=+ +... E
LIJIOO WHBAapPMWaHT B (nHBapmaHT Be3ae)

MQ+ED

bt

101] 122]

= +
d’ X
-122 WUHBapMaHT B

Pucynok 2.7 — JlmarpaMMbl HaIPaBJIEeHHOCTU BTOPON TapMOHWKHU, MeHEPUPYEMOil

»

marauTHbIM Jnosiem (MD) Ha dyHIaMeHTanibHOI YacToTe JIijId MUJINHIPpA U3 ap-
ceHmjia Tajuind (BBEpXy CJIeBa), U IUJIUHJIPA, YCeUeHHOro COOKY BJIOJIb ILJIOCKOCTH
r = vy (BHI/IBy C.HeBa). Jlns muiMHpa OCHOBHOM TeHepUupyeMoil MOJIoi sBJIdeT-
csl MarHUTHBIA KBajpynoab (MQ). B ycedeHHOM IuinHpe Tak»Ke MeHEPUPYETCs
ssiekTpudecknit gunob (ED), KoTopeiit co3maer quarpaMMmy HAIPABIEHHOCTH, Ha-
MPABJICHHYIO BJIOJIb OCU & = Y TpU MHTEP@EPEHINN ¢ MATHUTHBIM KBaJIPYIIOJIEM.
[Tokazano ornocurebHoe oJioxKenue oceit T g-pemerku. Pajanyc mumunapa 140 nm,
BbicoTa 280 nm, jiHa BosiHbl 1480 nm (g w) u 740 nm (g 2w), € = 12.96.
[HIupuna yceuernnoro muansapa 230 nm. Crupaa rmoka3zaHa HLIIOCTPAIUs BbIBOJIA
paBuI 0THopa, 3aaBaeMbix HHTErpagoM (2.24). JlekapToBbI IPOEKINI BEKTOPHBIX
cepnaeckux rapmMoHuK [Ny - W/ pomnoprinoHa bHbl CKaJISIPHBIM (DYHKITHSAM € OIIPe-

JIEJICHHOIT cUMMeTpueil, KOTOpble Jal0T MHBAPUAHTHI II0CJIE YMHOXKEHUS JIpYyr Ha

Apyra.
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ABJIAIOTCA

ch)y/dV[W—l—un(?w)]z[M—lm(w)]x[M—lol(w)]y SN
Vv

OCX,(z%c)y/dV[ll)—m(zk)Hll)111][1|)111], (2.27)

v

a JIJIsi OOJIBINKMX JIJIMH BOJIH OCHOBHOM BKJIJ IIPUXOJIUT OT BEKTOPHOI TapMOHUKH
W_1 199 = M_199 ([M_199]. & W_192). DTO HpOMIIOCTPIPOBAHHO HA MPABOii I1a-
Hesin Puc. 2.7. YTo0Obl paspennTh reHepalnio 3JeKTPUIeCKOro U0 BJI0Ib OCH

Z, UHTerpaJl

[ VN )l M (@)L (@)l [ AVl + o120,

\%4 \%
(2.28)

KOTOPBIIT TaKKe MPOUJIJIIOCTPUPOBAH Ha MpaBoil nmanenn Puc. 2.7, momken conep-
»KaTh NHBapHUAHT. J[J1s1 5TOT0 Mbl HapyIIaeM CUMMETPHIO YaCTHIIbI, j1ejiasi HeOoIbIne
cpe3bl BJI0JIb HampapjeHus £ = . [IockoyibKy 3hdeKT 1mosiBIeHUs JeKTPUIECKOI0
JIUTIOJIS TIPOUCXOJIUT U3-3a HAPYIIEHUA CUMMETPUU, U OH He CBA3aH C PE30HAHCOM,
TO OH TPOABJAETCS B OOJIBINOM JTHalia3oHe JIINH BOJIH. boJiee Toro, n3mMenss mupu-
HY yCEYEeHHOI'O NUJIUHJPa, MOXKHO YIPaBJIATH BEJUUYUHON BKJaJa 3JEKTPUIECKOTO
JIUIIOJIS, TOJICTPanBasl, COOTBETCTBEHHO, U3MEHEHUE JNarpaMMbl HAIIPaBJIEHHOCTHU.
Hapymas cumMeTpuio 1o IpyruM HaITpPaB/IeHUSIM, MOXKHO TaK:Ke Pa3pelnTh rere-
paIuio JAPYIUX JUMOJBHBIX (U O0jiee BBICOKNX) MOJ. 3aMETHUM, UTO TaKhe Pa3pesbl
TaKKe BJINAIOT Ha MOJy Ha (yHJIaMeHTaJ bLHOI JacToTe, H00aBjisdd K Hell Jpyrue
MYJIBTUTIONN, HO 3TOT 3PPEKT sABJIAeTCH HE3HAUNTEIBHBIM U He BJIUSET Ha ITPaBU-
Jla 0TOOpa M3-3a TOr'O, UTO MPUCOETUHEHHBIE MYJIBTUIIONN 00J1a/Ial0T OIpE Ie/IEHHO

CUMMeTpUeil.

2.6 T'enepanusa BBICIINX TAPMOHUK M CIIOHTAHHOE IapaMeTpudecKoe
paccesHue

HecmoTps na To, 9T0 B IpeJbIIyIINX pas/ietax paccMaTpuBaIach TOJTHKO TeHe-

paliysi BTOpOil TapMOHUKM, MeHepallis BBICITUX TAPMOHUK MOXKET OBITH pacCMOTPEHa,
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IIOJITHOCTBIO aHAJIOTUYHO, HAIIPUMED, JIJid FeHepalnn TPpeThbell rapMOHUKN MOXKHO 3a-

MUCATH HEJIMHEHHYIO TOJISPU3AINI0 B CIeayiomeM Buje [24]:

P3(x) = eoXipys Ef (1) B2 (1) B (x). (2.29)

[IpaBuia orbopa OY/IyT ONpeIe/siThCsd NHTerpajgaMi CJIeIyIONero Bu/Ia:

Ly sw o Xy / AV [Ny - W n(30)]-
\%4
(NG - W ()] [Ny = W ()] [N = W ()], (2.30)

9TO MOJHOCTBIO aHAJIOIHIHO (2.24).

[Tomumo reHepalmy BBICIINX TapMOHUK, MOXKHO pacCMaTpuBaTh U oOpar-
HbI{i [TPOIIECC — TIPOIECC CIIOHTAHHOTO Mapamerpuyaeckoro paccestus (CITP) [148;
149]. B xose memuneitnoro mporecca CIIP norsomaercs doron ¢ wacroroit wy,
U TeHepUpyloTesa JBa (bOTOHA € YacToTaMu w; (XoJoctoii hoToH) W ws (cur-
HaJIbHBIH (DOTOH) TaKUM 00pPA30M, UTO SHEPTHUS MAJAIOIIEro (hOTOHA COXPAHSIETCs
hw, = hw; + hws. lng Toro, 9ToObl NIPUMEHNTH TEXHHUKY MYJIBTUIOIBHOTO Da3-
JIOZKEHHUSI K 9TOMY IIPOIECCY, MOYKHO IIOJIb30BATHCS JABYX(DOTOHHON AMILIUTYIOI
Tis (i, wy, dj, v, wg, dg) [150], BeIpazKaroieil BeposiTHOCTb 0JJHOBDEMEHHOTO OOHAPY-
JKEHIsT XOJIOCTOIO W CHUI'HAJBHOTO (POTOHOB € YACTOTAMU Wi M Wy B KOOPAMHATAX
i U I's, COOTBETCTBEHHO, C KOHKPETHBIMHU IOJISIPU3AIMSAMI TeHEPUPYEMBIX (DOTOHOB,
OIIpeIeISIeMbIMI JINTIOJBHBIMI MOMEHTaMI OZHO(MOTOHHBIX geTekTopoB d; m dg. B
COOTBETCTBUH C MOAXOJOM, paszpaboTanubiM B pabore [150], aByxdoroHHast aMILm-

TyJla UMeeT CJeJYIONuil BUJI;

Tis (15, wi, di; 1, g, dg) = /dfé (r1,To, w;i) T (r0) G (ro, 15, ;) df drg,  (2.31)
1%
rie G (r,ro, w) anajnas dynkius ['puia nanovacruust, I'yg (o) = xgéyEg (ro) —
(2) .

xpy — TEH30p HeqmHefiHofl BocupunMtnsoctn, Ey (wp,ry) —

I10JI€ HaKa4KH. TOF,H& BEPOATHOCTL OJHOBPEMEHHOI'O 06Hapy>KeH1/151 XOJIOCTOI'O 11 cUr-

TEH30p TeHepaluu, X

HaJIbBHOI'O d)OTOHOB OlIpeaeJIEHHbIX HOHHpHB&HHPL obecIIeYnBACMbIX OpHUEHTalIAMN
BEKTOPOB AUIIOJILHBIX MOMEHTOB JETCKTOPOB di n dS Ja€TCs BbIPpazKEHUEM

27t 9
ﬂaﬂee MBI COCPEAOTOYMMCA B OCHOBHOM Ha HEIIOJIAPU30BaHHOM AETEKTHUPOBaHNU,

KOTJIa aMILIATY/Ia MOZKeT ObITh MOJTy9IeHa MPsMBbIM CyMMUpOBaHUeM ypasHenus (6)

l
HEPOL = Zdi7ds wdivds'

110 BCEM BO3MOZKHDLIM IIOJIAPU3allAM JETCKTOPOB: W
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st cchepuaeckoit dyukimu B pabore [65] Anroit HukosaeBoit 66110 110/1y 9€HO
AHAJTUTHIECKOE BhIPazKeHUe JjIs IBYX(MOTOHHON! aMILIUTY Ibl. Fir0 MOYKHO MOy IUTh,
HIOJICTaBJIsAS PA3JIOYKEHUE I1aJIal0IIero 1oJsl 1 GpyHKIun ['puHa 110 BEKTOPHBIM cde-

PUYECKUM TapMOHUKAM.

Tis (ri, wi, di; Ts, s, ds) = Z Ty,-3,.3.D3,53.3. [dl* W,(Jl) (kil,ri)} :
SEE (2.33)
W G ]

S

3sech mujeKe 1 oTHOCHTCS K 00JIacTH CHApy K 49acTHlbl ki) = ki (wi(s)), a
MHJIEKC 2 — K 00/1aCTH BHYTPU HaHOYACTUIBL Kig(g) = Ko (wi(s)). B ypaBunenuu BbI-
me Ty 3,3, — HaOOP KO3(PMUIMEHTOB, KOTOPBIE B JAHHOM PAaCCMOTPEHHH HAC He
UHTEPECYIOT, OJTHAKO 3aMETHM, 9TO B BbIPAYKEHUH JIJIsSI JIBYX(POTOHHON aMILINTY/IbI

MOABJIIETCS UHTErpasl MePeKPhITUS, aHAJOTMIHbIN 2.24:

D3 3.3, = Z ngy/ Wi,y (k2,10) Wi, « (Ki2, To) Wi_p (s, To) A, (2.34)
o, By v

e J — nabop K03pUINEHTOB BEKTOPHBIX cheprUIecKnX TapMOHUK. Braromaps
TOMY, YTO TIpaBuia 0TOOPA JIJIsi MYJILTUIIOIBHON TeHEPAIUH JIJId IPSIMOTO U 00paT-
HOT'O TIPOIECCa COBIA/IAIOT, COBMECTHO C COABTOPAMU OBLIN MOJIyYeHbl YCJIOBUS JIJIst
HAIIPaBJIEHHOTO CIIOHTAHHOT'O IAapaMEeTPUUIECKOro paccesHusd. Tak, HaIpuMmep, s
HAIIPABJICHHOTO U3JIyUEHUs BJIOJIb OCH Z HEOOXOJMMO, ITOOBI IPOU3OIILIO OJIHOBPE-
MEHHO JIBa THUIIA Pacliaja: IMepBblii COOTBETCTBYET 000UM (POTOHAM, MCIYCKAEMBIM
JIBYMsI CKPEIIEHHBIMI JTUTOJISME (BIIOJIb OCeli T U y), & BTOPOi COOTBETCTBYET JBYM
COHAIIPABJIEHHBIM JIUIOJIsIM (0Da HampaBjieHbl BJ0Jb oceit x u y). Kpome rtoro,
JIOJIZKHO CYIIECTBOBATH HEUETHOE YHCJIO JIEKTPUUECKUX JiuTojieit: jnbo 1, jamnbo 3.
Burarogapst aTuM npaBujiaMm u mnpaBujiaM oTbopa, MOXKHO JIETKO IMOJIYYHUTb, KaKKe
KOMIIOHEHTBI TEH30Pa HeJIMHEHHON BOCIPUUMUYUBOCTH JIOJIZKHBI ObITH HEHYJIEBBIMI

qutst HanpasyenHoro CITP B KaxkoM 13 BO3MOXKHBIX HaIlPaBJICHHUI.
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I'maBa 3. HesqmuHelinbIit MUPKYJISPHBIA AUXPOU3M B AUMepPaX HAHOYACTHUI]L

OOBbeKT HazbIBAETCs XUPAJbHBIM, €CJIH €ro 3epKaJibHOe N300parkKeHne He MO-
JKeT OBITh HAJIO?KEHO Ha UCXOJHBII 00BEKT, 1 MHOIHE TTPUMEPHI XUPAJTbHOCTH MOZKHO
HalTH Ha BCEX YPOBHAX B MPUPOJE, OT OPraHU3MOB JI0 OMOMOJIEKYJT U aMUHOKHUC-
JIOT, KOTOPbIE YaCTO BCTPEUAIOTCS TOJBKO B OjiHOCTOpOHHEM Bujie [151—154]. Ouoit
13 OCHOBHBIX TEXHUK JIJISI U3YUYEHUs] XUPAJTbHBIX MATEPUAJIOB U MOJIEKYJI SABJISAETCS
CIIEKTPOCKOINs KPYroBoro jguxponsma. OHa ocHOBaHA Ha Pa3/IMIHOM ITOTJIOMIEHIN
IPABOTO U JIEBOTO MUPKYJ/IAPHO-TIONAPH30BAHHOTO cBeta [155—158].

B ecrecTBeHHBIX cpejlax XupasbHble 3MdEKTH 0OBIYHO CIadbl, W XHPaJIb-
Hble ILJIa3MOHHBIE CTPYKTYPbI [159—162] n xupaibabie Metamarepualibl [163—165]
OBLIN TIPEJIIOYKEHBI B KadeCcTBE HOBOI'O MHCTPYMEHTa JIJI JOCTUKEHUS CHIbHBIX
XUPONTUYECKNX OTKJ/JIMKOB. XHUPONTHYECKass aKTUBHOCTH OOBIYHO paccMaTpUBaeT-
cd Kak JIMHEHbIH 3(deKT, XxapaKTepusyeMblil B TepMUHAX KPYTOBOIO JTUXPOU3Ma
(KM). Boasmmaerso ucenenosanuit KJI B mMetamarepuanax 6bLI0 COCPEIOTOYEHO
Ha CBOMCTBaX paccesHus, BKJIIOUYas OTpayKeHue W MPOIycKaHue, u Takue 3P@PeKTh
MPUBJIEKIN 3HAYUTE/ILHOE BHUMAHWE N3-3a WX MOTEHIUAJIHLHOIO MPUMEHEHUS JIJIsi
OroJIOrnIecKoro jerekTupoBanust [166—168|, cnuH-4yBCTBUTEIBHON PE30HAHCHOI
nepegaan |169]|, u xupanbubix Merta-rojorpamm |[170]. Xuponrudeckue 3¢hderTol
AKTUBHO WMCCJIEOBAIUCH B HAHOCTPYKTYPAX, COCTOAIINX U3 MeTaJUIecKNX W JI-
9JEKTPUUeCKNX Haxodactur [171—173],

HupKyagapHO MOJSIPU30BAHHBIN CBET, B3aUMOJEHCTBYIONUI € pe3oHaHCcaMI
HAHOCTPYKTYP B HEJUHEHHOM peKUMe U HeJTUHEHHBIMI XUPAJTbHBIMU METAIIOBEPX-
HOCTSIMU, MOYKET CTaTh UPE3BBIYAIHO YYBCTBUTE/LHBIM K HEOOJIBINON acuMMeTpun
1, TAKIM 00pa30M, MOPOIUTDH IUPKYIIPHBII TUXPON3M, KOTOPBIN Ha MOPsI0K BLIIITE
0 OTHOIIEHHIO K TaKOMY K€ CHTHAJIy, [OJy9eHHOMY Ha OCHOBHOI 1actore [70; 71;

174—177|. HenuueitHblii UPKYJISIPHBIN JIUXPOU3M OIPEIETSIETC KaK

(Urce — I2ép)
SH-CD = 2 (3.1)
2 2
(Igep + 1icp)
OJiHO U3 TEPBBIX UCCIEI0OBAHII HEJTMHEHOTO MHPKY/IApHOTO Juxpousma (s ['BI)
OBLIIO IIPOBEJICHO JIJIsSI XUPAJbHBIX HAHOCTPYKTYP, COCTOSINX n3 (G-00pas3HbIX 3Jie-
MEHTOB 13 30J10Ta [178; 179], a coBceM HeJaBHO JIJIs TeHEpAIN TPeTheil TapMOHUKI

B TIA3MOHHOI MeTarnoBepxHocTh [180]. XoTs MeTaindeckine HaHOCTPYKTY Dbl ObLIH



115

IIEPBBIMU UCCJIE0BAHbI JIJIsl HEJIMHEHHON XIpaJibHO HAHO(OTOHNUKHU, BBICOKOMH IEKC-
Hble JINJIEKTPUYECKue HAHOYACTUIBI MOI'YT 3HAYUTE/JIbHO YCUJIUBATH HeJUHENHBI

curnaJi, Ha KOTOprﬁ TaK>Ke BJINACT CUMMETpPpHA PEIICTKU, YTO JeJlacT UX IIEPCIICK-

TUBHBIM O0OBEKTOM Jist usydenus [27; 53; 68; 69; 181; 182].

w
LCP g %ﬁ RCP
2w 2W

(a)

B=0°,45°,... 2 B#0°, 45°
1 1
0 0
-1 -1
A A
Aunxpounsm oTtcytcTeyeT Aunxpousm B Bl

Pucynok 3.1 — (a) Kosnrerust HeJTMHEHONO KPYTOBOIO JINXPOU3MA B JINIMEPAX Ha-
Houactut; ¢ Mu-pezonancom. Ochb juMepa napaJuie/ibHa OCU X, 3 — Yo MexKIy
kpucrasuimaeckoit ocbio AlGaAs [100] u oceio z. (b) Acummerpuunas I'BI' mop
JIefiCTBUEM IUPKYIAPHO HMOJISIPU30BAHHOI0O CBeTa MeHepupyeTcsd U3 auMepa ¢ IIpon3-
BOJIbHO OPUEHTUPOBAHHON KPUCTAJINYIECKON perteTkoit. /[ apyrux opueHTaImii,

takux Kak [100]||z u [110]||x, He/muHelHbIT KPYTOBOi JIUXPOU3M UCUE3AET.

OCHOBHOII 11€JIbIO 9TOIl TJIaBbl SIBJIFETCA pa3paboTKa oOIIeil Teopuu HeJIu-
HEIHOTO IUPKYJISPHOIO JUXPOM3Ma B Pas3UYHbIX HAHOCTPYKTYpax Ha OCHOBE
CUMMETPUITHOTO aHajm3a. Byjer nosydena obias (opmysia, MpeicKa3bIBAIomast
HAJIMYNe WIH OTCYTCTBUE AUXPOU3MA B IPOU3BOJIbHBIX HEXHPAJILHBIX CTPYKTYpPax
U Ul Pa3/JINIHBIX He XUPaJbHBIX KPUCTAJINYECKUX PEIIeTOK, He 00J1aIalolmux
neHTpoM uHBepcuu. Cirydail IUMepHBIX CTPYKTYP M3 apCeHujia raJuiis OyJaeT pac-

CMOTpeH HamboJiee MOJPOOHO, B YACTHOCTH, OyJIeT IOKa3aHO, YTO 3HAYUTEJIbHBII
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prFOBOﬁ ANXPOU3M MOZKET BO3HUKATH IIPpU YyCJIOBUM, 9TO OCHU AHMMEPa OPUEHTUPO-

BAHBI 0] YIJIOM K KPUCTAJUIMIECKON pereTke qmvsieKkrpuka (cm. Puc. 3.1(b)).

3.1 Teopus HeJMHEHOTO IUPKYJISIPHOTO JINXPOU3MA

Mpr paccMaTpuBaeM JIMMEPHYIO CTPYKTYPY, COCTOSIIYIO U3 JIBYX IHJIMH/IPOB
AlGaAs Boicoroit h = 635 M u pajuycom r = 475 HM, PACIOJOKEHHBIX Ha TPEX-
coitnoit nopjoxkke moioxkke, ¢ 300-um cinoem ITO Ha cTekiie ¢ JOIOJTHUTEIbHOMN
npocsioiikoit u3 SiOg TosmuHoi 350 HM, MMOJO00HO CTPYKTypaM, M3YyUYEeHHBIM DaHee
JUUIsT HAOJIIOJIeHUST KBA3UCBSI3aHHBIX COCTOAHUII B KOHTUHYYME JIJIs M30JIMPOBAHHbBIX
wanoantent [105]. Takue mapamerpsl BbIOpAHBI B CBSI3U C HAJTMIHEM SKCIEDHMEH-
TaJIbHBIX 00Pa3IOB, OJHAKO MX KOHKPETHBIN BBIOOD HE HMrpaeT OOJIbIION pPoJin, 1
BJINsIET TOJILKO Ha 3HadYeHus narencupHoctu BI'. Paccrosinne MexKay JByMsl ITHITH-
Jnpamu npuHuMaeTcs paBHbIM d = 30 uM. [lajaromas nockast BoJHA ITUPKYJIAPHO
MOJISIPU30BAHA, U PACIPOCTPAHSIETCST B OTPUIATETHHOM HAIPABICHUN OCH Z (CM.
puc. 3.2 (b)), a curnan Bropoif rapMOHUKE cOOUPAETCst B BEpXHE(l MOJTyILIOCKOCTH,
MpI moka3bIBaeM, UTO pasHUIla MEXKJTy JIEBOI U MpaBoil MUPKYISPHO MOJIAPU30BAH-
ubimi tagaomnmu BotaamMu (LCP 1 RCP, coorBercTBeHHO) MPOSIBIISIETCST B KADTHHE
n3nydenust BI', renepupyemoii ool gacTuieil, B To BpeMsi Kak 00Iasg MHTEHCHB-
nocth ['BI' ocraercs nemsmennoii. B To ke BpeMs /1 IMMEPHOIT CTPYKTYPBI MOXKHO
JI0OUTBHCSI Pa3/IndKs U B MHTerpabHoil mHTeHcuBHOCTU ['BI', HO TOJIBKO IIpH yCJI0BUN
IPaBUJILHOI OpUEHTAIUN KPUCTAJINIECKON PEIIeTKH JUAJIeKTPUKA 1 OCH JTIMEPA.

B sTom pazjiesie Mbl OyieM TakKe 1M0JIb30BaThcA (hopMaim3MoM pyHkinn [ pu-

Ha 1 3aIMIIeM HeJIHHEHHYIO HOJISPH3AIIIO CJIe Iy oM obpasomM [24]:
P*(r) = egX VE"(r) E™(r), (3:2)

rie EM(r) — nose Ha dyHIaMEHTATBHON YacTOTe BHYTPH HAHOYACTHUIIHI, x? —

TEH30p HeJnHelHnoit BocmpuuManBocTU. [l morydenns mojs BTOPOil TapMOHUKN
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MOYKHO BOCIOJIb30BaThes byukiumeit ['puna[b3; 109]

EX(r) = (2w)21p / AV'G(r,r k)PX () = (3.3)
1%
_ (2(1))2}10/(21‘// Z E;(;)(];@_E;V()r )1:)2w(r/)7
v v

e MBI UCIIOJIB3YeM Da3JIOXKeHHe 110 Pe30HAHCHBIM cocTostHusM [90] u cumraeM WH-
TerpaJi 1o obbemy Hanodacturpl, Ey (r) — cobcTBeHHAsT MOJIA YACTUIIBI C IACTOTOI
wy = cky, pyHgamerTaIbHas 9acToTa W = ck. 3aMeTuM, ITO 3/IeCh He UI'PaeT POJib
MHOKECTBO HIOAHCOB, BO3HUKAIONIUX IIPU PA3JIOKEHUU 110 PE30HAHCHBIM COCTOSTHI-
sIM, KaK 1 To, 94T0 (pyHKIUs ['puHa ornpejiesieHa Jiniib B orpaHudenHoi odactu. s
00bsICHEHUS HAJINYIUS WU OTCYTCTBUS IUPKYISPHOTO JUXPOU3Ma, JJOCTATOUHO 3HATD
TOJIbKO CUMMETPHITHOE TIOBejieHne Beex 1oJieil. BayKHyIo poJib urpaer mHTErpaJl me-

pekpbiTust [89] 110 00beMy HAHOYACTHUIIBI, KOTOPBIil BO3HUKAaeT B ypaBHeHun (3.1):

D, = [ dV'E, (r') P?*(¢), (3.4)
/

KOTOPBIII OTBeYaeT 3a BKJIAJ OTAEIBbHON MOJBI B II0JIe BTOPOil rapmoHuku. Jlasee
MbI OTJICJIBHO PACCMOTPHUM CJayYail OAMHOYHON YacTHUIbl U AUMEPHON HAHOCTPYK-

TYPbl U CPaBHUM WUX.

3.2 Teopus BO3HUKHOBEHUS HEJUHEIHOTO IMUPKYJIAPHOTO AUXPOU3MA

Bynem uncrnonb3oBaTh IMUINHJAPHYCCKYIO CUCTEMY KOOPJMHAT, M OOCYXKJaTh
CUMMEeTPUITHOE MoBeJIeHne BceX (DYHKINI ITPHU TTOBOPOTaX BOKPYT OCH 2 U OTPayKeHU-
sIX B BEPTUKAJILHBIX IJIOCKOCTSIX. 3aMETUM, 9TO KOIJ[a Mbl TOBOPUM O CUMMETPUITHOM
IIOBE/ICHIN BEKTOPHBIX (PYHKIINI 1 TEH30POB, MbI JIOJIZKHBI TaK2KE YUUTHIBATH ITOBE-

JeHne 0a3sUCHBIX BEKTOPOB €, €., €.



118

(a) [OnvHa BONHbI Ha YacToTe 2w, HM (b) MNotok aHepruu B BEpPXHIOIO
700 720 740 760 780 800 © Noyna0CKOCTb 20
1 -1
5
. 0.8+ 408 @
o S
. - - >
~ 06 406 §
o (]
2| 1 &
g | 5
041, 4104 §
= “ I
(8] ~ [
I - So - o
2 s
< 02f H0.2
L Il Il Il L L™~ O
1400 1440 1480 1520 1560 1600

LJNnHa BONIHbI HA YacToTe W, HM

Pucynok 3.2 — I'BI' or u3o/mmpoBanHoro jnmsjieKTpudeckoro mumnaapa. (a) Ihior-
HOCTb 9Heprun (KpacHas IMYHKTHpHAs KpuBas) U HHTeHCHBHOCTH BI' B BepxHeMm
[OJTyIPOCTPAHCTBE (CHHSIST CILIONTHAS KpUBasi). AMILIATY/Ia TOJsT Ha TOBEPXHOCTH
UJINHJIpa ITI0Ka3aHa B pPe30HaHCE. (b) JImneitHbIil paccessHHBIN 1 HEJIMHEIHBIN TTOTO-
KII SHEPI'UU B BepxHee IMOJIYIPOCTPAHCTBO MOKa3aHbl A1 A = 1460 uMm. JInneiinbrii
IIOTOK MOIIHOCTU MUMEET IOJIHYIO BpallaTe/lbHyI0 CUMMETPHIO, a HenHelHbin — Cy

cumMeTpuio. [IBeToBas 1oJioca IpejicTaBieHa B JIMHEWHON 1[BETOBOI ITKAJIE.

3.3 OamHOYHBIA MUJIMHAPUYECKUNA AN3JIEKTPUIECKNIT Pe30HATOP

HecMmorpst Ha TO, 4TO OTCYTCTBUE HUPKYIAPHOIO JUXPOM3MA B AKCUAJILHO-
CUMMETPHUYHOI cHcTeMe OYEBUHO, MBI IIPOBEJEM YHUCICHHOE MOJICIUPOBAHUE C
nomorpio COMSOL Multiphysics™ u cuMmMerpuiinblii anaimns ¢ 1eIbio HOCIeILy-
IOIEr0 CpaBHEHUsI ¢ JAUMepHOil cTpykTypoil. CuekrpasbHas 3aBUCUMOCTL OTOKA
sueprun BI', nsayuaemMoil OMHOYHBIM JU3JIEKTPUICCKIM PE30HATOPOM, HHTEIPUPO-
BaHHAsI 10 BEPXHEMY IOJIyTIPOCTPAHCTBY MoKa3aHa Ha Puc. 3.2(a) cuneii cruromHoit
KkpuBoii. CIEKTp 3JIEKTPOMAIHUTHON sHEprun (GyHIAMEHTAJBLHOIO I0JIsI BHYTPU
HAHOYACTUILI [OKA3aH KPACHOH IyHKTHpHOI Kpusoil. Mnrencusnocrs BI' makcn-
MaJIbHa, KOTJAa y YaCTHUIIbl €CTh PE30HAHC KAK HA OCHOBHOM, TaK M HA YJIBOCHHOI
nnnaax BotH. Ha BeraBke Puc. 3.2(a) mokasano pacrpemesenne mois Bl Ha
HOBEPXHOCTU HAHOYACTHUILI Ha PE30HAHCHON JIMHE BOJIHDBI, COOTBETCTBYIONICH BO3-

Oy2KJIEHUIO PE30HAHCHOIH MOJibl. [IOTOK 9SHeprum JMHEHOro paccesstHHOrO IOJs B
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BepXHee MOJIyIIPOCTPAHCTBO m300pazkeH Ha Puc. 3.2(b) BMecTe ¢ MOTOKOM 3Hepruu
BI'. MoxHo 3aMeTuTh, 4TO JUHEiTHAs KapTUHa paccessnns UMeeT IUJINHIPUIECKYTO
CUMMETPHIO, B TO BpeMs Kak KapTuHa uzjyuenus Bl umeer cummerputo Cy, XapaxTe-
PUBYIONLYIOCS YeThIPbMS JIETECTKAME. YTOJI MOBOPOTa U POpPMa JIEIECTKOB 3aBUCAT
OT JUIMHBI BOJHBI. Ecam m3MennTsb nosigpusanuio majaorniero n3aydenns ¢ LCP na
RCP, To 3Ta 4eTbipexjenecTkoBasg KapTUHA W3JIydeHUs IepeiieT B 3epKaJbHYIO,
MOJIYUYEHHYIO OTpazKeHneM B IIJIOCKOCTH, COBIJIAIONIEN ¢ KPUCTAINIECKO TLII0CKO-
crbio (100), mpoxojsiineil Yepes HeHTp HAHOYACTHUIIDL.

s Toro, 9ToObl OOBSCHUTHL MOJOOHYIO KApTUHY PACCEsIHUs, PacCMOTPUM
MOJIPOOHO TIPOIECC TeHepalui BTOpPOil rapMOHUKH. [IpenrmonoknM, 9To BCe MOJIA

PA3JIOXKEHBI IO TMJINHPUIeCKnM BosHaM [183]:
m=oQ
E(r,@,z2) = Z E,.(r,z)e™®. (3.5)
m=—00

Hopwmasbiio majiatonias miocKas IUPKYJISPHO-TIONIAPU30BAHHAS BOJHA, Pa3JI0ZKeH-

Hasi [0 IIJIMHIPUIECKIM BOJIHAM, COJEPYKUT TOJbKO ciaraembie ¢ m = 1 (LCP)

wim m = —1 (RCP):
E" = F,(e, tie,) = E.(e, +iey)e™®. (3.6)

[TosToMy TOJIBKO MOJIBI ¢ M = 1 BO30YKIAI0TCS B OAUHOYHOM IUJIUHJIPE, U I10JIe

BHYTPU MOXKET OBITh 3allliCaHO KaK:
inc +
EY =E(r, z)e™'?, (3.7)

rJie 1oJie sIBJISIeTCsT KOMILIEKCHOM (yHKImeit. 3amernm, aro BayTpu E(r, z) mepes
KOMITOHEHTOIT €, TaKrKe CTOUT 3HaK, 3aBUCAIINN OT IOJIIPU3AINI, HO OH He BJIMAET
Ha JlaJbHEIe pacCMOTPEHUA, MOITOMY HE MOKa3aH B JAJbHEHIINX BBIKJIAJIKAX.

[Tongpusanns BTOPOil TApMOHUKN MOXKET OBITh 3allicaHa CJICLYIONNM 0OPa30M:
PQw(r, ©,2) = 80)2(2)Einc(7“, @, z)EmC(r, @, 2). (3.8)

Pacemorpum tensop nosspusyemoctu. s AlGaAs ([100]]|z, [101]]|y, [001]]|2), ¥
TeH30pa HeJTMHEITHOI OJISIPU3YEMOCTH eCTh TOJIBKO OJIHA HE3aBUCHMAsi KOMIIOHEHTa,

Xijk = Xijk€i€jek (3.9)
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rJe HCIIOJIbL3YETCA CyMMHPOBaHHE 110 IIOBTOPAIOIINMCA 3HaYKaM. ﬂaﬂee, HCIIOJIb3Yd

COOTHOIIIECHUA JJIA LLI/IJII/IHILpI/IquKOﬁ CUCTEMDBI KOOpANHAT

€, = COS pe, — sin Qe ,

{ €, = sin @e, + cos Qe,, (3.10)

€, = ¢€;,

sarmmeM Tersop X2 B MIIHHIPIYecKIK KOOPIMHATAX, HAIIPIMED, CYMMa JABYX KOM-

IIOHEHT:

— eQi(p leze’rer _ i_eze(pe(p + leze(per + _ezere(p +
- 3 > 5 (3.11)
+6_2i(p ——e.e, e, + leze(pe(p + 1eze(per + _ezere(p 9
2 2i 2 2

Tenzop AlGaAs 1esmkom obs1a/1aeT elle YeTbIpbMs KOMIIOHEHTaMH, €,€,€,+-€e e e, +
e e.e; + e,e.e, KOTopble MOI'YT ObITh 3alllICaHbl aHAJOIMYHBIM 00PA30M. 3aMETUM,
YTO TEH30p HEJIUHEHHONW BOCHPUUMUYMBOCTHA 3aBUCHT OT (P, HO UMeeT TOJHKO JIBa
craraeMbpix: ¢ m = 2 um = —2. Mbl 3anATEepecoBaHbl TOJHKO B CHMMETPHITHOM I10-
BeJIEHUU TE€H30pa, 1 C yIETOM TOBe/IeHNsI 6a3MCHBIX BEKTOPOB, MOYKHO MT0Ka3aTh, 9TO
OH TIpeobpasyeTcst Kak CUHYC JiBoitHoro yria[b3; 82; 83| npu moBoporax BOKpYT OCH
Z W OTPayKEHUSAX B BEPTHKAJbHBIX IJIOCKOCTAX. TaknuM »Ke 0Opa3oM B IUJIMHPU-
YecKoll crucTeMe KOOPJIMHAT MOYKHO 3allicaTh JiIoOOo#l JIpyroil TeH30p HEeJMHEHHOI
nossipusyeMocTh. llokazarean SKCIOHEHT MOTYT JeXKaTb ITPU 3TOM TOJIBLKO B JUa-
nazoHe or —31@ 0 31Q.

Pacemorpum cuavasia opuentario perierku [100]||z (B = 0). Ilocse mojcra-
HOBKH IAJIAIOIIEro 1mojisd ¢ m = +1 u TeH3opa nojisipusyeMoctu B ypasaerue (3.8),

Ho,quaeM Bpra)KeHI/Ie JLJIS HOﬂHpI/I3aLLI/II/I
P2w (7“, P, Z) = EO)A(@)]Eilnclailnc X P%w(r7 Z) + P?lw (Ta 2)614“97 (312>

IJle OT TeH30pa MPUXOJAT BKIAJLI ¢ M = 2 U m = —2, KOTOPbIE CKJIabIBAIOTCS
¢ +2 or majgalomero nouss, a 3uak £ B e4® ommcnBaer nBe nonapusanun. Jls
MOBEPHYTON pEIIEeTKN BOKPYT OCH Z Ha YToJ [3, MOJSIPU3AINI0 MOXKHO 3aINCATh,

3aMEHUB (@ — @ — [3 B TeH30pe HeJMHEHOI BOCIPUUMIUBOCTH:
2 2 +2i 2 +4i pF2i
P?°(r, @, 2) oc P2¥(r, 2)e*?P 4 P29 (r, 2)etti0F2P, (3.13)

JL1st oty deHnst BceX BayKHBIX CBOMICTB, He HYKHO 3HATh TOUYHBIN BUJI PYHKITUI, HO

TOJIbKO HUX 3aBUCHUMOCTL OT YyIVla (.
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Moast munuaapa. Kaxgas moma objiajiaer KOHKpPeTHbIM ducyioM |m|. Mot ¢
pasHbIMU |m| 00J1a1a10T pasHbIMU COOCTBEHHBIMU YaCTOTAMU, & MOJbI ¢ M sABJIs-
I0TCSI BBIPOXKAeHHbIMU. Paszioxkenne dpyukiun ['puHa 110 pe3oHAHCHBIM COCTOSTHUSIM

oymer umMeThb caemytormuit B [90]:

~ E v Eemv ! Eomv Eomv !
G(r, I",/{) _ Z emv(T) ® (r') + (r) ® (r')

2k — o) : (3.14)

m,Vv
rjie Vv — HOMep MOJibl, 8 OYKBBI € 1 0 TaK »Ke, KaK U paHee OTBEYAIOT 38 YeTHOCTh
110 OTHOIIEHUIO K Ipeodpa3oBaHuio @ — —@. [[oCKOIbKY OHU SIBJISIOTCS BBIPOXK-
JIEHHBIMU, JIOITYCTUMO BBIOMpAThH U Jpyrue JinHeiinble KomOuHaiun. CobcTBeHHbIE
BOJIHOBBIE BEKTOPBI K,y KOMILIEKCHBIE. [Ipn obsryuennn mupKyJ/isipHO-TIOJIIpI30BaH-
HOI1 TIJTIOCKO#T BOJTHO# BO BTOPOIl rapMOHUKE BO30YKIAI0TCA TOJIBKO MOJIbI ¢ YNCIAMU
m = 0 m m = 4, TOCKOJIbKY BCE OCTAJbHBLIE MHTErpasibl MEPEKPHITHA € TOJIIPU3a-
mueit paBabl HYI0. Monbl ¢ m = 0 u m = 4 OyayT Bo30YyXKJIaThCs ¢ Pa3HBIMU
dazamu, 1 TOIBLKO 3TU ha3bl HAC U Oy/IyT UHTEPECOBATh B JaJibHelieM. B nrore

nocste mojictanoBku B (3.1) mosie BI' 3anmceiBaerest Kak:

E(r) = 3 (0u(@)ERe™® + gy ()R 0c™P)  (3.15)
w,v

rje WL 1 V HOMepa MO/, Egﬁ) n E3® — gacrtb nosst Mo, 3aBucsimag or r u 0 (3asucu-
MOCTB OT (9 BbIHECEHa OTJIeJIbHBIM MHOKUTEIEM) & ¢y, (W) 1 gy (W) — KOMILIEKCHbIE
koadburmentsl. Buy dynxuunit E3Y taxzke HeCKOIBKO OTIMYACTCs I JBYX T10JIs-
pusaluii, oJHaKO B HaIlleM PACCMOTPEHUH 9TO He UI'paeT OOJIbIION POJIN, ITOCKOJIbKY
OTJINYAETCs TOJILKO HallpaB/eHne BekTopa. [Ipu Bo3BeieHn 11011 B KBaIpaT 1 MHTe-
I'PUPOBAHUU II0 YIJIAM JIJIsI IIOJIYYeHHUsI CYMMAapPHO MTHTeHCUBHOCTH, IIEPBOE U BTOPOE
caaraemMoe OyIyT IOJIHOCTHIO OPTONOHAJILHBI M3-38 3aBUCUMOCTH OT (9 U IIAJIMHIPUIe-
CKoOil cuMmmeTpun 3aa49n. VIMEHHO 1T09TOMY HUPKYJIAPHOIO JUXPON3Ma HAOIIOAATHCS
He OyJIeT, OJIHAKO caMO paclpejiesieHie NHTeHCUBHOCTH OyeT 00J1aJaTh 4eThIpbMsi
JIelleCTKaMi, TOCKOJIbKY KBaJpaT MOJLYJIs I0JId 3aBUCUT OT yrija. /leiicTBUTEIBHO,
HaiiJeM 3aBUCUMOCTD KBaJIpaTa MOIYJ/ISI 9JIEKTPUIECKOIrO II0JI OT () B KAKOU-TO CJIy-

yaitHoit Touke 1y, 0:

B2 (19, 80)]? o |ae™¥P + be*et119eT2P |12 = 42 4 b2 + 2abcos[+4(p — B) + a)],
(3.16)
9TO U TPUBOAUT K 00pasoBanuio 4x JiernectkoB, Kak Ha Puc. 3.2(b). Samerum, aT0

obe Mostel, m = 0 u m = 4 urparor poJib B 00pa30BaHUN THUX JernecTKoB. MeHsist
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nosisipusaiio or RCP k LCP (coorBercTByeT cMeHe 3HaKa OT + K —) yIVIOBOE IO~
BeJICHNE WHTEHCHBHOCTH MeHsiercsd. OJIHAKO MOJIHAs WHTEHCUBHOCTH (MHTErPAJI 110
BCEMY IPOCTPAHCTBY) OJIMHAKOBA JJIs1 OOEMX TOJSIpU3anuil. DTO MPOUCXOIUT, T10-
CKOJIBKY JIBE€ MOJIbI OPTOTOHAJbHBI U BHOCAT BKJaJI B MHTEHCUBHOCTb HE3aBUCUMO:
[Pototal — 1o T 470 4ACTHYHO HAIOMHIHAET MEXAHI3M CKPBITOH XHPAILHOCTIL,

obcyzknasimiicss parmee [184; 183].

Moab! CTPYKTYpbI C cummeTpuelt Coov Mogapl CTPYKTYypbI ¢ cummeTpuein Cav
(a) z (b) z
Moga MynbTnnonm I y l o MynbTunonu I y %
X B AaNbHem nosne X

B Aa/ibHEM Nosie
; Y

° At W on \/ A1 + ‘{‘v +Ct'+Lz~++“&‘\‘+w1$
= ' n

I A2 S " . . .

o E1 . \/ W-102k)n
= W:iin € . e ms

o B1 \::.;,4.&,‘1_: + t(ﬂ*’%‘ +W

v ) ] 4 1(2k-1)n

o) P NN T Ty s

= Ea |GG G( B+ CLe +- W \/ 5 & . o \/

z Em W 1mn “ g W-1(2k-1)n
o

g

Pucynok 3.3 — CpaBHenne MoJ{ OAUHOYHON YaCTUIBI U JuMepa (UTu 000l Apyroit
CTPYKTYPBI C TaKOil 2Ke CI/IMMeTpI/IeI‘/’I). 2ZKenTeiil miBeT 0003HAYAECT SJIEKTPUIECKUE
MYJIBTUIIONN, CHHHUIT — MarHuTHble MyJbTUIONN. W, 0003Ha4aeT BEKTOPHBIC
TapMOHUKN KaK 3JEeKTPUYECKOro, TaK W MarHUTHOro Tuna. Hampapienme sjek-
TPUYECKOTrO TIOJIsd JIJIsi 00OMX THIIOB MOJI MTOKAa3aHO TOHKMUMHU CHHUMHI CTPEJIKAMHE.
(a) MyJsIbTHIIOIBHBINH cOCTAB MO/ OAMHOYHON HaHowacTuibl ¢ cummMerpuein Cyoy.

(b) MyJsIbTHITO/IBHBII COCTAB JAJIBHETO TI0JIst MO/l HAHOCTPYKTYPBI ¢ cummerpueii Coy .

3.4 lumep

PacemorpuM, Kak rnepexojl K JIUMepy BJIHsieT Ha 110Jis 1 MHTEeHCUBHOCTD. [Ipu
nepexoje K JUMepy, IJI0CKOi BOJIHOM OYyIyT BO30OYKIAThCA yKe MOJIbI JuMepa, By
u By (ormeuensr kpachoit ranmoukoit #Ha Puc. 3.3(b). [lockobKy caMu dacTuipl He
SIBJISTIOTCST XUPAJIbHBIMI, Ha QYHIAMEHTATBHON JacToTe OyryT BO30Y K IATHCS O/TIMHA~
KOBBIE 110 9HEPIUU MO/IbI JIJIsT JIBYX MOJISIPU3AIII ¢ OJUHAKOBBIME KOI(DMDUIIEHTAMI
nepe/i HuMu. B obriem cirydae, MOKHO TOBOPUTEH O TOM, UTO BBIIOJIHIETCS 3aKOH CO-

XpaHEHMs IIPOECKINN MOMEHTa C YIETOM CUMMETPUN YaCTUIIBLI. T‘aK7 HallpuMep, €CJin
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eCJI IPyIIa CUMMETPUn HaHOCTPYKTYPhI Cpy, 1100 Dy TO OT Hee mpuxojIsT J0I0JI-
HUTEJIbHbIE MOMEHTBI, KpaTHBIE N. Tak, g JuMepa, IOMUMO BCEX MYJIBTHUIIOJEH ¢
m = =1, Bo30yKpaloTcd MyJbTunogn m = +1 + 2z, rue z — mejoe 4ncjiao. B sTom
MOKHO yOeIMThCsI, IOCMOTPEB Ha, MYJILTUIIOJNbHBIN cocTaB Moi By u Bo.
Paccmorpum najiee, Kakoil JIONOJHUTENbHBI MOMEHT HPUXOIUT OT TEH30PA
HeJIMHEHHON BOCIPUMMYNBOCTA. B mpenbaymeM pasjieae MOXKHO 3aMeTUTh, UTO B
TEH30pe eCTh CaraeMble, KoTopble npornopruonaipisl e2(@—B) i ¢=2i(@=B) Bpenem
Am — pasHUIly MOMEHTOB, MPUXOIAIINX OT TeH30pa. B ciaydae apceHmaa TasLims,
opuentupoBantoro Kak [001]||z, Am = 4. B ciayvae mpousBoJIbHON KPHCTAJIIN-
YecKOll pemeTku, Takux Am MOKeT ObITh HECKOJILKO JIJIsSI OJHOI'0 TeH30pa, HO
ITOCKOJILKY TEH30P TPETHLETO paHra, 1 MoKa3aTe/ M SKCIIOHEHT BapbUPYIOTCA OT —3%4Q
110 31@, Am < 6. CooTBeTCTBEHHO, [IJIsI JJUMEpa 13 apCeHN/ Ia TaJLIis BO BTOPOii rap-
MOHUKe OYIyT BO30Y2KJIAThCsI MOJIbI, B KOTOPbIE BXOJSAT 4ucaa m; = +2 + 2z + 2
umo = +2 + 2z — 2, rje BTOpoe cjaraeMoe — JiobaBKa OT CUMMETPUU JIUMEpa,
a IocJIeIHee cjaaracMoe IPUXOAUT OT TeH30pa HeJImeiiHOil BocpuuMYuBOCTH. B 00-
meM ciaydae cummverpunt Cyy wiim Dy [186] OyyT B30y KIaThCsl MOJIBI ¢ YUCIAME
mip = £2+nz+2umy = £24nz— 2. Samerum, uro Am = mq —ms. Henmneitnas

MOJISIPU3AINS /I IOBEPHYTOT'O TEH30Pa 3aBUCHUT OT (P KaK

P (r, @,2) o< | P3¥(r, 2) + Z P20 (r, 2)e? | e*2P 4
270

+ [ P3*(r, z)eﬂi‘p + Z Pi%(r, z)eﬂi("”iz‘p eT2B, (3.17)
2#0

B obmieMm cirydae Mponu3BOJIbHON CUMMETPUU CTPYKTYPBI U3 apCeHU 1A TaJIIIsT

Pz‘”(fr, @, 2) X PS“’(T, z) + Z Pg;”(r, z)em‘p e 2B 1
z#0

+ | P2 (r, 2)e™® + Z PZ;”(T, z)eﬂi‘p““z‘p e 2P (3.18)
z#0

Bazkneiimmm JJIA TIOZBJIEHUA MJIN OTCYTCTBUA HEJIMHEHOTO ONUPKYJIAPHOTO JUXPO-
n3Ma ABJIAETCA PACCMOTPCHUE 9TUX ABYX CJIal'a€MbIX B ITIOJIAPU3allu, 1 TOI'O, KaKHeE

MOJIbI OHH BO30YZKJIAIOT.
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OtcyTrcTBUe auxpousma. B ciyuae, eciu 1epBoe cjaraemoe, MmporopiuoHaib-
noe e pozby»K1aeT Moy, OTJIMYHYIO TI0 CUMMETPHHE OT TOii, KOTOPYIO BO30Y KIaeT
BTOpOC CJIaraeMoe, MpoNopIHoHaIbHoe eT2P . To 3T 1Be MOABI BHOCAT MOTHOCTBLIO
HE3aBUCUMBIN BKJI&J B MHTEHCUBHOCTH BTOPOIl TapMOHWKM, W HUKAKOTO JUXPOU3-
Ma He HaOsogaeTcd. Tak Oyjer B caydae, KOTJa MOJBI MPeodpa3yIoTcs MO Pa3sHbIM
HEIPUBOJIMMBIM ITPEJICTABICHUSIM. 3aMETHUM, 9YTO B COOTBETCTBUU C BIJIOM IOJISIPI3a-
I[UH, B IIEPBYIO U BTOPYIO MOJLY JIOJI?KHBI BXOUTb MYJIBTHUIIONHN, IPOEKIINKI MOMEHTOB
KOTOPBIX oT/imdatoTcst Ha Am. YTobbl Mosbl He nHTepdepupoBaii KOHCTPYKTHBHO
WJIN JIECTPYKTUBHO B MHTEHCHBHOCTH (IPEOOPA30BBIBAJINCH 110 PA3HBIM IPEJICTAB-
JIEHUSAM ), JIOJZKHO BBITTOJHATHCA Am # Nz, TO €CTh JONOJHUTEJbHBIH MOMEHT,
NPUXOJANINN OT HAHOYACTUIII, HUKOTJIA He JIOJIZKEH COBIAJIATh C PA3HUIEH MOMEH-

TOB, NPUXOJIIINX OT PENIeTKH.

Hanuuue muxpoumsma. B ciyuae, Korja obe CKOOKH MOTYT BO30OY/IUTH MOJIBI
OJINHAKOBOI CUMMETPHUH, TO HAJI0 pacCMaTpUBaTh UHTEP(EPEHIINOHHBI BKJIa/ OT
JIBYX Takux cjaraembix. Q4eBnIHO, MOJIbI OJIMHAKOBOI CHMMETPUN BO30Y K IAI0TCS
B ciIydae, KOIjia PasHuIla MeXK/1y JIOIOJIHUTEIbHBIMI MOMEHTAME, TPUXOAAIINME OT
TeH30pa HeJIMHeHHoCTH (2 1 —2 B HAIlleM CjIydae) paBHa HJIN KpaTHA TOBOPOTHOM
CUMMETPHUN HAHOCTPYKTYPBI, TO €CTh, Yncay n B Cpy 00 Dyy. Tak, m1sa apcennia
raJiiust, pa3sHuila MexKJly MOMEHTaMU, IIPUXO/ISAIIUMI OT TeH30pa paBHA YEThIPEM, a
N HAHOCTPYKTYPbI — JIBYM, OJIHAKO TakKasi CTPYKTypa 00ecrednBaeT TO, UTO MOJIbI,
B KOTOPBIX M OTJIUYAl0TCs Ha 4, OyJyT CMeIlaHbI.

PaccmarpuBast HTErpaJibl IEPEKPBITUS, MOXKHO YOEIUThCA, I9TO KO3 DUIIneH-
THI TIepel BO30YKIAINNMUCS MOJAMI IS JBYX Pa3IMIHBIX IOJISIPU3AINil OyIyT
UMETh CJIejlyolnii i1 (MOCKOIBKY 00a caraeMbIX MOJISIpU3alni BO30Y K Ia0T OJl-

HYy U Ty K€ MOIY V):
D, = ae®¥P 4 peF2P (3.19)

rjge a 1 b — KOMILIEKCHbIe ducja. VHTeHCUBHOCTH OyJleT 3aBUCETH OT KBajpaTta

MOy el ATUX KOI(PMDUINEHTOB 1 OTJINYATHCI BO BCEX CAydasixX, KpoMe TeX, KOIja
p="" (3.20)

3ameTnuM, 4To B OOIIEM cJjiydae HPOM3BOJILHON HAHOYACTHIILI U MaTepuaJia, MeXa-

HU3M OyeT ToT 2Ke. Tak, oT TeH30pa OyIeT MOSIBIATHCSI HECKOJBKO C/IaracMbIX, IJIe
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BCETJIa MOYKHO OIpee/INTh PasHUIly HMPOEKINH MOMeHTa Am MexKy HUMH. 3ada-
CTYIO, TaKNX “pas3HuIl’ JJis TeH30pa €CTh HeCKOJIbKO. Kpyropoii jguxponsm Oyjer
HAO0JII0/IaThCs TOTJIa, KOIJla N U3 CUMMETPUN HAHOCTPYKTYPBI COBHAJET XOTS OBI C
OJIHOM U3 3TUX pasHul, Am; = nz = §;. YIJIbl, IPU KOTOPBIX JUXPOU3M HE HADJIIO-

HdaeTCd, OIIPEeAC/IA0TCA YyCJIOBUEM

B="—" (3.21)

Ecimm BOBMOXKHBIX S; HECKOJIBKO, TO JIMXPOM3Ma HET TOJILKO B cjydae, KOrja Bce
ycjioBugd 3.21 coBrajgalor.

Ha Puc. A.1 nokazaHbl pe3ysibTaThbl YNCJACHHOIO pacdera NHTEHCHUBHOCTH BTO-
poil TapMOHUKHN U HEJMHEIHOro IMUPKYJIAPHOrO JuXpousma. BujHo, 4To BOJIN3U
pe3oHaHca HabJIIOMAI0TCS JIOKAJIbHbIE MAKCUMYMbI, 8 3HAUEHUE JUXPOU3MA B 11€JI0M
JIOBOJIbHO BesinKo. OOumjine MakCUMyMOB HaOJIIOAA€TCs B CHJIY TOI'O, UYTO YacTUIA
JOCTATOYHO 0OJIbINIAst (JJ1s1 TOrO, YTOObI 3HAYEHUS JIUXPOU3MA OBLIIN BEJIUKH, B CJIy-
yae JacTHIl U3 apCeHuia TaJlinsg HeoOXOIMMO, YTOObI MOIAEPKUBAIICH MOJbI KaK

MUHUMYM ¢ m = 4).
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JNnHa BONHbI HA YacToTe 2w, HM

(a) . 700 725 750 775 800

T

| |
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ﬂ,l’IVIHa BOJIHbl Ha 4YaCTOoTeE W, HM

Pucynok 3.4 — Yucsennsiit pacuer (a) Unrencusnocts BI' myst mpasoit u jieBoii
I PKYJISIPHO-IIOJISIPU30BAHHON BOJIHBIL. (b) Henmunetnbiit MUpKyagpHbIil JUXPOU3M B
numepe [70; 71] sBegennbiit kaxk SH-CD=2(I3%s — I?8:) (I3%p + [78) !
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SakJiroueHue

Taxkum 0Opa3oM, B paMKax JIMCCEPTAIMOHHON padboThl (DYHIAMEHTAJIBLHO U3y Ue-

Ha IeHepallsi BTOPOil rapMOHUKH HAHOCTPYKTypaMu, 00/ aloMu cOOCTBEHHOI

HeJII/IHeI‘/JIHOCTbIO7 IIpoBEacH ,ZLeTaﬂbeIﬁ aHaJIn3 C TOYKU 3PCHUA MyJIbTI/IHOJIbHOﬁ re-

HEpaoun M II0JIYY9E€HBbI BazKHbIE CJIEICTBUI.

1.

[IpoBeniena cumMmerpuiiHasg KjaaccuMUKAIUS W MOJIYIEHO MYJIBTUIIOIbHOE
pas/iozKeHne COOCTBEHHBIX MO/ HAHOYACTHUIL PA3INIHON (POPMBI.

[Tokazano, 9TO CBsA3aHHBIE COCTOSHUS B KOHTUHYYME MOTYT BO3SHUKATH B
CTPYKTypax JIoOOH CHUMMETpUN TPHU B3aUMOACHCTBUU MOJI, MPeodpas3yro-
IIUXCe 110 OJITHOMY HEIIPUBOJUMOMY IIPE/ICTaBICHUIO.

[IpoBeniena cumMmerpuiinasg KaaccuUKAIUS W MOJIYIEHO MYJIBTUIIOILHOE
pasJIoyKeHe COOCTBEHHBIX MOJI B JIBYMEPHOI METallOBEPXHOCTH, COCTOAIIEH
u3 cdep, ¢ KBaJApPaTHON PelIeTKOI.

[Tomydeno BeIpaxkeHue /il PENIeTOYHON CyMMbI MYJIBTUTIONEN 1 TTOKa3aHAa
CBA3b MYJIbTHUIIOJIBHOI'O COCTaBa I10JI1€il, N3JIyYaeMbIX OJMHOYHON SI9eiIKOil C
CYMMapHBIM II0JIEM OT MEeTallOBEPXHOCTH.

Haiijieno anmasimruyeckoe perieHue Jijis reHeparun BTOPOil TapMOHUKU OT
cpeprdeckoil HAHOYACTHUIIBI, IOJIYYEHO BbIpayKeHHe JIjIsi WHTerpaJa Iie-
PEKPBITUS BEKTOPHBIX CepudecKnx TapMOHUK Ha (QyHIaMeHTaIbHON 1
VJIBOEHHOII YacTOTax.

[Tostyuenbl mpaBusia oToopa st MyJIbTHIIONBHOI reHepaliun BTOpoil rapmo-
HUKN B cchepudeckoit nanodacturie. [lomydenbl Kak ynporieHHbie mpaBuia,
VUYATBIBAIOINE TOJIBKO CUMMETPHUIO OTJICJIbHBIX CJlaraeMbIX TEH30pa HeJslu-
HEITHOCTH, HO MO3BOJIAIONINE HANTH OOJIBITYIO JacTh 3aITPeNIeHHbIX TePeX0-
JIOB, TaK W 0oJiee CTPOrue, YIUTHIBAIONINE CAMMETPHUIO TEH30Pa B IEJIOM,
II03BOJILIONINE OIIPEIe/JINTh OCTABIINECH 3allPeIlleHHbIe IIePEXO/bl.
[Tonydensr mpaBuia orbopa Ajd TeHepalin BTOPOil TApMOHUKN I HAHO-
YACTUI] TPOU3BOJILHON HEXUPAJILHON (POPMBI U ITPOU3BOJILHON CUMMETPUN
pPEIIeTKH.

[Tokazano, 4YTO He3HAYNTEJBHOE HapyIIeHHEe CUMMETPUN HAHOYACTHUIIHI
MOZKeT CYIIIeCTBEHHO CKa3aThCs Ha JrarpaMme HallpaBJICHHOCT BTOPOIi rap-

MOHUKMN.



128

9. Ilokazano, 4To B JUMEpPHON HAHOCTPYKTYpE W3 JIBYX HAHOIMJINHJIPOB
AlGaAs BO3HHKAaeT HeJMHEHHDBI IUPKYJIAPHBI JIUXPOU3M, HECMOTPA Ha
CUMMeTPUYHYIO POPMY CTPYKTYPBI. IIpn 9TOM JINXPOU3M BO3HHUKAET B CJIy-
Jae, KOIJIa KPUCTAJUIMIeCKasi pelneTka opuaernposana tak, 9to [001]||z u
IIOBEPHYTa OTHOCUTEILHO OCH JUMepa Ha POU3BOJILHLIIA Yo/, He KpaTHbII

45°.
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BaaromapaocTn

B zak/roueHnn MHE XOTEJIOCh Obl BhIPA3UTh OJIAr0JapPHOCTb TEM JIIOJIsiM, 0e3 KO-
TOPBIX 3Ta paboTa ObLIa ObI HeBO3MOKHa. IIpexkie Bcero si GJiarojgapio Hay<IHOI'O
pykosojutens M.U. Tlerposa, 3a mocTosgnnyio mojiiepKKy, TepIeHre U MOMOIb B
Moeit pabore.

Beem coaropam, B ocobennoctu A.H. Ilojrybnomy 3a 1eHHble 00CYyKICHIS
u coetnl, FO.C. Kusmapio n A.A. BorjijanoBy 3a 1ieHHbIE UJI€U JIJIsi UCC/IEI0BaHMI,
MOCTAHOBKY 3aJiad U coBMecTHYIO pabory, C. [1aJbleBy 3a COBMECTHYIO pabOTy
U MYJIBTUIIOJIBHOE pasjioykeHue. TakxKe XOTeJOCh ObI BBIPA3UTh 0JIarogapHOCTh CO-
TpyHUKaM dusnyeckoro dakyibrera yausepcurera UTMO, u B ocobernnocTu ero
OCHOBATEJISIM, 38 CO3JIaHNue BO3MOXKHOCTH paboTaTh 1 MPEKPACHYI0 aTMocdepy.

Tak>ke s BeIpazkaio 6J1aroapHOCTb CBOMM IIperojaBaresisiM, B ocobennoctn /.
A. Baiiko, C.9. Jlepkauey, C. A. Tapacenko, I1./1. Anekcanaposy, 1.E, Illenepo-
BUYY, COTPYJHUKAM CEKTOpPA TEOPUU KBAHTOBBIX KOTE€PEHTHBIX SBJICHUI B TBEPIOM
teie OTU um. Modde m jpyrum ydacTHEKAM HHU3KOPA3MEPHOI'O CeMHUHapa 3a,
IIEHHBIE BOIIPOCHI U 00cyxKaeHust, B ocobennocru M.M.I'tazoBy 3a opranmszanuo u
npuraiienne Ha cemunap, a rakxke H.B. Jlennenena, E.JI. suenko, 1./1. ABneena
3a IeHHble 00CYZKIeHMS.

A 6naromapro N.JI. Todrymna, A.A. Ceupuny n K.KomeneBa 3a MHOrod9mc-
JIEHHbIE W OYeHb IOJIe3Hble HayJdHble U HEHaydHble JUCKYCCUHU, a TaKyKe Jpy3eil
u3 “cKkydHoro pabodero vara’ 3a 00OCYKJIEHHE BCEX CAMBIX HACYIIHBIX BOIIPOCOB.
OtnenbHyio 6J1aroJJApHOCTD XOUETCsI BIPA3uTh 6apy XPOHUKHU 38 YHUKAJILHOE MPO-
CTPAHCTBO, IJIe IPOXO/INJIO MHOYKECTBO IEHHBIX 00CY K/ICHUI.

Crynentam A. Hukurunoit, B. Urommay, M. Humoxe, JI. [Tammmoit, M. TTose-
BOIl 3a TPYJI0/1001Ee U WHTEPECHYI0 COBMECTHYIO PaboTy.

PourenisiMm 1 ceMbe 3a TepIeHHe U IMOJJIePKKY.

A raxexke cozparesnsam mabsona LaTeX u Howanbiny Dpsuny Knyry.
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ITpunoxxenme A

Mu-ko3durimenThl 1 BeKTOpHbIE chepudeckne rapMOHUKN

ABHBIN BU BEKTOPHBIX chepuvecKnX TapMOHUK

M (b, ) = — = sinme Py (cos 8) z,(p)ea—

sin ©
Pm
_ Cosm(pwzn(p)% 7 (A1)
do
Mpn (k1) = g ¢ m@P"(cos0)z,(p)eg—
in
AP (cos ©
— sin m(pwzn(p)e(p : (A.2)
de
zn(P)

Nepn(k,r) = > n(n+ 1) cosmeP"(cos 0)e,+

dpPm 0)1 d
+cosm(p$ad—p[pzn(9)]ee— (A.3)
, PM(cosB)1 d
—m Sin m@wgd—p[pzn(p)]e@ )

Nomn(k, 1) = Z"ép)n(n + 1) sinmeP"(cos 0)e,+

. dP(cos0)1 d
+ sin m@#gd—[pzn(p)]ewr (A.4)
P"(cos0) 1

sin® p

+m cosme dp[pzn( p)ley

Mu-kosdbunmenTsl JiJis 1M0JIsi BHYTPU YaCTHIHI BbIPAYKAIOTCS CJICTYIOITUM 00-

pazoM:

_ [p1ha(p0)] gn(p1) = [P1in(p1)] hn(p1)
o) )o@ ) A9

€ plh ( )]/jn( ) [pQJn(p2)] hn( 1) ’
re p1 = ki(w)a = wy/era/c, p2 = kay(w)a = w /e2a/c.




151

Oynaknnga I'pmaa  Oyukuus ['puna juid ua/1eKTpudecKoil cdepbl pajmyca a Jiisd

cllyvdasd, Korjga r > a > r’ ma gacrore 2W maeTcs dopmyitoit

Zkg 2w) 2n—|— 1 (n—m)!
G(r,r',2w) ;%2—60 Dt m)
-(an2><2w><M§nzn[k1<2w> ] ® MU, [k (2), 1)+
+ M), [k (2w), 1] @ M), [k (20), 1))+
+ B2 (20) (NG, [k (20), 1] © N [k (200), 1]+

+ NGl (20), 1] @ NG ks (20), 1)) ) (A7)

rje Bepxmune unjaexcs (1) u (3) mosgBssroTest, KOrjia Mbl 3aMeHsieM z,(p) B olpe-
JIeJIHUNI BEeKTOPHBIX cdepriyecKnX rapMoHUK cdepudeckoil ¢gyHkmmeit Beccesst n
XaHKeJIsI [1epBOro Pojia, cooTBeTcTBeHHO, &y = 1, Korma m = 0, u §y = 0, Korja
m # 0. Kosppunmento! dyuxnun ['puna o01a1ai0T TAKIM Ke 3HAMEHATeeM, Kak

n Mu-Ko3ppuImenTs:

1 (w) — (027 (P2)] hn(p2) — [P2hn(p2)] Jin(P2)
[027n(2)] hen(P1) — b2/ 11 [P1Pn (1)) G (P2)”
(027 (p2)] hn(p2) — [P2hn

bg)(w) _ ( 2?] jn( 2)

] R,
Mo/ (vVEol1) [P2n(P2)] hn(P1) — V/Es [P1ha(P1)] Jn(p2)

A.1 MopaenupoBaHue HEJUHEHOTO IUPKYJITPHOTO JTAXPOUIMA

YucieHHOE MOJICTMPOBAHNE BBITOIHSIIOCH C TIOMOIIBIO IIPOIPAMMBI MOJIETNPO-
panusg COMSOL Multiphysics™. 3nech MbI IpuBOAUM HEKOTOPBIE JOIOJTHATEILHBIC
nerann u pacdernl. Vcnosb3opasics naTepdeiic Electromagnetic waves, Frequency
domain (ewfd). st mosyuenusi curnana BI' 6but gobasiien 1omoHUTEIbHBIN (-
sudeckuii unrepdeiic (ewfd2), a HejHelHas UHIYIHPOBAHHAS MOJIIPU3AIINS ObLIA
BBejIeHa ITOKOMIIOHEHTHO. B obIiem ciiydae BpalieHne KpUCTAJINIeCKOl pereTKn
TpedyeT I'POMO3JIKMX PacdeToOB, OJHAKO B HAIlleM CJIydae KPYTroBOM IOJIsIpU3aIIN
aIAar0Iel BOJIHBI MBI MOZKEM IIPOCTO BpalllaTh JUMED BMECTO TeH30Pa HeJIMHENHONI
nosspusyemoctt X2, B omimdme or TOro, Kak 9TO IPOHCXOAIIO B TEOPETIHIE-

CKUX paccMoTpeHusx. UTobbl nzbexkarh BAusHUS 3ddeKkTa HAIPaBJIEHHOCTH, MTPU
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,ﬂ,l'lMHa BOJIHbl HA YaCTOTE W, HM
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Pucynok A.1 — Cparenne curnaja BI' g1 pasindHbIX 9uC/IeHHBIX alepTyp, B =
23°

MOJIEJTMPOBAHNN B OCHOBHOM TEKCTE€ MbI COOMpaJ/i CHTHAJ BO BCE BepxHee II0-
nynpoctpancTBo. Onnako KJI nabsromaercss mpu Jiroboil 4MCJIEHHON aleprype, u
OJIOXKEHIe Pe30HAHCHBIX MTIKOB ocTaercs HemsMeHHbIM (Puc. A.1). @opwma criekTpa

HEMHOI'O OTVIMYaeTCd U3-3a pa3/IMYHbIX AUal'PaMM HallpaBJICHHOCTU WU3JIy4YCHMA.

A.1.1 [TIloarBepxXKJjeHue OTCYTCTBUA Auxpou3ma npu [3 = 0°

JL1st TOTO, YTOOBI HOJATBEPANTE, UTO HUPKYJISPHBIN JUXPOU3M He HAOJII0/1aeTCs
upu 3 # 0°,45°, MBI mpoBeum MojieupoBaHue st 3Toro ciaydas. Ha Puc. A.2

BUAHO, 9YTO MHTEHCUBHOCTDL AJIA obenx HOHHpI/ISaHI/Iﬁ ITOJIHOCTDBIO COBIIaJacT.
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Pucynok A.3 — Opunounblit nuanuap. JIuHeiiHast 1I0THOCTD dHEPIUE IMOKA3aHA
cUHell IIYHKTUPHOU JINHUEH, NHTCHCUBHOCTH BTOPO#l MapMOHUKN ITOKa3aHa KPacHON
CILJIOIIHON JTHIeH. AMIINTY/Ia 110JIs Ha TMOBEPXHOCTH IUJINHJIPA U CTPEJKU IT0JIs-
pU3AIUK 3JIEKTPUIECKOrO 10Jist (B KOHKPETHBII MOMEHT BPEMEHH) MOKA3aHbI JIJIst

pesonanca. CrpaBa IOKa3aH HEJMHEHHBIH TOTOK SHEPIUN B BEPXHEE MOJIyIIPOCTPaH-

cTBo Juist A = 1490 uam, A = 1536 um u A = 1540 aMm.

A.2 MoagennpoBaHue YacTuIl JAPyroro pasMepa

XO0Tsl TeopusI HAIIICAHA, JIJIsI CIydasi, KOrJaa Bo30YKIal0TCsI TOJIbKO IBE MOJIbI, B
reOMeTPUHN, PACCMOTPEHHON B OCHOBHOM TEKCTE, OIPOMHOE KOJIMUECTBO MOJI BO30Y K-
JlaeTCsI OJJTHOBPEMEHHO 13-3a 0OJIBIIOr0 pa3Mepa JacTullbl. Hammaue cjios 1moiioxKKn
ITO emie OoJibIle 3aIlyThIBAET CUTYAINIO, IIOCKOJIBKY OTparkKeHHasl BOJIHA NMEeT pa3-

HYIO ITOJIIPU3AIUII0 U BO30YXKIAET 9TH MOJbI II0-Pa3HOMY.
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A.2.1 OpauHOYHBIN ITMJITHIP

Y100bl n36€:KaTh BBIMIEONNCAHHON TPOOJIEMbI, MbI IIPOBEJIM MOJIEJIMPOBAHNE
¢ Apyroif reomerpueii. A IMEHHO, JaCTUIbI Pa3MeIeHbl Ha CTEKJISTHHOM IOJIOYKKe
6e3 ITO cnost, BbicoTa nuinnapa cocrasiaser h = 700 um, a paguyc r = 470 HM.
Paccrosinne mexty aBymst muinHapaMn B jqusMepe d = 30 uMm. Pesyibrarsl st oj1-
HOI'O IUJINH/Ipa Iokasaubl Ha Puc. A.3. 3jech nabiojaercst 0oJibiliee KOJIMIECTBO
BBIPayKEHHBIX PE30HAHCHBIX IMUKOB. JlJIsT KaxKj0ro mmka IoKas3aHa HallpPs2KeHHOCTh
nosist SH Ha moeepxuocTu munnbapa. ObpaTure BHUMaHUE, 9TO JIJI HEKOTOPBIX IIH-
KOB Tmpeobiagaer Moga m = 0 (B GIIKHEM T0Jie HET JIETIECTKOB), & JIJIs JIPYTHX
m = 4 (Xopolo BUJHBI YeThipe JierecTka). B jgajibHeiiieM Hac OyJeT MHTEPeco-
BaTb TOJILKO MUK 1540 HM, IIOCKOJIBKY OH JIOCTATOYHO HAIJIsIJeH. BOIM3u 3TOro mmka,
TakzKe MoKaszaH MoToK mottHocTn BI' B Bepxinee nosynpoctpancTBo. MoxKHO 3ame-
TUTb, 9TO OJIMZKHEE I10JIe MOYKET 3HAYUTE/IbHO OTJINYaThCA OT JlaJIbHEro, TakK Kak
HEKOTOpbIe KOMIIOHEHTHI I10JIsI 3aTyXaloT OblcTpee Apyrux. Tor ke sdpdekT HabIIO-
JaeTcst U B IUJIMHIpaX BOJIM3KM KBA3UCBA3aHHBIX COCTOsIHUIT B KOHTHHYYMe (Puc. S2
B pabore [105]). ), B To BpeMst Kak OJiMKHEe IOJie BCEra HAIOMUHAET OKTYIOJIb,
U3JIydeHne JIaJbHEero MoJid BCerja JUINOIbHOE, 38 UCKII0YeHIEeM TOYKH CBSI3aHHOIO

COCTOAHUA B KOHTHHYYME.

A.2.2 Moabl guMmepa

st GosibIeil HAIVISIAHOCTH MBI IIPOBEJIM MOJIe/JINpPOBaHNe U HAILIN COOCTBEH-
Hble MOJBI. MbI mcKaan 3T Mojabl BOm3u muka 1540 am. HekoTopble u3 3Tux MO/
nmokazanbl Ha Puc. A.4. XopoIo BHIHO, UTO BCE OHU IOPOXKJIEHBI IHOpuImn3alinei
MO/ OJIMHOYHOTO TmymHApa m = 6 (cieBa) u m = 4 (cnpasa). Bee Bo3MoKHBIE MO-
bl A 1 Ay OyyT BO30Y2KIAThCA BO BTOPOil TapMOHNKE, TIOCKOJIBKY OHI pa3penIeHbl
cummeTrpueii. TakzKe Mbl HJLIIOCTPUPYEM, UTO MO/Ibl, KOTOPbIE MOI'YT BBIIVISIIETH 110~
pasHoMy B OJIMXKHEM I10Jie, 00JIaJaloT OJUHAKOBBIM MYJIBTHIIOJILHBIM COCTaBOM B

JIaJIbHEM TI0JIe U TIO3TOMY MHTep(EPUpPYIOT.



OfMHaKOBbIN
MY/IBTUNONbHbIN COCTaB
JanbHero nons

Pucynok A.4 — [lpumepsr rubpuin3npoBaHHBIX MO/ PA3INIHBIX cuMMerpuii. [ser

IIOKa3bIBa€T Z-KOMIIOHEHTY 3JIEKTPHUYIECKOI'O I10JIA.

A.2.3 MopaenmupoBanue BTOPOii TaApMOHUKHU OT ANMEPA

Jl1st HOBOTO pa3zMepa MIINHpa Mbl cMmojenuposain ['BI' B numepHoil cTpyK-
type. Pesynbrarel nokasansl Ha Puc. A.5. Kak n B 9KcriepuMeHTaIbHO TeOMeTpH,
BIJIHO MHOI'O PA3JIMYHBIX ITUKOB, KayKJIbIil 13 KOTOPHIX OTHOCUTCS K BO30YZKIEHUIO
Mol A1 mim As. VI3-3a MeHee cTporux mpaBu/i 0Toopa, B JIMMePe IOsIBJISIOTCS HEKO-
TOpbIE KU, KOTOPBIX HE CYIIECTBOBAJIO JJIsI OJUHOYHOIO IMJINHpa. HekoTopbie
IIIKU Telepb pas3/e/ieHbl Ha JIBa IMMKa N3-3a THOPUIN3AINN MOJ. DTO XOPOIIO BUIHO
BOmm3um A = 1540 um. 3mech moma Ay syurne Bo3oOyxkaaercs RCP, a A; — LCP.
9T0 TaK»Ke BUJIHO U3 I0JIeil Ha BcTaBKe. B pe3oHaHce Mbl HabOJIFOIaeM IMOUTH YeTKIHl
OJTHOMO/IOBBIIT BKJIaJT (CpaBHUTE ¢ TPOMUISIMU MOJT), & BHE PE30HAHCA HADTIOIAeTCsT

HedCHasd KapTHHa, CBA3aHHad CO CMECIIMBaAHHUEM MHO2KECTBa MOJI.
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PI/ICYHOK A5 - (a) NHarencuBHOCTD BTOpOfI rapMOHUKN IJid ABYX CJIy4daeB Ila-

nafomeil nojgpu3annu. Ha BcTaBKe pacmpejiesieHrme KOMIIOHEHTHI 1o F, Ha
MMOBEPXHOCTH IMUJINHIPa MOKA3aHO IIBETOM I ABYX JJINH BOJH, 1536 nm n 1541
HM. DTO IMOKa3aHO JIJIsl OIPEJIEIEHHOI0 MOMEHTa BPEMEHH, HO BO30YXKJIEHUE COOT-
BETCTBYIOIIUX MOJ BUJIHO JIJisT Kaxk0oro Momenta. (b) Kpyrosoit puxpousm BTOpoii

FapMOHUKU JIJI JIUMEPA.
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OcHoBHBIE HYGJIHKaHHH aBTOpPa II0 TeMe JuccepTaianumn
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Symmetry analysis and multipole classification of eigenmodes in electromagnetic resonators for
engineering their optical properties
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The resonator is one of the main building blocks of a plethora of photonic and microwave devices from
nanolasers to compact biosensors and magnetic resonance scanners. The symmetry of the resonators is tightly
related to their mode structure and multipole content which determines the linear and nonlinear response of
the resonator. Here, we develop the algorithm for the classification of eigenmodes in resonators of the simplest
shapes depending on their symmetry group. For each type of mode, we find its multipole content bridging the gap
between the modal and multipolar descriptions. As an illustrative example, we apply the developed formalism
to the analysis of a dielectric triangular prism and demonstrate the formation of high-Q resonances originating
due to the suppression of scattering through the main multipole channel. The developed approach allows one to
engineer, predict, and explain scattering phenomena and optical properties of resonators and meta-atoms based
only on their symmetry without the need for numerical simulations, and it can be used for the design of photonic

and microwave devices.
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L INTRODUCTION

Dielectric particles with a high refractive index were re-
cently proposed to be a very prospective tool for light ma-
nipulation at the nanoscale. Their unique optical properties
appear owing to Mie resonances, which can be excited even
in the visible or near-infrared ranges for nanoscale particles
[1-3]. Today, dielectric particles with a high refractive index
have shown their efficiency for second [4-7] and third [8-10]
harmonic generation, sensing [11], efficiency light localiza-
tion [12], enhancement of the outcoupling radiation [13,14],
excitation of guided modes [15-18], heating [19], enhance-
ment of Raman scattering [20], etc. Along with low absorption
in the visible and infrared ranges, an essential advantage
of dielectric particles over their plasmonic counterpart is a
pronounced magnetic response. The interplay between Mie
resonances results in many fascinating phenomena such as
directional light scattering [21-27], anapole and invisibility
[28-32], supercavity mode [33,34], electromagnetically in-
duced transparency [35], etc. All these effects can be easily
explained in terms of multipole expansion formalism [36—40].
The multipole formalism is very natural and convenient for
small particles, when only several first resonances are essen-
tial. Thus, the Kerker effect is explained by the constructive
interference of electric and magnetic dipole resonances [41],
and the supercavity mode can be explained as the cancellation
of the dominant multipole moment of the mode. The selection
rules for nonlinear harmonic generation in nanoantennas can
be easily formulated in terms of multipole moments [42,43].
Multipole formalism allows us to better study the properties
of the eigenmodes of plasmon nanoparticles [44,45].

However, only the modes of spherical resonators (spheres,
core-shell particles, voids, etc.) consist of single multipoles.
It occurs because the angular part of the modes can be
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separated from the radial part of the wave function only for
objects with spherical symmetry. Pure spherical resonators in
a homogeneous environment are found in colloidal solutions
or atmospheric physics, but for integrated photonics, this
is a rather unique case due to the inability to fabricate a
spherical resonator by lithographic methods. For nonspherical
resonators, even for a sphere on a substrate, the eigenmodes
are contributed by an infinite series of multipole moments,
which depends on the symmetry of the resonator. The knowl-
edge of the specific multipole composition of the eigenmodes
depending on the resonator’s symmetry is very important
for engineering photonics structures with on-demand optical
properties. The sketch in Fig. 1 shows the main idea of the
paper. The shape of the resonator defines its symmetry group.
All the modes can be classified according to the irreducible
representations of the resonator’s symmetry group. A set of
basis functions of the irreducible representations built in terms
of vector spherical harmonics defines the multipole content of
the modes from the corresponding irreducible representation.

In this paper, we provide a comprehensive multipole anal-
ysis for nonspherical resonators. Using the group-theoretical
approach, we classify the mode types in resonators of different
shapes and find the specific multipole series inherent to each
type of mode. In particular, we consider the resonators of the
symmetry group of the cylinder, cone, cube, triangular and
quadratic prisms, and a chiral resonator. As an illustrative
example, we apply the developed formalism to the dielectric
triangular prism and analyze the evolution of the multipole
content of the modes with the geometrical aspect ratio of the
prism. We found a supercavity mode for the specific aspect ra-
tio, when the radiative losses through the dominant multipole
channel disappear and the quality factor demonstrates giant
growth.
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FIG. 1. Resonators of different shapes can be classified accord-
ing to their group symmetry and their eigenmodes are classified
according to the irreducible representations of the resonator’s sym-
metry group. Each irreducible representation can be characterized by
a set of vector spherical harmonics defining the multipole content of
each mode.

II. ANALYSIS OF MULTIPOLE CONTENT

The eigenmodes of a homogeneous dielectric sphere £(r)
known as quasinormal modes [46] or resonant states [47]
are contributed by single multipole moments. In other words,
each resonant state contains only one vector spherical har-
monic (VSH) and &(r) ~ W,(r). Here, index s is a set of
the indices {t, p, m, [} encoding the VSH W,,,,;. Index [ =
0,1,2,... is the total angular momentum quantum number,
and m =0, 1,...,1 is the absolute value of the projection
of the angular momentum (magnetic quantum number). Note
that in the case of a sphere, the modes with the same /
are degenerate. Index p = +1 defines the parity of W, with
respect to reflection from the xz plane (¢ — —¢). If p = £1,
then Wy — +W; under reflection from the xz plane. Let us
note that this definition of parity differs from that given in
Ref. [1]. Index ¢ denotes the polarization of the VSH and
parity under an inversion transformation. We put t = (—1)"*!
for the magnetic VSHs (usually denoted as M) and we put
t = (—1) for the electric VSHs (usually denoted as N) (see,
e.g., Ref. [1]). More detailed information about VSHs is
provided in Appendix A. All these states form a complete set
and therefore any eigenstate of a nonspherical resonator E,
can be expanded into the series of &(r) [48],

E,(r) =) CI&(r). (1

Therefore, the multipole content of E, (r) is completely deter-
mined by the set of resonant states £(r) contributing to this
mode. Strictly speaking, expansion (1) also contains longitu-

dinal (nonsolenoidal) harmonics L [49]. This fact does not
affect the further symmetry analysis because the harmonics N
and L with the same indices have the same symmetry with the
respect to the transformations of the O(3) group [49]. Some
coefficients in Eq. (1) can vanish by virtue of the symmetry of
the mode E,(r), which in turn is determined by the symmetry
of the resonator. There are two ways to find nonvanishing
coefficients.

The first way is to use the fact that eigenmodes are
transformed according to irreducible representations of the
symmetry group of the resonator [50]. Thus, we have the cor-
respondence between the irreducible representations and the
types of eigenmodes of the resonator. Also, each eigenmode
consists of only those VSHs which are transformed according
to the same irreducible representation. The irreducible repre-
sentations are well known for all point symmetry groups in
three-dimensional space [51,52]. To find the VSHs composing
the basis of a certain irreducible representation, it is possible
to use the projection operator [53,54] which helps to bring the
transformation matrices to a block diagonal form. The trans-
formation matrices are obtained by substituting the particular
angles into Wigner D-matrices (Appendix B). To avoid deal-
ing with Wigner D-matrices we can use the fact that electric
VSHs are transformed as scalar harmonics under rotations and
inversion in O(3) and magnetic VSHs are transformed in an
opposite way under inversion, i.e., as pseudotensors. For some
particular groups, the symmetry behavior of VSHs is analyzed
in the literature (see, e.g., Refs. [43,54]).

The second way of finding nonvanishing coefficients in
Eq. (1) is based on the resonant state expansion scheme [47].
This does not require the irreducible representation formalism
to find the multipolar content of each mode. Let us focus on
this method in more detail.

Any finite dielectric resonator can be represented as a
perturbation of the circumscribed sphere (see Fig. 2). The
resonant state of a nonspherical resonator E,(r) satisfies the
Helmholtz equation with an open boundary condition (Som-
merfeld boundary condition),

2
VxVxE, =[e(r) - As(r)]c—quq. 2)

It follows from the generalized Brillouin-Wigner perturbation
theory [55] that coefficients C{ satisfy the following linear
system,

1 1
- Z [8sx’ + Vss’]CSq/ = 7Cg (3)
@s s’ Qq

Here, w; and 2, are the complex eigenfrequencies corre-
sponding to & (r) and E,(r), respectively. The matrix ele-
ments Viy, defined as

V.rs’ = _%/ Aa(r)Ss(r) . gsr(l‘)dl‘, (4)
Vi ~ f Ae(E)W,(r) - Wy (0)dr, 3)

are responsible for the coupling between different resonant

states with indices s and s’ in the perturbed resonator.
According to the selection rule theorem for matrix ele-

ments [56], such an integral over the nanoparticle’s volume
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FIG. 2. (a) Examples of different resonators of the same symme-
try group Doy, (b) Transformation of the sphere [O(3) group] with
dielectric susceptibility ¢ to the resonator (D, group) with dielectric
susceptibility & + Ae.

is nonzero only if the integrand is invariant with respect to
all transformations of the particle’s symmetry group. That is
why we are interested only in the symmetry behavior of the
vector spherical harmonics. Harmonics W, and Wy,
belong to a similar mode, if the integral in Eq. (5) is nonzero.
The product of VSHs can be expanded into a series of scalar
tesseral spherical harmonics ¥/, as follows [42],

2

m' = |m+m|
=111 <1

"
Wipmt - Wepmr = lg;'ap”m”l”(r)llfﬂ/m”l”- ©6)

Here, v,y are the functions invariant with respect to sym-
metry transformations of the resonator, index p” = pp/, and
ayw(r) is the function of radius vector r. Indicator 1§t
shows that the sum is taken over even [” if t#/ = 1 and the
sum is taken over odd [” if rt’ = —1.

In order to find all W,,,,; contributing to a certain mode,
one can follow the following algorithm:

(1) Find the functions ,,», which are invariant with
respect to symmetry transformations of the resonator. The
simplest way to do this is to just have a look at the images
of the scalar spherical harmonics (see Fig. 3) and an image of
Ae.

(2) Take an arbitrary function W,,,,. It is convenient to
consider the function with the lowest indices, for instance, a
function corresponding to a magnetic or electric dipole.

(3) Find harmonics W,y coupled to W,,,; using the
following relations: (a) ¢’ = (—1)!"t; (b) p’ = p"/p; (c) search

,,,,,,,,,,,, - ops =l
”””””” W,,,Wm,u/,,, ‘ ‘ ‘y
Vi o * % SRS
Ve %L+ oo

M,,N,,, e 4 2 ¢ O

v, | WK ¥ L K

M N, e XK B % W e
AL R R
T E R L
w14 3 2 1 01 2 3 4

FIG. 3. Scalar and vector real spherical harmonics forn = 1, 2, 3, 4. Only far-field radiation patterns are presented for the vector harmonics.
Radiation patterns are similar for the harmonics N,,,; and M_,,,, but polarization is orthogonal (an example for the dipoles is given in the

inset).
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FIG. 4. The classification of modes by representations and the multipole composition of the eigenmode for a cone (D, group) and cylinder
(Do group). For each mode type we show the dimension of irreducible representations and find a specific series of VSHs N,,,; and M,,,,,;.

Index / is expressed in &, which is a positive integer.

all I’ such as | — 1’| <1” < 1+1; (d) search all m’ such as
m <!l'andm” = |m £ m'|.

Repeating this procedure for different initial functions
W, pt and 1,7, we will find that all VSHs are divided into
groups. Each of these groups corresponds to some irreducible
representation. Therefore, the proposed algorithm gives a way
to classify the modes of resonators and find the multipole
series contributing to each mode type.

III. RESULTS OF MULTIPOLE ANALYSIS

A. Cylindrical resonators

As an illustrative example, we consider a resonator with
Do, symmetry. It can be a micropillar, dimer, or a simple
cylindrical resonator in a homogeneous environment [see
Fig. 2(a)]. For instance, we will consider a cylindrical res-
onator. By virtue of the axial symmetry, this group has an
infinite number of irreducible representations corresponding
to different magnetic quantum numbers m. The table in Fig. 4
shows the result, namely, the classification of the modes in
resonators with D, symmetry and the multipole content

of each type of mode. Let us show how this table can be
constructed using the proposed algorithm.

(1) By virtue of the symmetry of Ae for the cylindrical
resonator, the invariant functions ¥, should be even under
inversion and invariant with respect to the rotation by an
arbitrary angle around the z axis. Therefore, p” = 1, m” = 0,
and [” = 2k, where k is a positive integer.

(2) Now let us consider, for example, harmonic W_j;o; =
Njo; corresponding to the electric dipole oriented along the z
axis. Therefore,t = —1,p=1,m=0,and [/ = 1.

(3) According to the proposed algorithm, this harmonics
can be coupled only to the harmonics with ¢’ = —1, p’ =1,
and m’ = 0. It follows from the inequality |1 — /| < 2k <
1+ 1 that I’ is an arbitrary positive integer. However, all
the harmonics W_jj0y = 0, when [’ is even. Therefore, all
electrical harmonics Nyg«—1) are coupled in the resonators of
D, symmetry and they do not couple to any other harmonics.

All harmonics Njgk—1) form a basis of the irreducible
representation Ay, of the Dy, symmetry group (see the table
in Fig. 4) [57-59]. Therefore, if one of these harmonics
contributes to a mode, then all the rest also contribute to it.
Thus, there is no need to iterate over these functions again
during a further analysis.
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FIG. 5. The classification of modes by representations and the multipole composition of the eigenmode for the chiral resonator (Cy;, group)
and the chiral resonator for the slab (C, group). For each mode type we show the dimension of irreducible representations and find a specific
series of VSHs N,,,,; and M,,,,;. Indices m and / are expressed in s and k, which are positive integers, respectively.

Let us repeat the procedure taking the function W;_jo; =
M_o; for the first step. Thus, 1 =1, p=—1, m =0, and
[ = 1. This multipole corresponds to the magnetic dipole
oriented along the z axis of the cylinder and it is often
associated with the fundamental modes of the resonators made
of high-refractive-index materials [12]. Following the algo-
rithm, we can find that ' = 1, p’ = —1, and m’ = 0. Again,
it follows from the inequality |1 — 1’| < 2k < 1+’ that I
is an arbitrary positive integer. However, all the harmonics
Wi _10r = 0, when [’ is even. Therefore, all magnetic harmon-
ics Mg(k—1) are coupled. They form a basis of the irreducible
representation A, of the Dy, symmetry group (see the table
in Fig. 4).

Repeating the procedure for other harmonics with m = 0, it
is possible to show that the magnetic harmonics M_o«) are
coupled and they form a basis of irreducible representation
Ay,. The electric harmonics Ny are also coupled and they
form a basis of irreducible representation Aj,. Therefore,
one can see that all the modes with m = 0 in resonators of
the Do, symmetry group are divided into four independent
groups contributing by different multipoles. This division
has a simple origin. It is well known that for m = 0, the
solutions of Maxwell’s equations can be divided into different
polarizations usually denoted as transverse electric (TE) and
transverse magnetic (TM) [60]. In addition, the modes of each
polarization can be divided into odd and even with respect to

the reflection in the xy plane,

Ey(p, ¢, —2) Ey(p, 9, 2)
Ey(p, 9, —2) | = 0| Eu(p,9,2)|. @)
E.(p, 9, —2) —E(p,9,2)

If o, = 1, then the mode is defined as even, and if o, = —1,

then the mode is defined as odd.

It follows from the proposed algorithm that only the modes
with the same azimuthal index m and similar parities ¢ and
p are coupled. However, we can note that the modes with
m # 0 are transformed through each other under rotations
around the z axis. Indeed, for example, the x-oriented electric
dipole (Nj;;) turns into the y-oriented dipole N_j;; under
rotation by /2 with respect to the z axis. This means that
these modes form a basis of high-dimensional irreducible
representation and have the same energy. So, if under all
possible transformations of the structure’s symmetry the mode
is only multiplied by some number (for example, Njo; —
Njo1 under rotations of the cylinder and Njg; — —Nj¢; under
inversion), then the dimension of representation is one and the
mode is not degenerate. If the mode is transformed into some
linear combination of itself and some other modes, then these
modes are degenerate and the dimension of representation is
more than one.
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FIG. 6. The classification of modes by representations and the multipole composition of each mode for a cone (Do, group), cylinder (Do,

group), and triangular prism (D3, group).

B. Effect of substrate

The classification of the modes in resonators of a cone
symmetry (D) can be straightforwardly obtained from the
results for the Do, symmetry group accounting for the fact
that in Dy, there is no mirror symmetry with respect to the
xy plane, and therefore the modes are not divided into odd
and even with respect to the reflection in the xy plane. Thus,
for example, the basis of irreducible representation A; of Doy
consists of all multipoles from A;, and A, of Dy, and as
a result, the even and odd modes are mixed (see the table in
Fig. 4).

C. Other symmetry groups

Following the proposed algorithm we classify the modes
and analyzed their multipole content for groups of a triangular
prism (D3;), quadratic prisms (Dgy), a cube (Op,), and chiral
resonators of Cy;, symmetry. The results of the classification
are shown in Tables I-III (see Appendix C) and in the table
in Fig. 5. Note that for O; and Cy, groups we see that
some similar vector spherical harmonics contribute to two
different irreducible representations. This happens due to the
fact that only one particular linear combination contributes
to one mode and different combinations into others. For
the case of the O, group, the combinations are provided in
Ref. [61]. For the case of such resonators on a substrate, the
even and odd modes should be mixed. Alternatively to the
table form, the classification could be represented graphically
(see Fig. 6).

D. Bianisotropy

We can observe the destruction of bianisotropy for some
modes in the transition from a cone (Do, group) to cylin-
der (Doop group), increasing the symmetry of the particle.
Bianisotropy in a single particle is shown in the form of the
presence of an electric and magnetic multipole of the same
order simultaneously in the eigenmode [62]. Indeed, the pres-
ence of magnetic and electric multipoles in one mode means,
for example, that we can induce a magnetic response by the
incident wave with the symmetry of the electric dipole. The
inversion symmetry forbids this effect. When the structure has
inversion symmetry, we cannot obtain multipoles of different
parity under inversion in one mode. Moreover, this is related
not only to electric and magnetic multipoles of the same order,
but also to any two multipoles of opposite parity.

IV. BOUND STATE IN THE CONTINUUM IN THE
TRIANGULAR PRISM

We have shown that some coefficients Cy in expansion
(1) can be zero due to the symmetry, and thus some VSHs
do not contribute to the modes. But some of the coefficients
allowed by the symmetry analysis may vanish or be strongly
suppressed accidentally for specific parameters of the res-
onators. In particular, a change in the resonator’s geometry
preserving its symmetry can result in a suppression of the
radiative losses through multipole channels allowed by the
symmetry. It results in a drastic increase of the quality factor
(Q factor) and the appearance of a so-called supercavity mode
or quasibound state in the continuum (quasi-BIC) [33]. This

075103-6




164

SYMMETRY ANALYSIS AND MULTIPOLE ...

PHYSICAL REVIEW B 102, 075103 (2020)

a
@ 1350 E'-type
= High-Q mode
= Low-Q mode
1.3+
~)
=125
3
121
1.15
11
1.48 1.52 1.56 1.6 1.64
ka
(b) <>
L 1L W
x
e =281
xz-plane yz-plane
N~
C — |
— .max
e
7
B e
x I
min

=

()

10°

= High-Q mode
Low-Q mode

104

10°

Q-factor

102

10!
1.

—
[}

=

o

o
©

o
)

1
IS

The radiated power
o
o

o

T 1.25

a/L
mnaz

1.9 4

|Efar‘ A B C

1.2 1.3

-
o
(&}

FIG. 7. (a) Strong coupling of E”-type high-Q and low-Q modes in a dielectric triangular resonator with ¢ = 81 depending on the size
parameter ka and aspect ratio a/L, where k, a, and L are the wave vector in the vacuum, the side of the triangle at the base prism, and the
height of the prism, respectively. (b) Distribution of the electric field amplitude |E| of high-Q mode for different aspect ratios (points A, B, C).
(c) Evolution of the Q factor of two interacting modes depending on aspect ratio a/L. (d) Contribution of the electric and magnetic multipoles
to the radiated power of high-Q mode. (e) Far-field radiation patterns for different aspect ratios (points A, B, C). Panel B corresponds to the

supercavity mode.

effect was studied in detail theoretically and experimentally
for cylindrical resonators [63—65]. Here, we show that quasi-
BIC can be observed in resonators of noncylindrical symme-
try. As an example, we consider a dielectric triangular prism
with a regular triangle at the base. The permittivity of the
prism ¢ is taken as equal to 81. The height of the prism is
L and the length of the base edge is a.

Figure 7(a) shows the dependence of dimensionless fre-
quency ka on aspect ratio a/L, where k is the wave number.
The blue and red curves correspond to two eigenmodes of the
resonator from the same irreducible representation E”. These
modes have the same multipole content and they can interact
through the continuum [66,67]. The interaction between these
modes manifests itself as a characteristic avoided crossing. As
a result of the interaction, the Q factor of one mode decreases
(blue curve) and for the second mode it increases (red curve).
The dependences of the Q factors on the aspect ratio L/a
for these modes are shown in Fig. 7(c). One can see the
Q factors of one of the modes are increased by more than
two orders of magnitude from 1 x 10 to 3.6 x 10* [point
B in Fig. 7(b)] in the vicinity of the avoided crossing, when

a/L changes from 1.15 to 1.25. This clearly demonstrates
the appearance of quasi-BIC in noncylindrical resonators. The
distribution of the electric field amplitude for the high-Q mode
for different values of the aspect ratio is shown in Fig. 7(b).
One can see that for the aspect ratio a/L = 1.25, when the
Q factor becomes maximal, the field distribution becomes
more symmetric. This indirectly indicates the suppression of
scattering through the main multipole channel.

To prove that the increase in the Q factor is the result of
scattering suppression through the main multipole channel,
we analyze the multipole content of the radiated field as a
function of the aspect ratio of the prism. It follows from the
symmetry analysis (see Table I) that the lowest-order mul-
tipole contributing to the considered modes is the magnetic
dipole moment (M i 1), and the next nonzero multipoles for
these modes are the electric (N4 12) and magnetic (M4 22)
quadrupole moments, and the electric (N4 2 3) and magnetic
(ML1,1,3) octupole moments. The contribution of these mul-
tipoles to the radiated power as a function of the aspect ratio
is shown in Fig. 7(d). The calculations were done using the
COMSOL MULTIPHYSICS software package. One can see that
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exactly at point B, where the Q factor reaches the maximal
value, the magnetic dipole moment of the mode is suppressed
and the mode behaves as an electric quadrupole. It also can be
seen from the far-field radiation patterns shown in Fig. 7(e).

V. CONCLUSION

In summary, we have classified the eigenmodes of the res-
onators of the simplest shape using a group-theory analysis.
For each type of mode we found its multipole content. The
proposed algorithm can be used for resonators of arbitrary
shapes made of any material and placed into any environ-
ment. By the example of cylindrical and cone resonators, we
demonstrated how their eigenmode modes can be classified
and how to find the specific multipole series inherent in
each type of mode. We presented ready-made tables of mode
classification and their multipole content for resonators of
cylindrical symmetry (on a substrate and in a homogeneous
environment), triangular and quadratic prisms, and cube and
chiral resonators.

Many fascinating optical phenomena such as anapole, in-
visibility, or directive light scattering are usually considered
only for spherical resonators because of the simplicity of
their shape. However, in practice, it is difficult to have pure
spherical resonators in a homogeneous environment. Using
the developed approach, the optical phenomena, which are
explained in terms of multipole moments, can be extended
beyond the resonators of a spherical shape. Thus, we predicted
and explained the appearance of a quasibound state in the
continuum in a triangular prism. Therefore, the developed
formalism shows the beauty and power of the symmetry anal-
ysis in physics. It allows one to engineer, predict, and explain
scattering phenomena and optical properties of resonators and
meta-atoms based only on their symmetry without numerical
simulations, and it can be used for the design of different
photonic and microwave devices.
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APPENDIX A: DEFINITION OF VECTOR

SPHERICAL HARMONICS

The vector spherical harmonics are defined in the following
way,

M’llmn = V X (rwillmn) ’ (Al)
V x M—lmn
N,‘lmn = Tl s (A2)
LJ,mn = Vl/fillmn’ (A3)
where
Vimn(kr) = z,(kr)P," (cos 0) cos mg, (A4)
Y_1mn(kr) = z,(kr)P,"(cos 0) sin me. (AS)

- D@ +D, g0 +D, @®

Vi Ve Y 102 Yo Vi
(b) '; _ ,';f = Dl; + Dh*"‘ +D3:(ﬂ z

N, N, N, N, N,
©) 3H Q’ = D18 +D, .:, +D3%

M,, M, M, M, M,

FIG. 8. (a) Example of rotation transformation of the scalar
spherical function ;. The arbitrarily rotated function can be pre-
sented as a linear combination of functions ¥: ,,, and the function,
rotated around the y axis, as a linear combination of functions ¥ry,,,.
(b), (c) Rotation of electric Njo, and magnetic M_ ¢, vector spherical
harmonics is described by a similar rule, and rotated vector spherical
harmonics are presented as a combination of functions Wi 2 with
the same coefficients as scalar.

Here, z,(kr) can be replaced by a spherical Bessel function of
any kind, and P"(cos ) is the associated Legendre polyno-
mial.

APPENDIX B: TRANSFORMATION OF VECTOR
FUNCTIONS

Any point symmetry group transformation can be written
as a combination of rotations and inversion, so there is no
need to consider, for example, reflections, separately. The
transformation of scalar spherical functions is given by the
known formula [68]

'lﬁme (Rilr) = Z w])’m’l(r)si;’pm’m (R)

m',p'

(BI)

Here, S/, m,m(lé) are the matrices which can be obtained
from the law of the transformation of complex spherical
functions [69]. They are specific combinations of the Wigner
D-matrices [70], and R is the rotation matrix which transforms
the radius vector. Note that functions with similar / are trans-
formed through each other and the radial part z,(kr) is not
transformed under point group transformations.

In the case of inversion, the scalar spherical functions are
transformed as follows,

vfjunl(_r) = (_1)[ 1/fpml (r) (B2)

One can prove that under rotations, vector spherical har-
monics demonstrate similar behavior as scalar ones [71,72],
which is illustrated in Fig. 8. However, for the vector func-
tions, the rotation cannot be written in this simple way,
because in order to rotate the vector function we need to
rotate both the vector argument and the value of the function.
It is convenient to write such a transformation for every
projection,

Nx.pml (Ré\il r)ﬁilex + Ny,pml (Rilr)l}éiley

AN (RTOR™ €, =D S} (RN (1),

m',p'

(B3)
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TABLE I. The classification of modes by representations and the multipole composition of the eigenmode for a triangular prism (D3;,). For
each mode type we showed the dimension of irreducible representations and found a specific series of VSHs N,,,; and M,,,;. Indices m and [

are expressed in s and k, which are positive integers, respectively.

Spherical multipoles

Parity Irrep D3, dim Electric Magnetic
Odd Al, (D) N_i 352 M. 0,26 Mo 35261
A7, (1) Nio.2k—1> Niseow M, 35241
E", (2) Nat 35-1.26-1 ML 35-12¢
Nt 3s-2. M. 35-2.26-1
Even Al (1) Nio.26 Ni3s 21 M 35,
Ay, (1) No1 35,261 M1 0,26-1, Moy 35,2k
E' (2) Nat 352,261 M.y 352,
Nat35-1.2% M.y 36-1.26-1

Mx’,—pm[ (R_ ! r)ﬁ_lex + Mv,—pml (ﬁ_lr)R_ ! ey

My (RT'OR e, =Y S, (M (r), (B4)

m',p'

Matrices S;,pm,m (R) are the same as for scalar spherical func-
tions. Note that the rotation behavior of ¥, N, and
M_,,; is similar.

Under inversion, the behavior of magnetic and electric
harmonics is opposite. Indeed, for electric harmonics, it is
similar to the behavior of the scalar functions,

_N\',pml(_r)ex - Ivy,pml(_r)ey - Nz,pml(_r)ez

Magnetic harmonics are transformed under inversion as fol-
lows,

_Mx,pml(_r)ex - My,pml(_r)ey - Mz,pml(_r)ez

= M (—1) = (= 1) M, (r). (BO)

For example, the electric dipoles are odd under inversion,
electric quadrupoles are even, magnetic dipoles are even,
magnetic quadrupoles are odd, and so on.

APPENDIX C: TABLES FOR RESONATORS WITH D3;,, Dy,
AND 0, SYMMETRY

The results of multipole decompositions and symmetry
classification for the triangular prism (D3;,), quadratic prisms

= _Npml(_r) = (_l)leml(r)-

(BS)

(Dgy,), and cube (Op,) are shown in Tables I-III.

TABLE II. The classification of modes by representations and the multipole composition of the eigenmode for a quadrangular prism (Dyj,).
For each mode type we showed the dimension of irreducible representations and found a specific series of VSHs N,,,; and M,,,,;. Indices m
and [ are expressed in s and k, which are positive integers, respectively.

Spherical multipoles

Parity Irrep Dyy,, dim Electric Magnetic
0Odd Ay, (D) No 4261 M. 1026 Mg a5 2
Agy, (1) Nioak-1, Nias k-1 M 45,2
B, (1) No 452,261 M. 4520
Bau, (1) N 452,261 M 452,
E,, (2) N_j45-3.2 M| 453261
Nias-3.2¢ M 45321
Even A]gv (1) Ni.0.26> Nias2k M1.4.;,2k71
A, (1) N_p 52 M_ 10251, Moy 45261
By, (1) Ny 4522 M 452211
By, (1) N 422 M_ | 452261
E., (2) No145-3.26-1 Mo 45-3,2
N as-3,26-1 M 45-3,2

075103-9




167

GLADYSHEY, FRIZYUK, AND BOGDANOV

PHYSICAL REVIEW B 102, 075103 (2020)

TABLE III. The classification of modes by representations and the multipole composition of an eigenmode for a cube (O;,). For each mode
type we showed the dimension of irreducible representations and found a specific series of VSHs N,,,,; and M,,,;. Indices m and [ are expressed

in s and k, which are positive integers, respectively.

Spherical multipoles

Parity Irrep Oy, dim Electric Magnetic
Odd Ay, (1) N as—2.2641 M 4522
A, (1) N_ 4522641 M_ 4502
E,, (2) N_ia5-2.2041 M_ 4522
N_i 45,2641 M. 0.2k, My 45,2
T, 3) Ny 45261, Nio2k—1 M, 452011
T, (3) Nias—2.2641 M 4522
Tig, 3) N_ 1 as-3.20001)> Nt ds—1.2G41) M. a3001, Mg o161
Nias-3.20+1)» Nias—1,2041) M 453201, Mg 1,21
Tre, (3) N1 4532k N as—1,2% M 453,261 Mo14s- 12641
Nias-3.20 Nigs—1,2 M 45320115 My gg1,2641
Even Ay, (1) N_j 422 ML 4522041
A, (1) Ni g2 M 45-2.2541
E,, (2) Nias—2.2k M 4522611
Ni 0,265 Niasx M 452041
Tig, (3) N_ a5k M. 0.2k-1, Moy 45,261
Tag, (3) N_p 422 M_ | 45-2.2k-1
T, (3) N_ 1 a5-3.26— 1> Nopas-1.261 M_ 1 45320001 Mot as-1.20051)
Nias—3.26—1> Nids—1.26—1 M 45-3.2664+1)> Mis—1.26041)
T, (3) N_tas-3.2001s Nopas— 12041 M. 45326 Mt g5-1.2%

Nias—3.2001 Nids—1.2041

M 453,26 Mas—1.2

[1] C. F. Bohren and D. R. Huffman, Absorption and Scattering of
Light by Small Particles (Wiley, Hoboken, NJ, 2008).

[2] A. 1. Kuznetsov, A. E. Miroshnichenko, M. L. Brongersma,
Y. S. Kivshar, and B. Luk’yanchuk, Optically resonant dielec-
tric nanostructures, Science 354, aag2472 (2016).

[3] A. Arbabi, Y. Horie, M. Bagheri, and A. Faraon, Dielectric
metasurfaces for complete control of phase and polarization
with subwavelength spatial resolution and high transmission,
Nat. Nanotechnol. 10, 937 (2015).

[4] D. Smirnova, A. I. Smirnov, and Y. S. Kivshar, Multipo-
lar second-harmonic generation by Mie-resonant dielectric
nanoparticles, Phys. Rev. A 97, 013807 (2018).

[5] S. S. Kruk, R. Camacho-Morales, L. Xu, M. Rahmani, D. A.
Smirnova, L. Wang, H. H. Tan, C. Jagadish, D. N. Neshev,
and Y. S. Kivshar, Nonlinear optical magnetism revealed by
second-harmonic generation in nanoantennas, Nano Lett. 17,
3914 (2017).

[6] V. Gili, L. Carletti, A. Locatelli, D. Rocco, M. Finazzi, L.
Ghirardini, I. Favero, C. Gomez, A. Lemaitre, M. Celebrano et
al., Monolithic AlGaAs second-harmonic nanoantennas, Opt.
Express 24, 15965 (2016).

[7]1 S. V. Makarov, M. L. Petrov, U. Zywietz, V. Milichko, D. Zuev,
N. Lopanitsyna, A. Kuksin, I. Mukhin, G. Zograf, E. Ubyivovk
et al., Efficient second-harmonic generation in nanocrystalline
silicon nanoparticles, Nano Lett. 17, 3047 (2017).

[8] D. A. Smirnova, A. B. Khanikaev, L. A. Smirnov, and Y. S.
Kivshar, Multipolar third-harmonic generation driven by op-
tically induced magnetic resonances, ACS Photonics 3, 1468
(2016).

[9] M. R. Shcherbakov, A. S. Shorokhov, D. N. Neshev, B.
Hopkins, I. Staude, E. V. Melik-Gaykazyan, A. A. Ezhov, A. E.
Miroshnichenko, I. Brener, A. A. Fedyanin et al., Nonlinear
interference and tailorable third-harmonic generation from di-
electric oligomers, ACS Photonics 2, 578 (2015).

[10] G. Grinblat, Y. Li, M. P. Nielsen, R. F. Oulton, and S. A. Maier,
Enhanced third harmonic generation in single germanium nan-
odisks excited at the anapole mode, Nano Lett. 16, 4635 (2016).

[11] N. Bontempi, K. E. Chong, H. W. Orton, I. Staude, D.-Y. Choi,
I. Alessandri, Y. S. Kivshar, and D. N. Neshev, Highly sensitive
biosensors based on all-dielectric nanoresonators, Nanoscale 9,
4972 (2017).

[12] Y. Kivshar and A. Miroshnichenko, Meta-optics with Mie reso-
nances, Opt. Photonics News 28, 24 (2017).

[13] N. Kryzhanovskaya, Y. Polubavkina, E. Moiseev, M. Maximov,
V. Zhurikhina, S. Scherbak, A. Lipovskii, M. Kulagina, Y.
Zadiranov, I. Mukhin, F. Komissarenko, A. Bogdanov, A.
Krasnok, and A. Zhukov, Enhanced light outcoupling in mi-
crodisk lasers via Si spherical nanoantennas, J. Appl. Phys. 124,
163102 (2018).

[14] Y. S. Polubavkina, N. V. Kryzhanovskaya, E. I. Moiseev, M. M.
Kulagina, I. S. Mukhin, F. E. Komissarenko, Y. M. Zadiranov,
M. V. Maximov, A. E. Krasnok, A. A. Bogdanov, A. E.
Zhukov, and A. V. Shelaev, Improved emission outcoupling
from microdisk laser by Si nanospheres, J. Phys.: Conf. Ser.
741, 012158 (2016).

[15] L. S. Sinev, A. A. Bogdanov, F. E. Komissarenko, K. S. Frizyuk,
M. L. Petrov, I. S. Mukhin, S. V. Makarov, A. K. Samusev, A. V.
Lavrinenko, and I. V. Torsh, Chirality driven by magnetic dipole

075103-10




168

SYMMETRY ANALYSIS AND MULTIPOLE ...

PHYSICAL REVIEW B 102, 075103 (2020)

response for demultiplexing of surface waves, Laser Photonics
Rev. 11, 1700168 (2017).

[16] A. Krasnok, S. Li, S. Lepeshov, R. Savelev, D. G. Baranov,
and A. Alu, All-optical switching and unidirectional plasmon
launching with nonlinear dielectric nanoantennas, Phys. Rev.
Applied 9, 014015 (2018).

[17] S. V. Li, D. G. Baranov, A. E. Krasnok, and P. A. Belov, All-
dielectric nanoantennas for unidirectional excitation of elec-
tromagnetic guided modes, Appl. Phys. Lett. 107, 171101
(2015).

[18] M. F. Picardi, M. Neugebauer, J. S. Eismann, G. Leuchs, P.
Banzer, F. J. Rodriguez-Fortufio, and A. V. Zayats, Exper-
imental demonstration of linear and spinning Janus dipoles
for polarisation-and wavelength-selective near-field coupling,
Light Sci. Appl. 8, 52 (2019).

[19] G. P. Zograf, M. 1. Petrov, D. A. Zuev, P. A. Dmitriev,
V. A. Milichko, S. V. Makarov, and P. A. Belov,
Resonant  nonplasmonic  nanoparticles  for  efficient
temperature-feedback optical heating, Nano Lett. 17, 2945
(2017).

[20] K. Frizyuk, M. Hasan, A. Krasnok, A. Ali, and M. Petrov,
Enhancement of Raman scattering in dielectric nanostructures
with electric and magnetic Mie resonances, Phys. Rev. B 97,
085414 (2018).

[21] T. Wu, A. Baron, P. Lalanne, and K. Vynck, Intrinsic multipolar
contents of nanoresonators for tailored scattering, Phys. Rev. A
101, 011803(R) (2020).

[22] J.-M. Geffrin, B. Garcia-Camara, R. G6mez-Medina, P. Albella,
L. Froufe-Pérez, C. Eyraud, A. Litman, R. Vaillon, F. Gonzilez,
M. Nieto-Vesperinas et al., Magnetic and electric coherence
in forward-and back-scattered electromagnetic waves by a sin-
gle dielectric subwavelength sphere, Nat. Commun. 3, 1171
(2012).

[23] H. K. Shamkhi, K. V. Baryshnikova, A. Sayanskiy, P.
Kapitanova, P. D. Terekhov, P. Belov, A. Karabchevsky, A. B.
Evlyukhin, Y. Kivshar, and A. S. Shalin, Transverse Scattering
and Generalized Kerker Effects in All-Dielectric Mie-Resonant
Metaoptics, Phys. Rev. Lett. 122, 193905 (2019).

[24] P. Jin and R. W. Ziolkowski, Metamaterial-inspired, electrically
small Huygens sources, IEEE Antennas Wireless Propag. Lett.
9, 501 (2010).

[25] W. Liu and Y. S. Kivshar, Generalized Kerker effects in
nanophotonics and meta-optics, Opt. Express 26, 13085 (2018).

[26] S. Person, M. Jain, Z. Lapin, J. J. Sdenz, G. Wicks, and L.
Novotny, Demonstration of zero optical backscattering from
single nanoparticles, Nano Lett. 13, 1806 (2013).

[27] 1. M. Hancu, A. G. Curto, M. Castro-Lépez, M. Kuttge, and
N. F. van Hulst, Multipolar interference for directed light emis-
sion, Nano Lett. 14, 166 (2013).

[28] M. V. Rybin, D. S. Filonov, P. A. Belov, Y. S. Kivshar, and
M. FE. Limonov, Switching from visibility to invisibility via
Fano resonances: Theory and experiment, Sci. Rep. 5, 8774
(2015).

[29] A. E. Miroshnichenko, A. B. Evlyukhin, Y. F. Yu, R. M.
Bakker, A. Chipouline, A. I. Kuznetsov, B. Luk’anchuk, B. N.
Chichkov, and Y. S. Kivshar, Nonradiating anapole modes in
dielectric nanoparticles, Nat. Commun. 6, 8069 (2015).

[30] B. Luk’yanchuk, R. Paniagua-Dominguez, A. I. Kuznetsov,
A. E. Miroshnichenko, and Y. S. Kivshar, Suppression
of scattering for small dielectric particles: Anapole mode

and invisibility, Philos. Trans. R. Soc. A 375, 20160069
(2017).

[31] A. Alu and N. Engheta, Multifrequency Optical Invisibility
Cloak with Layered Plasmonic Shells, Phys. Rev. Lett. 100,
113901 (2008).

[32] A. Alu and N. Engheta, Cloaking and transparency for collec-
tions of particles with metamaterial and plasmonic covers, Opt.
Express 15, 7578 (2007).

[33] M. V. Rybin, K. L. Koshelev, Z. F. Sadrieva, K. B. Samusev,
A. A. Bogdanov, M. F. Limonov, and Y. S. Kivshar, High-Q
Supercavity Modes in Subwavelength Dielectric Resonators,
Phys. Rev. Lett. 119, 243901 (2017).

[34] K. Koshelev, G. Favraud, A. Bogdanov, Y. Kivshar, and A.
Fratalocchi, Nonradiating photonics with resonant dielectric
nanostructures, Nanophotonics 8, 725 (2019).

[35] S.-Y. Chiam, R. Singh, C. Rockstuhl, F. Lederer, W. Zhang,
and A. A. Bettiol, Analogue of electromagnetically induced
transparency in a terahertz metamaterial, Phys. Rev. B 80,
153103 (2009).

[36] S. Miihlig, C. Menzel, C. Rockstuhl, and F. Lederer, Multipole
analysis of meta-atoms, Metamaterials 5, 64 (2011).

[37] P. D. Terekhov, K. V. Baryshnikova, Y. A. Artemyev, A.
Karabchevsky, A. S. Shalin, and A. B. Evlyukhin, Multipolar
response of nonspherical silicon nanoparticles in the visible and
near-infrared spectral ranges, Phys. Rev. B 96, 035443 (2017).

[38] R. Alaee, C. Rockstuhl, and I. Fernandez-Corbaton, An elec-
tromagnetic multipole expansion beyond the long-wavelength
approximation, Opt. Commun. 407, 17 (2018).

[39] P. Grahn, A. Shevchenko, and M. Kaivola, Electromagnetic
multipole theory for optical nanomaterials, New J. Phys. 14,
093033 (2012).

[40] A. B. Evlyukhin, T. Fischer, C. Reinhardt, and B. N. Chichkov,
Optical theorem and multipole scattering of light by arbitrarily
shaped nanoparticles, Phys. Rev. B 94, 205434 (2016).

[41] M. Kerker, D.-S. Wang, and C. Giles, Electromagnetic scatter-
ing by magnetic spheres, J. Opt. Soc. Am. 73, 765 (1983).

[42] K. Frizyuk, Second-harmonic generation in dielectric nanopar-
ticles with different symmetries, J. Opt. Soc. Am. B 36, F32
(2019).

[43] K. Frizyuk, I. Volkovskaya, D. Smirnova, A. Poddubny, and M.
Petrov, Second-harmonic generation in Mie-resonant dielectric
nanoparticles made of noncentrosymmetric materials, Phys.
Rev. B 99, 075425 (2019).

[44] J. Mikitalo, M. Kauranen, and S. Suuriniemi, Modes and reso-
nances of plasmonic scatterers, Phys. Rev. B 89, 165429 (2014).

[45] R. N. S. Suryadharma, M. Fruhnert, I. Fernandez-Corbaton,
and C. Rockstuhl, Studying plasmonic resonance modes of
hierarchical self-assembled meta-atoms based on their transfer
matrix, Phys. Rev. B 96, 045406 (2017).

[46] P. Lalanne, W. Yan, K. Vynck, C. Sauvan, and J.-P. Hugonin,
Light interaction with photonic and plasmonic resonances,
Laser Photonics Rev. 12, 1700113 (2018).

[47] M. B. Doost, W. Langbein, and E. A. Muljarov, Resonant-state
expansion applied to three-dimensional open optical systems,
Phys. Rev. A 90, 013834 (2014).

[48] E. Muljarov, W. Langbein, and R. Zimmermann, Brillouin-
Wigner perturbation theory in open electromagnetic systems,
Europhys. Lett. 92, 50010 (2011).

[49] S. V. Lobanov, W. Langbein, and E. A. Muljarov, Resonant-
state expansion applied to three-dimensional open optical sys-

075103-11




169

GLADYSHEY, FRIZYUK, AND BOGDANOV

PHYSICAL REVIEW B 102, 075103 (2020)

tems: Complete set of static modes, Phys. Rev. A 100, 063811
(2019).

[50] E. L. Ivchenko and G. Pikus, Superlattices and Other Het-
erostructures: Symmetry and Optical Phenomena, Vol. 110
(Springer, Berlin, 2012).

[51] G. E. Koster, Properties of the Thirty-Two Point Groups, Vol. 24
(The MIT Press, Cambridge, MA, 1963).

[52] A. Gelessus, http://symmetry.jacobs-university.de.

[53] M. Tinkham, Group Theory and Quantum Mechanics (McGraw-
Hill, New York, 1964).

[54] Z. Xiong, Q. Yang, W. Chen, Z. Wang, J. Xu, W. Liu, and
Y. Chen, On the constraints of electromagnetic multipoles for
symmetric scatterers: Eigenmode analysis, Opt. Express 28,
3073 (2020).

[55] L. Brillouin, Les problémes de perturbations et les champs self-
consistents, J. Phys. Radium 3, 373 (1932).

[56] L. Landau and E. Lifshitz, Quantum Mechanics (Pergamon,
New York, 1977).

[57] K. Ohtaka and Y. Tanabe, Photonic bands using vector spherical
waves. III. Group-theoretical treatment, J. Phys. Soc. Jpn. 65,
2670 (1996).

[58] G. Goss, Website of group symmetry, http://newton.ex.
ac.uk/research/qsystems/people/goss/symmetry/Dinfh.html
(2000).

[59] A. Gelessus, W. Thiel, and W. Weber, Multipoles and symme-
try, J. Chem. Educ. 72, 505 (1995).

[60] M. Gorodetsky and V. Ilchenko, High-Q optical whispering-
gallery microresonators: Precession approach for spherical
mode analysis and emission patterns with prism couplers, Opt.
Commun. 113, 133 (1994).

[61] S. Hayami, M. Yatsushiro, Y. Yanagi, and H. Kusunose, Classi-
fication of atomic-scale multipoles under crystallographic point
groups and application to linear response tensors, Phys. Rev. B
98, 165110 (2018).

[62] A. N. Serdikov, I. V. Semchenko, and S. Tertyakov, Electro-
magnetics of Bi-anisotropic Materials: Theory and Application,
Vol. 11 (Gordon and Breach, Amsterdam, 2001).

[63] A. A.Bogdanov, K. L. Koshelev, P. V. Kapitanova, M. V. Rybin,
S. A. Gladyshev, Z. F. Sadrieva, K. B. Samusev, Y. S. Kivshar,
and M. F. Limonov, Bound states in the continuum and Fano
resonances in the strong mode coupling regime, Adv. Photonics
1, 016001 (2019).

[64] W. Chen, Y. Chen, and W. Liu, Multipolar conversion induced
subwavelength high-Q Kerker supermodes with unidirectional
radiations, Laser Photonics Rev. 13, 1900067 (2019).

[65] K. Koshelev, S. Kruk, E. Melik-Gaykazyan, J.-H. Choi, A.
Bogdanov, H.-G. Park, and Y. Kivshar, Subwavelength dielec-
tric resonators for nonlinear nanophotonics, Science 367, 288
(2020).

[66] H. Friedrich and D. Wintgen, Interfering resonances and bound
states in the continuum, Phys. Rev. A 32, 3231 (1985).

[67] H. Cao and J. Wiersig, Dielectric microcavities: Model systems
for wave chaos and non-Hermitian physics, Rev. Mod. Phys. 87,
61 (2015).

[68] D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonsky,
Quantum Theory of Angular Momentum: Irreducible Tensors,
Spherical Harmonics, Vector Coupling Coefficients, 3nj Symbols
(World Scientific, Singapore, 1988).

[69] G. Aubert, An alternative to Wigner d-matrices for rotating real
spherical harmonics, AIP Adv. 3, 062121 (2013).

[70] E. P. Wigner and J. J. Griffin, Group Theory and its Application
to The Quantum Mechanics of Atomic Spectra (Academic,
London, 1959).

[71] H. Zhang and Y. Han, Addition theorem for the spherical
vector wave functions and its application to the beam shape
coefficients, J. Opt. Soc. Am. B 25, 255 (2008).

[72] S. Stein, Addition theorems for spherical wave functions, Q.
Appl. Math. 19, 15 (1961).

075103-12




170

PHYSICAL REVIEW B 100, 115303 (2019)

Multipolar origin of bound states in the continuum
Zarina Sadrieva,!-" Kristina Frizyuk,'*';‘ Mihail Petrov,' Yuri Kivshar,"? and Andrey Bogdanov !
ITMO University, Saint Petersburg 197101, Russia
2Nonlinear Physics Center, Australian National University, Canberra ACT 2601, Australia

® (Received 18 April 2019; revised manuscript received 14 August 2019; published 3 September 2019)

Metasurfaces based on resonant subwavelength photonic structures enable novel methods of wavefront
control and light focusing, underpinning a new generation of flat-optics devices. Recently emerged all-dielectric
metasurfaces exhibit high-quality resonances underpinned by the physics of bound states in the continuum
that drives many interesting concepts in photonics. Here we suggest an approach to explain the physics of
bound photonic states embedded in the radiation continuum. We study dielectric metasurfaces composed of
planar periodic arrays of Mie-resonant nanoparticles (“meta-atoms”) which support both symmetry protected
and accidental bound states in the continuum, and employ the multipole decomposition approach to reveal the
physical mechanism of the formation of such nonradiating states in terms of multipolar modes generated by
isolated meta-atoms. Based on the symmetry of the vector spherical harmonics, we identify the conditions for
the existence of bound states in the continuum originating from the symmetries of both the lattice and the unit
cell. Using this formalism we predict that metasurfaces with strongly suppressed spatial dispersion can support
the bound states in the continuum with the wave vectors forming a line in the reciprocal space. Our results
provide a method for designing high-quality resonant photonic systems based on the physics of bound states in

the continuum.

DOI: 10.1103/PhysRevB.100.115303

L INTRODUCTION

The quest for compact photonic systems with high qual-
ity factor (Q factor) modes led to the rapid development
of optical bound states in the continuum (BICs). BICs are
nonradiating states, characterized by the resonant frequencies
embedded to the continuum spectrum of radiating modes of
the surrounding space [1-3]. The BICs first appeared as a
mathematical curiosity in quantum mechanics [4]. The dis-
covery of BICs in optics immediately attracted broad attention
(see, e.g., Refs. [5-7]) due to high potential in applications
in communications [8,9], lasing [10-13], filtering [14], and
sensing [15—17]. Recent achievements in the field of BICs are
discussed in Refs. [18-27].

Decoupling of the resonant mode from the radiative spec-
trum, which is the basic idea behind the BIC, can be inter-
preted in several equivalent ways. Within the coupled-mode
theory, it corresponds to nullifying the coupling coefficient
between the resonant mode and all radiation channels of
the surrounding space [28]. Alternatively, the appearance of
BICs is explained as vanishing of Fourier coefficients corre-
sponding to open diffraction channels due to the symmetry
of the photonic structure. At the particular high-symmetry
points of the reciprocal space, for example, at the I" point,
the continuous spectrum is divided into the modes of different
symmetry classes with respect to the reflectional and rota-
tional symmetry of the photonic system. The bound states of
one symmetry class can be found embedded in the continuum
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of another symmetry class, and their coupling is forbidden as
long as the symmetry is preserved. This kind of BIC is called
symmetry protected, and it also allows interpretation in terms
of topological charges defined by the number of times the
polarization vector winds around the BIC, presented as vortex
centers in the polarization field [29]. In contrast to the sym-
metry protected BIC, the so-called accidental BICs [1,29-32]
can be observed out of the I' point due to an accidental
nullifying of the Fourier (coupling) coefficients via fine tuning
of parameters of the photonic system. Such a mechanism is
also known as the Friedrich-Wintgen scenario [33].

There are many methods developed for calculation of
transmission/reflection spectra, eigenmodes, and the complex
eigenfrequency spectrum of an open periodic system like
photonic crystal slabs, metasurfaces, and chains of particles.
In particular, these methods include guided mode expan-
sion method [34], resonance state expansion method [35,36],
perturbative methods [37,38], Fourier modal method (also
known as rigourous coupled wave analysis) [39—41], quasi-
normal-mode expansion [42,43], coupled Bloch mode ap-
proach [44,45], methods using multipole scattering theory
[46], and Feshbach projection formalism [47-49]. Many of
these methods are used to explain the appearance of BICs
in periodic structures and description of their properties
[5,29,50-58].

Despite the number of existing approaches to understand-
ing the nature of BICs, there is still room for further de-
velopment of the theory. During the previous few years the
electromagnetic multipole theory [59] has been extensively
developed as a natural tool of nanophotonics dealing with
the lowest (fundamental) resonances of the system. The main
advantage of the multipole decomposition method (MDM)
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is that it provides a representation of an arbitrary field dis-
tribution as a superposition of the fields created by a set
of multipoles [60,61]. Namely, the multipole expansion has
been widely used to determine the polarization and directivity
patterns of the scattered field of single particles and their
clusters, both plasmonic and dielectric [60-64], for a variety
of applications such as polarization control devices [61],
dielectric nanoantennas [65], and light demultiplexing [66].
A number of novel optical phenomena have been explained
within the MDM such as the anapole effect [67,68], optome-
chanical phenomena [69,70], and the Kerker effect [71,72].

In this paper, we extend the MDM approach to explain both
symmetry protected and accidental BICs. We provide a theory
of BIC origin in terms of MDM for a general case of any
periodic structure and develop an analytical method, which
determines the contribution of the vector spherical harmonics
(VSH) to the far field (Sec. II). Working in the VSH basis,
we take advantage of the internal symmetry and provide the
group-symmetry approach to identifying the BIC formation
in terms of the unit-cell and lattice symmetries (Sec. III). We
implement field multipole expansion of the eigenmodes of a
periodic two-dimensional (2D) photonic structure supporting
BICs. We illustrate the developed technique by considering
a 2D square array of spheres and extending it to the case of
a photonic crystal slab with a 2D array of cylindrical holes
(Sec. IV). The developed approach can be easily extended
even further to periodic structures with other types of unit-cell
and lattice symmetries. The proposed method both provides a
deeper understanding of the photonic BIC physics and gives
a tool for an effective designing of high-Q resonant photonic
systems.

II. MULTIPOLAR APPROACH

In this section we consider the modes of a two-dimensional
periodic array of dielectric nanoparticles with arbitrary shape
(see Fig. 1), and obtain an expression connecting the multi-
polar content of the field inside and outside the nanoparticles.
We denote the VSH as M, ,, (k, r) (magnetic) and N, ., (k, r)
(electric), relying on the definition presented in Ref. [73].
We introduce an additional notation W, ., for both types
of VSH, where inversion parity index p; = (—1)"*! for
M, (k, 1), and p; = (=1)" for N, uu(k, r). Index n is the
multipole order, m varies from zero ton, and p, = 1if W, .,
is even under reflection from the y = 0 plane (¢ — —¢ in the
spherical system) and p, = —1 if it is odd [74].

In a homogeneous medium with permittivity ¢, any solu-
tion of the Helmholtz equation with wave vector k = /%
can be expanded in terms of electric and magnetic spherical
harmonics [75]. The field inside the medium of the jth cell of
the array E™ can be written in terms of multipolar decompo-
sition:

o0 n

i 1 i(Kp-
E™r) =Y "> Eo[DypmWO), k2, ¥ ™), (1)
=
where k, = 52% is the wave vector in the material, the

superscript (1) stands for spherical Bessel functions in the
radial part of the VSH, k; is the Bloch vector, r' =r —r;,
and r; is the position of a single sphere (see Fig. 1). D), un

Un;

z

Accidental BIC:

M“”T\ .

FIG. 1. (a) Metasurface with a square unit cell composed of
dielectric meta-atoms. (b) The upper and lower panels show the
formation mechanism of symmetry protected (at-I") and accidental
(off-T") BIC.

are the coefficients of the multipolar decomposition, which
will be discussed in Sec. III. In a similar manner, the field
outside the array is expressed as follows (see Appendix B):

> b VL_"/fwdka(k —k —K)
p’p’mn27rk1 - I b Il

K. pi.pr.m.n

eikr|:Y k j| (2)
& "’"”(|k|>

Here K is the reciprocal-lattice vector, k, = £vk? — kf,
k| = k1 = \/e1%, and V, is the volume of the first Brillouin
zone. The spherical vector functions Y(n) depend on the
spherical coordinates of a unity vector n and they are given in
Appendix A. Their symmetry coincides with the symmetry of
the W function with identical indices. The relation between
D and D is discussed in Appendix C, and for the case of
an array of spherical particles coefficients D can be derived
analytically.

The summation in Eq. (2) over the reciprocal vectors
corresponding to open diffraction channels, i.e., the terms
with real k,, provides the contribution to the far field. For the
frequencies below the diffraction limit, only the zeroth-order
term with K = 0 gives a nonzero contribution to the far field:

E(r) =

EyV,

Kk
TN D | Yo ) | G
27tk1k1, Zl pipr pipr kl (3)

l r

E(r) =
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where Kk =k, and ki, = :I:,/k% — kﬁ. According to
Eq. (3), the contribution of the multipole with numbers
pi, pr,m, and n to the far field in the direction defined by
the wave vector K, is proportional to the multipole expansion
coefficient D and the value of spherical vector function Y in
the given direction. Equation (3) provides the correspondence
between the radiation pattern of a single unit cell and the
far-field properties of the whole infinite array, allowing for
interpreting the BIC in terms of MDM. In strong contrast
to a single nanoparticle, where each multipole contributes
to the far field, in the case of a subdiffractive array there
might be a direction in which none of the multipoles gives
any contribution, or alternatively the nonzero contribution
of different terms may eventually sum up to zero. The
formulated alternative gives a sharp distinction between the
symmetry protected and accidental BIC.

A. At-T-point BIC

The I'-point BIC corresponds to the absence of the far-
field radiation in the direction along the z axis. Due to the
structure of VSH, it appears that a number of multipoles do
not radiate in the vertical direction along the z axis. If the
field inside a single unit cell consists only of such multipoles,
there will be no total radiation in the z direction. This simple
fact is illustrated in the upper panel in Fig. 1(b). Noticing
that only Y, 1, functions with m = 1 are nonzero in parallel
to the z-axis direction, we can conclude that at the I" point
in the subdiffractive array all the modes which do not contain
the harmonics with m = 1 are symmetry protected BICs. This
fundamental conclusion lies at the basis of recent experimen-
tal demonstration [10] of lasing with BICs in a 2D subdiffrac-
tive array of nanoparticles. The particular operational mode
consisted of vertical dipoles oriented along the z axis, thus
not contributing to the only open channel. There exists an
approach [1,29] in which the eigenmodes at the I" point can
radiate in the normal direction z if their fields are odd under
C;5 rotations and do not have any other rotational symmetry
of C’ type. In terms of multipole moments, this follows from
the fact that at the I point any radiative mode should contain
multipoles with m = 1. On the other hand, by virtue of the
symmetry, the even modes have zero radiation losses, i.e., an
infinite radiation quality factor, and are known as symmetry
protected BICs.

B. Off-I' BIC

Let us now turn to the case of accidental BIC description.
In the general case, coefficients D are complex numbers.
They define the amplitudes and phase delay between the
multipoles. However, in accordance with Ref. [30], if the
structure has time reversal and inversion symmetry, the eigen-
modes must satisfy the condition E(r) = E*(—r). This fact
imposes strict conditions on the multipoles’ phases; because
some of them are even under inversion and some of them
are odd, the coefficient D_j, ,,, before the odd ones must be
imaginary.

It follows that every term of the sum in Eq. (3) is purely
real, and all multipoles are in phase or antiphase. All coeffi-
cients depend on k-vector and structural parameters and in the

case of the off-I" BICs this sum turns to zero. In other words,
for the particular k; all vector harmonics add up to zero in the
direction of ki, analogously to the anti-Kerker effect, because
they are already in phase and only amplitudes are modulated
while the k vector is changed [Fig. 1(b), lower panel]. One
can intuitively understand accidental BICs (TM polarized)
via a toy dipole model composed of vertical electric and
horizontal magnetic dipoles interfering destructively at some k
vector [76].

The expansion coefficients D), ., depend on shape of
the nanoparticles, material parameters, and symmetry of the
lattice. Obviously, the lattice symmetry imposed restrictions
on D, mn and some coefficients should vanish due to the
symmetry. To explore these selection rules, we employ the
group-theoretic approach.

III. SYMMETRY APPROACH

The group-theoretic approach is a powerful method which
is widely used for analyzing the properties of periodic pho-
tonic systems [31,77-80]. In this section, we apply this
method to reveal which of the coefficients D, ., are nonzero
in accordance with the mode symmetry imposed by the sym-
metry of the periodic structure [81,82] and to explain the
formation of BICs. To make further analysis more illustrative
we will provide the example of a square periodic array of
dielectric spheres shown in the inset in Fig. 2(a). Nevertheless,
it is necessary to highlight that further considerations remain
true for any kind of structures with a square lattice with
point-group symmetry D.gj,.

Figure 2(a) shows the dispersion of eigenmodes along the
TX direction for a square periodic array of dielectric spheres
with permittivity &, = 12 embedded in the air with permit-
tivity &; = 1. The dispersion is calculated numerically using
the COMSOL MULTIPHYSICS package. The radius of the spheres
is a = 100 nm and the period of the array is d = 600 nm.
Analogous to a dielectric slab waveguide, the eigenmodes
of the 2D array are split into transverse electric (TE) and
transverse magnetic (TM) modes, which have mainly the z
component of magnetic and electric field, correspondingly.
Figure 2(b) shows the dependence of the Q factor on the
Bloch wave number k, for the modes, which are BICs at the
I point. One can see that, additionally to at-I"-BIC, the TM3
mode turns into off-BIC in the middle of the Brillouin band
(accidental BIC).

The eigenmodes of periodic structures have certain sym-
metry in accordance with the fact that every mode is trans-
formed by an irreducible representation of the structure’s
symmetry group [83,84]. While Bloch functions are already
the basis functions of the translation group irreducible repre-
sentation labeled by k;, under point-group operations the basis
functions with different k;, transform through each other. They
carry high-dimensional representations of the space group.
We are interested in the multipolar content of the mode with
particular k;, so we look at the point group of k,, i.e., the
subgroup of the whole point group, which transforms the k;
into an equivalent. Note that symmetry of the unit cell should
be also taken into account since it alters the point group of the
full structure.
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FIG. 2. (a) Band diagram for the square periodic array of di-
electric spheres at the TX valley. Period d = 600 nm, nanosphere
radius @ = 100 nm, dielectric permittivity of the spheres &, = 12,
and medium permittivity &, = 1. Modes TE,, TE4, TM3, and TM,
are symmetry protected BICs at the I" point. (b) Q factor of the TMj3
mode in the TX valley. At the particular wave vector, the Q factor
tends to infinity and the accidental BIC appears.

At the I" point, the group of k; is the whole group Dy,
k, =0 and it is not transformed. At T'X valleys the point
group of k, is C,,, which consists of 7 rotation around
the x or y axis and two plane reflections at z =0 and at
y =0 or x = 0. These operations keep vector k; invariant.
Analogously, in the M valley the group is also C,,. Solutions
with particular k;, are transformed by one of the kj-group
irreducible representations. Thus, since the solution is trans-
formed as a basis function of some particular representation,
the multipolar content is strictly limited. Namely, all the
multipoles with nonzero contribution must be transformed by
an irreducible representation similar to that in the k;, group.
We will use common notations for irreducible representations,
for example, those listed in Refs. [85,86].

coefficients D before these harmonics must be imaginary. The z
component of the magnetic field H, is shown in the insets.

A. T point

For example, we consider the TE; mode of the square
array, which is transformed by A, at the I' point. Under
the transformations of the Dy, group the only low-order
multipoles transformed by Aj, are magnetic dipole M_ji,
magnetic octupole M_o3, and electric hexadecapole N_j44.
All of them are invariant under C, rotations, even under
inversion and z = 0-plane reflection, and odd under other Dy,
transformations. Higher-order multipoles which behave in the
same way are also presented in the multipolar content of this
mode.

Analogously, we classify all possible multipoles at the
I' point in accordance with their symmetry and provide the
multipolar content of the modes (Figs. 3 and 4). Note that TE,
and TE; modes degenerate, and they transform through each
other as two basis functions of the representation E,.

B. TX valley

After the symmetry reduction, when we step out the I"
point to the T'X valley, some symmetry operations remain,
e.g., mirror reflections in z = 0 and y = 0 planes and rotation
by 7 around the x axis. Eigenmodes must behave in the same
way under these symmetry operations, as at the I" point.

As an example, we consider the TE; mode, which trans-
forms by A, at the I' point, and the TM3; mode (A;,) at
the TX valley. Using the compatibility relations [80], we
obtain that the mode which transforms by A, at the I" point
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FIG. 4. Multipolar content and irreducible representations of TM
modes. The z component of the electric field E. is shown in the
insets. Note that representations can be obtained by replacing for TE
modes A, <> Ay, B, <> By, and u <> g, and multipolar content can
be obtained by replacing p, <> —p, and M <> N.

is transformed under B, representation of the group Cs, in
the TX valley. The TM3 mode, which is Ay, at the T, is
transformed under B; in T'X. For the As, mode at the I" point,
which is odd under reflection in the y = 0 plane and 7 rotation
around x and even under reflection in the z = 0 plane, the
only possible multipoles in the TX valley should have the
same symmetry properties. For the Aj, mode the possible
multipoles in the TX valley must be odd under reflection in
the z = 0 plane and 7 rotation and even under reflection in
the x = 0 plane. Low-order possible multipoles in the TX
valley are listed in the right column of Fig. 3 for TE modes,
and for TM modes are easily derived by replacing A, <>
Ay, By < Bj,u < g, pr <> —p,, and M < N. Analogously,
for the TM valley we have specific symmetry in the x =y
or x = —y direction and possible multipoles are the same as
those which are transformed by the same representation in
the TX valley, but rotated by 7 /4 with the help of Wigner
D matrices [87,88].

IV. MULTIPOLAR COMPOSITION OF THE EIGENMODES
IN PERIODIC STRUCTURES

A. Multipole analysis of metasurfaces and photonic crystal slabs

Before applying the developed approach to certain struc-
tures, we would like to emphasize that the power of the group-
theoretic approach and multipole decomposition method is
that these methods can be applied equally for metasurfaces
(arrays of meta-atoms) and photonics crystal slabs (slabs with
holes). For example, a square array of dielectric spheres and a
dielectric slab with circular holes arranged in a square lattice
are identical from the point of view of group theory. There-
fore, these structures have the same classification of eigen-
modes and, more importantly, the same multipole content
(Mie resonances). The difference will be only in amplitudes
of the multipole coefficients.

At first glance it may seem unphysical to characterize the
unit cell with a hole by Mie resonances. This contradiction
can be eliminated by means of the proper choice of the unit

Metasurface max Photonic-crystal slab max
E. D E,
Z min 4h min
— Cagy
Q
Unit ’ceII 1 Unit cell 2 Unit cell 1 Unit cell 2

7 q Q9

) 1—I‘

FIG. 5. Distribution of the E, component of the electric field of
the modes corresponding to the same irreducible representation By,
(see Fig. 4) in the photonic crystal slab and metasurface.

cell. Indeed, Fig. 5 shows the modes of the photonic crystal
slab and metasurface corresponding to the same irreducible
representation By, (see Fig. 4). One can see that the mode
structures are completely identical. However, it is more physi-
cal to assign Mie resonances not to the unit cell with a hole but
to the cross-shaped unit cell (see the lower panel in Fig. 5). In
particular, it was shown in Ref. [89] that the optical response
of both photonic crystal slab and metasurface is dominated
by the electric and magnetic Mie-type dipole resonances, and
both structures provide 27 phase control of light.

B. Periodic arrays of dielectric spheres

In order to understand how the interference of the mul-
tipole moments forms the BICs, we applied a method of
multipole decomposition by expanding the eigenmode fields
inside the nanoparticles in terms of spherical harmonics
[59,60]. Figure 6 shows the numerical results for the multipole
decomposition for TE;, TE4, and TM4 modes at the I point
and in a point of the I'X valley. At the high-symmetry I" point
only a small fraction of all possible multipoles is presented,
while after lowering the symmetry extra multipoles appear
out of the I' point. Figure 7 shows the numerical results for
the multipole decomposition for TM3 modes at the I" point, in
a point of the I'X valley, and at the off-I" BIC.

1. At-T' BIC

One can see that for the at-I' TE;(As,) BIC mode the
magnetic dipole along the z axis (M_jo;) is mainly con-
tributed [Fig. 6(a)]. Its directivity pattern restricts radiation
along the z axis, and the radiation patterns of all remaining
multipoles at the I' point are also zero along the z axis. Other
directions of radiation are forbidden due to the subdiffraction
regime. Similarly, the at-I" TM3(A4,,) BIC is formed by the
electric dipole along the z axis (Njo;) mostly, prohibiting the
radiation in the vertical direction itself [Fig. 7(a)]. Reducing
the unit-cell symmetry to Dy, results in the appearance of
the in-plane dipole moment and higher multipoles radiating
in the vertical direction. Therefore, the BIC turns into a
resonant state with a finite Q factor, which could be precisely
controlled by the asymmetry degree of the unit cell [90]. The
TE4 (Bag) and TMy (By,) modes’ lowest multipoles are the
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FIG. 6. Multipolar content of TE; (a, b), TE, (c, d), and TM,
(e, ) modes of the metasurface. The vertical axis shows values
of normalized coefficients D. The horizontal axis shows multipolar
order n. The letters in the legend encode the multipoles as follows:
ED (MD), electric (magnetic) dipole (n = 1); EQ (MQ), electric
(magnetic) quadrupole (n = 2); EO (MO), electric (magnetic) oc-
tupole (n = 3); EH (MH), electric (magnetic) hexadecapole (n = 4).

electric quadrupole N_j», and the magnetic quadrupole M,
respectively. They have m = 2, which also prohibits the radi-
ation [Figs. 6(c) and 6(e)]. In contrast to BICs, the radiative
modes (Eg, E,) are degenerate at the I" point since they are
transformed by the two-dimensional representations. From the
symmetry-group approach, we know that TE, 3 and TM, »
modes contain electric N1;;; and magnetic My, spherical
harmonics. The numerical multipole expansion shows that de-
generated modes contain in-plane electric or magnetic dipole
moments as the main contribution. These numerical results
validate the symmetry-group approach for the system with
square lattice, confirming that any symmetry protected BIC
is characterized by multipole moments with m # 1.

Multipole order

Multipole order

Multipole order

FIG. 7. Multipolar content of the TM3; mode of the metasurface
for three k, Bloch vectors corresponding to the symmetry protected
BIC (a), leaky mode (b), and accidental BIC (c). The vertical axis
shows values of normalized D coefficients; the horizontal axis shows
multipolar order n. The letters in the legend encode the multipoles
as follows: ED (MD), electric (magnetic) dipole (n = 1); EQ (MQ),
electric (magnetic) quadrupole (n = 2); EO (MO), electric (mag-
netic) octupole (n = 3); EH (MH), electric (magnetic) hexadecapole
(n=4).

2. Off-T BIC

Away from the I' point other multipoles appear in de-
composition [Figs. 6(b), 6(d), 6(f), and 7(b)] and the BIC is
destroyed, turning into a resonance state. As mentioned earlier
in Sec. II, the accidental off-I" BIC is formed due to either
in-phase or antiphase contributions of different multipoles.
We obtain the same result for the TM3 mode with off-I"
BIC in the I'X valley [Fig. 7(c)]. This mode is transformed
by B representation and consists of the multipoles, which
are odd under reflection in the z = 0 plane and 7 rotation
around the x axis and even under y = 0 reflection, e.g.,
iN1o1, Ni12, iN103, iN123, M1, iMi22, My13, and My33. They
sum to a TM-polarized wave in the direction given by vector
k; and cancel each other in the off-I" point, forming the
accidental BIC, shown in Fig. 2(b). In addition, it is well
known that the z = 0 plane reflection symmetry of the struc-
ture is required to obtain the off-I" BIC [30]. Indeed, lacking
such symmetry, each mode would contain both odd and even
multipoles under reflection in the z = 0 plane. To restrict the
radiation both in the upper and lower half spaces, odd and
even multipoles should be summed to zero independently,
while for the symmetric structure only one type of multipoles
is presented for each mode, which makes it possible to achieve
the BIC by tuning the structure parameters.

C. Photonic crystal slab

We extend our approach beyond the 2D array of spheres
and apply it to the photonic crystal slab of the same symmetry.
We consider a dielectric slab with a square array of cylindrical
holes studied in Ref. [30]. Both at-I" (symmetry protected)
and off-I" (accidental) BICs appear in the lowest TM band,
referred to as TM,,. This mode has the field profile of the same

115303-6




176

MULTIPOLAR ORIGIN OF BOUND STATES IN THE ...

PHYSICAL REVIEW B 100, 115303 (2019)

{ I MD I MO EEEED [IEO

‘ ’ ™, I MQ B MH 1EQ [ 1EH
1 (@) at-I' BIC (b ()  off-I' BIC
k=0 0.057 _0.54z
’ d - d
08 - - =
0.6 1
% 22 z2
0.4 z EER
B 2=
pi zz |
=
0.2 & H 1
= H |
12341234 12341234 12341234
Multipole order Multipole order Multipole order
d
0 (() ),\0.05 00 54
0y off-I" BIC

FIG. 8. Multipolar content of the TM;, mode of the PhC slab
for three k, Bloch vectors corresponding to the symmetry protected
BIC (a), leaky mode (b), and accidental BIC (c). The vertical axis
shows values of normalized D coefficients; the horizontal axis shows
multipolar order n. Panel (d) depicts how the multipolar contributions
change along the TX valley. The letters in the legend encode the
multipoles as follows: ED (MD), electric (magnetic) dipole (n = 1);
EQ (MQ), electric (magnetic) quadrupole (n = 2); EO (MO), electric
(magnetic) octupole (n = 3); EH (MH), electric (magnetic) hexade-
capole (n = 4).

symmetry as the TM4 mode of the array of the spheres and is
transformed by B, representation.

The description of the far field defined by Eq. (3) is
still valid, but the coefficients Dp‘.p,m,, in general cannot be
expressed analytically through D, ., (see Appendix C).
However, only the multipoles which are presented in the
field inside the slab contribute to the far field, Dp‘.p,mn =0if
Dy, p,mn = 0. The multipolar content for the considered slab is
the same as in the periodic array of spheres because the modes
of the slab have the same symmetry as the modes of the array.
The multipole decomposition of the TM;, mode [Fig. 8(a)]
reveals that a magnetic quadrupole M, and electric octupole
Ni»3 make the major contribution to the at-I" BIC, as well as
to the TMy mode of the array of the spheres. However, the

BIC line

FIG. 9. BIC line formed by the metasurface composed of point
octupoles with radiation pattern Njo;3.

Bj, mode of the photonic crystal slab is the lowest-energy
TM mode while for the array of spheres it has the highest
energy among modes under the diffraction limit. Due to the
variational principle [91], for the mode of such symmetry,
the electric field is more concentrated inside the high-index
material in the case of a photonic crystal slab, minimizing
the energy of the mode. Although dispersion curves w(k)
of the modes TMy and TM,, behave completely differently,
multipole decomposition proves a common origin of them.
At the I" point, we obtain contributions of multipoles only
with m = 2, 6, 10, etc., for both modes, and none of these
multipoles contribute in the far field. At the TX valley, the
multipolar content of the TMy and TM; modes is similar
[Figs. 6(e), 6(f), 8(a), and 8(b)]. However, for the TM;, mode it
is possible to obtain an accidental off-T" BIC in the TX valley
[Fig. 8(c)]. Away from the I' point, multipole contributions
change smoothly, keeping the multipolar content invariable,
and at a particular wave vector k, multipoles interfere destruc-
tively, forming the accidental BIC.

V. SUMMARY AND OUTLOOK

Importantly, our approach based on the multipole decom-
position analysis of individual meta-atoms not only explains
clearly and in simple physical terms the origin of both sym-
metry protected and accidental bound states in the continuum
but also has a prediction power and may be employed for both
prediction and engineering of different types of BICs. As an
example, we consider a metasurface consisting of meta-atoms
packed in a subwavelength 2D lattice, which are polarized
purely as octupoles, for example, M_;o3 (see Fig. 9). Each
octupole of this type has a nodal cone and, therefore, we
can expect that in a periodic subwavelength array of such
meta-atoms BICs form a line in the reciprocal space. However,
to observe this phenomenon, the effective polarizability of
the unit cell accounting for the interaction between all meta-
atoms should not depend on the Bloch wave number or have
very weak dependence. In other words, observation of BICs
in metasurfaces with suppressed spatial dispersion is still a
challenging problem. Interestingly, this kind of BIC will be
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observed for the same directions independently of the lattice
symmetry of the metasurface.

‘We can expand this discussion even further, by considering
the M_; dipole. To obtain the Q factor of the at-I" BIC, we
should find the dependence of energy-loss rate on the k vector
in Eq. (3), assuming stored energy is almost constant when
Ox — 0. The asymptotic behavior for 6 — 0 of Y, ,,rm,,(%)
functions is defined by %9(:59*). So, Y1_103(%) o (—6k, +
17k3/2)e¢,, and Y;_ 101(|k‘) o« (ky — kg/6)ew. We can manage
their relative contribution, and at a particular point when the
coefficient before the dipole is six times larger we obtain
that linear terms cancel each other and the field asymptotic is
proportional to k2, so the quality-factor growth is proportional
to k 6. A similar effect was observed in Ref. [22] for the
photonic crystal slab. However, considering realistic situa-
tions, we should take into account all possible multipolar con-
tributions, including terms with m = 1, where the multipole
contribution growth rate plays a role but not the asymptotic
behavior. Thus, the multipole origin of the BIC is a query for
metasurfaces with a suppressed spatial dispersion.

In summary, we have demonstrated that symmetry pro-
tected bound states in the continuum in dielectric metasur-
faces and photonic crystal slabs at the frequencies below
the diffraction limit are associated with the multipole mo-
ments of the elementary meta-atoms which do not radiate in
the transverse direction. For any type of metasurfaces, the
symmetry protected bound states in the continuum can be
observed only if there exist no multipoles with the azimuthal
index m = 1 in the multipole decomposition. The symmetry
approach allows us to determine what multipolar content the
lattice eigenmodes have, and it can be analogously applied to
structures with different symmetries, for example, hexagonal
lattices or arrays of nanoparticles of an arbitrary shape and
in-plane broken symmetry. Similarly, we have revealed that
the accidental bound state in the continuum corresponding
to an off-I" point in the reciprocal space is formed due to
destructive interference of the multipole fields in the far zone.
We have provided general tools for the analysis of bound
states in the continuum based on the irreducible representation
of the appropriate photonic band. We believe that our results
will provide a method for designing high-quality resonant
photonic systems based on the physics of bound states in the
continuum.
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APPENDIX A: BASIC DEFINITIONS

Vector spherical harmonics are defined as [73]

Moy, =V X (59 1,) - (A1)
V x M-,
N = T‘ , (A2)
where
Vimn = cos mpP." (cos 0)z, (kr) (A3)
Y_1mn = sinmeP,'(cos 0)z, (kr). (A4)

Here z,(kr) can be replaced by a spherical Bessel function of
any kind, and P)(cos @) are the Legendre polynomials. The
expansion of the vacuum dyadic Green’s function in terms of
vector spherical harmonics reads as [92,93]

EIDIPIE

n=1 p,=x1m=0

x {[MS), (k. ) @M (ki 1)]

2n+1 (nfm)‘

GO(r’r)_ Vit D (n )

prmn prmn
+ [Nk, ) @ NSD (ki X))}, forr > .

(A5)

Here superscripts (1) and (3) appear, when we replace z,(p)
by spherical Bessel functions, and the spherical Hankel func-
tions of the first kind are o = 1 when m = 0 and §; = 0 when
m # 0.

Spherical vectors Y,,, ., denote two types of functions,
X, mn and Z, ;u,, defined as [94]

k k
X—p,mn E =Vx kYp,.mn E s (A6)
K\ k Kk
Zp,.mn E = l% X X*p,mn E s (A7)
where
Yin(8, ) = cos mpP,"(cos 0), (A8)
Y_1n(8, @) = sinmeP,"(cos 0). (A9)

Here p, = (—1)"*! for X, and p, = (—1)" for Z. Note that
the transformation behavior is similar for W and Y, X and M,
Z and N, and ¥ and Y.

APPENDIX B: LATTICE SUMS OF THE SPHERICAL
HARMONICS

We assume that the multipolar content of the mode is
already known, and coefficients in the formula (1) are given.
With the help of vacuum dyadic Green’s function Gg, we
express the field outside the array:

K2 . ,
E(r) = 44 / &r’ Ae(r”)Go(r, rHE™(r")
T
k2 . .
= ﬁ(sz — el)z /V &*r'Go(r, r; +r)E"(r; + 1),
J

(BI)
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where ky = /&1 % is the vacuum wave vector, and V is the
single nanoparticle’s volume.

The Green’s function can be also expressed in terms of
vector spherical harmonics (see Appendix A). Using the
property Go(r, r; + 1, @) = Go(r —r;, I, »), and substitut-
ing (1) into (B1), we obtain

D

Pi>Prottsm plpl ' m!

E(r) =

2n+1 (n—m)'
n(n +1)(n+m)!
X W(3) (kl, r— I'j) . ei(ka/)

piprmn

Pip,n'm

/ d*r'TW k) - Wj,‘; (k2 ¥ (B2)
Here superscript (3) stands for the outgoing spherical Han-
kel wave. Now we dwell on the case when the array is
composed of spherical nanoparticles. Exploiting the VSH
orthogonality properties, the integral over the sphere can be
taken analytically [75]. It is proportional to Kronecker delta
818 p, ), S S which removes one summation. Combining
all coefficients including the integral into D we obtain that the
field outside the array is expressed with the formula

E®) =Ey Y DppmWS) (k. xr—1;)-e® ™). (B3)
Ppi-prom.n
Note that coefficient [),,,. p,mn 18 NONZero only if the harmonic
with such numbers is presented in the field expansion inside
the sphere. If the fields created by each unit cell are already
known, we can also start the considerations from this formula.
To obtain formula (2) we exploit the Weyl identity for VSH
expansion through the plane waves in the case when z,(kr) is
replaced by spherical Hankel functions [95,96]:

Duterr= 2 [ (4]
M 27rk o k. P\ k)|
(B4
i 00 i kexthyy£k:z) K
Ny (k. 1) = T k/f dkuikz [Z”r’""(ﬁ)]'
(B5)

The sign before k, depends on the sign of z. Redefining the
harmonics, we have

3 l(k x+kyytk,z) Kk
Wp,p mn dkH |:Yp,p,mn ( % )]
(B6)
where k, = /k? — k2 — k2. Substituting this expansion into
(B3), we get
E(r) = E Z [)Prlnmn L

2
J>Pis Pront,m wh

o] ei(k(r—r/)) k
X // dk‘dkyi vap,mn - . (B7)
. k. e\ &

This expansion helps us to apply the summation formula
DM =V, sk —K)
J K

where K is the reciprocal-lattice vector and V,, is the volume
of the Brillouin zone (472/d? for the square lattice), and
substituting (B8) into (B7) we obtain Eq. (2).

(B®)

APPENDIX C: RELATION BETWEEN THE
COEFFICIENTS D AND D

The coefficients D in (B2) and D in (B3) are connected by
the formula

b _ @ yntl 2n+1 (n —m)!
piprmn — (47_[)2 O n(n+ 1)(n+m)' piprmn
X Z d’r' (e — 1)
DDy’ s’ 4
x (Wi, ki) - Wi (ke t)]. (CD)

This formula describes both the array of nanoparticles and
any photonic crystal slab, but in the case of the array of
spheres the integral can be easily taken analytically.

Remark. Here we give the dyadic Green’s function
Go(r, 1) only for the case when r > /. In the case of a
photonic crystal slab or nonspherical particles, we also need
the part of the Green’s function at which ' < r [93] to obtain
the near field. This will alter the intermediate calculations,
since we have to compute the lattice sum for VSH with
spherical Bessel functions. Nevertheless, the answer will have
the same form.

We apply the orthogonality properties of vector spherical
harmonics (see Ref. [75], p. 418), and consider integrals
of magnetic and electric harmonics separately. Implement-
ing the angular integration, we reduce the integral to the
integral of r-dependent Bessel function products, which also
can be computed analytically. For magnetic harmonics we
have

DY, ., =DV dei [k jumi (kia) ju(kaa)

— kika ju—1(kza) ju(kia)]

where a is the nanoparticle radius, and for electric harmonics
we have

- . ) n+1
N = ng,p,mna 81{2]14—1

piprmn
—kikp ju—2(ka@) ju—1 (k1@)]

n . .
+ Il [k|2/n (k1a) juy1(kaa)

(C2)

[k} ju—r(k1@) ju—1 (ko)

—kika jn(k2@) jui1 (K1) } . (C3)

Note that this expression turns to zero at some frequencies,
so we can have zero D when D is nonzero. This refers to the
anapoles of the spherical nanoparticles. The frequency where
the anapole appears is the same as for the single isolated
nanoparticle.
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If we have another type of surface, for example, a pho-
tonic crystal slab with holes or an array of cylinders, the
orthogonality property cannot be applied and the integral
[, 0 AeTWD ki, vy - W) ko, ¥)] will mix some

piprmn pipm'n’

harmonics. However, all the harmonics, which admix, are
already presented in the expansion of the field inside the
cell. This will just alter the coefficients before the outgoing
multipoles, but not the multipolar content.
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We develop a multipolar theory of second-harmonic generation (SHG) by dielectric nanoparticles made of
noncentrosymmetric materials with bulk quadratic nonlinearity. We specifically analyze two regimes of optical
excitation: illumination by a plane wave and single-mode excitation, when the laser pump drives the magnetic
dipole mode only. Considering two classes of nonlinear crystalline solids (dielectric perovskite material and III-V
semiconductor), we apply a symmetry approach to derive selection rules for the multipolar composition of the
nonlinear radiation. The developed description can be used for design of efficient nonlinear optical nanoantennas

with reconfigurable radiation characteristics.
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L INTRODUCTION

The resonant response is one of the main routes to increase
the efficiency of nonlinear signal generation at the subwave-
length scales in the absence of phase matching effects. That is
why optical nonlinearity at the nanoscale is usually associated
with the enhancement of electric fields in plasmonic nanos-
tructures due to geometric plasmon resonances [1,2]. Despite
the significant progress in this area [3], there exist fundamen-
tal drawbacks that limit the efficiency of nonlinear generation
with metallic structures. Besides the evident problem of high
ohmic losses, typical metals have cubic lattice with inversion
symmetry which restricts second-order nonlinear effects, such
as the second-harmonic generation (SHG) [4]. It can be ob-
served only due to the surface effects or the field gradients
in the bulk of nanoparticles [3,5], which are relatively weak.
Recently, a novel nanophotonic platform based on high-index
dielectric nanoparticles has emerged [6]. All-dielectric nanos-
tructures are free from high ohmic losses and offer a wide
variety of dielectric and semiconductor materials including
those with nonzero bulk second order susceptibility tensor.
Excitation of Mie resonances in such nanoparticles provides
novel opportunities for nonlinear optics [7,8] and allows one
to achieve record-high nonlinear conversion efficiencies at the
nanoscale [9-15].

Despite the intense experimental studies of the SHG effects
in Mie-resonant nanostructures, a comprehensive theory of the
SHG emission from nanoparticles with nonzero bulk nonlin-
earity tensor ¥ has not been proposed yet. The important
works related to the SHG generation were focused on the
surface and bulk effects in nanoparticles with centrosymmet-
ric crystalline lattice: in noble metal nanoparticles [16-18]
including the shape effects [19], and in Mie-resonant silicon
nanoparticles [20,21]. In this work, we theoretically study the
SHG by individual spherical high-index dielectric nanoparti-
cles made of noncentrosymmetric materials (aluminum gal-
lium arsenide AlGaAs and barium titanate BaTiO3), which

2469-9950/2019/99(7)/075425(15)
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possess a large bulk quadratic susceptibility. These materials
are actively employed for nonlinear all-dielectric nanopho-
tonics [9,11,22-24]. We systematically describe the SHG in
nanoparticles and mechanisms of its resonant enhancement,
depending on the symmetry of the crystalline structure and
polarization of the incident light. We employ methods of mul-
tipolar electrodynamics providing a transparent interpretation
for the measurable far-field characteristics, such as radiation
efficiency and radiation patterns [7,21,25].

Using analytical techniques, we demonstrate the ability to
manipulate the nonlinear radiation of a spherical nanoparticle
by varying illumination properties. By means of symmetry
analysis of the SHG process we obtain the selection rules for
the nonlinear generation, and identify which channels of mul-
tipole composition are active in SHG. These rules previously
were known only for nanoparticles of a spherical [16] and
arbitrary shape [19] made of centrosymmetric materials. The
knowledge of these basic mechanisms of nonlinear generation
in a single spherical nanoparticle can be extended in appli-
cation to complex nonlinear structures, such as nanoparticle
oligomers [26,27] or nanoparticle arrays in metasurfaces [8].

The paper is organized as follows: In Sec. II we discuss
the problem of nonlinear light scattering of a plane wave
by a dielectric nanoparticle made of BaTiO; or AlGaAs
materials. Applying Green’s function approach, we calculate
the efficiency of SHG and multipolar content of the second-
harmonic (SH) field. We also consider the particular case of
SHG through excitation of a single magnetic dipole mode. We
discuss how the intensity and the far-field properties of the
SH field vary while direction of the excited dipole moment
changes relatively to the crystalline structure of material.
By explicit calculations we show how the mode content of
SH field varies. In Sec. III we derive selection rules which
govern the channels of mode coupling at fundamental and
SH wavelengths based on the symmetry of vector spherical
harmonics and the crystalline structure. In Sec. IV we apply
the formulated selection rules to explain the results obtained

©2019 American Physical Society
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in Sec. II and build the complete table of possible generated
multipoles for SHG process driven by dipole modes.

II. SECOND-HARMONIC GENERATION FORMALISM

A. Green’s function approach. Plane-wave excitation

We consider a spherical dielectric particle of the radius a
characterized by a frequency-dependent dielectric permittivity
&(w), embedded in a homogeneous host medium with g; = 1.
The nanoparticle is made of the material with a noncentrosym-
metric crystalline structure, and its nonlinear electromagnetic
properties are captured by the quadratic susceptibility tensor
%@. While for AlGaAs the linear susceptibility tensor £;(w)
is isotropic, for BaTiOj3 this tensor inherits the uniaxial crystal
structure of the material. In this case, the anisotropy of the
SHG tensor and of the linear permittivity tensor are not two
independent phenomena and have a common microscopic
origin [28]. However the anisotropy is rather weak in the
case of BaTiOs; it dramatically increases the complexity of
the problem comparing to isotropic linear scattering. Hence,
from now on we use the approximation of isotropic linear
susceptibility tensor. The effect of anisotropy on the selection
rules will be discussed in more details at the end of the paper
in Sec. IV.

The problem of linear light scattering by a sphere is solved
using the multipolar expansion following the Mie theory
[29,30]. In our work we consider time dependence of the
fields in the form e =, For the illumination by the x-polarized
plane wave Ege.e'1% incident along the z direction, the field
inside the spherical nanoparticle (r < a) is expanded in vector
spherical harmonics as follows:

oo

2n+ 1
Er) =) i”ﬁ[chzl&(kz(w), r)
n=1

—id, Ny, (ks (), 1], M
where the wave numbers ki(w)=w.,/ei/c, k(w)=
w+/&(w)/c. Magnetic M,;, and electric N,;, spherical
harmonics with the total angular momentum n and the
momentum projection 1, the indexes e, o describing their
parity with respect to the reflection along y axis (or ¢ — —¢
transformation), and the coefficients c,, d, are given in
Appendix Aj; the superscript (1) is used to define spherical
Bessel functions.

The induced nonlinear polarization at the second-harmonic
frequency is defined by the second-order polarizability tensor:

P2 (r) = soxsp, Ef (DEL (r), )

where EJ are the Cartesian components of the fundamental
field inside the nanoparticle. We take into account only the
bulk nonlinear response leaving outside the consideration
potential surface sources of SHG. The SH field outside the
particle at r > a can be found using dyadic Green’s function
G of a sphere:

E2(r) = Qo) o / dV'GQao,r, P (),  (3)
14

satisfying the following equation rotrot G, r 1) =
(2)e(r, 0)G(w,r,v') +18(r —r'), where 1 is the unit
dyadic, e(r,w) = g(w) forr < a,and e(r) = 1 forr > a.

The explicit multipole decomposition of the Green func-
tion is given in Ref. [31] and also in Appendix A. Substitut-
ing the expansion of the Green function in the form of the
spherical waves into Egs. (2) and (3) we obtain the multipolar
decomposition of the second harmonic field

E2w<r>=§ji‘ Y Eo(Dwenn Wi, [k 2w), 1]

n=1 m=0W=M,N
+ DwOmnt}?,, [kl (20))7 r]) (4)

Here, the denotation W = M, N distinguishes between elec-
tric and magnetic harmonics; the superscript (3) is used to
define spherical Hankel functions of the first kind. The ex-
pansion coefficients Dy, are readily evaluated as a sum of
overlap integrals between the two vector spherical harmonics
at the w frequency and one harmonic at the 2w frequency,
weighted by the ¥ tensor:
Dy, ~ f Wi ko 2o), FIXPE?(E?(r)dV . (5)
%
The explicit form of these coefficients is given in Appendix A.
Finally, the second-harmonic conversion efficiency ogsy,
defined as the ratio of the total SH radiated power Psy
to the energy flux of the fundamental wave I, through the
geometrical cross section wa? of the particle, can be expressed
through the coefficients Dy, as follows [32]:

Psu

wal

2 ad
~ 72d[h Q)P 2 2

n=1 W=M,N

 (n+m)!
x |:Z m(lDWemn|2 + |DW0mn|2) + Z‘DWeOn‘z .

OSH =

nn+1)
2n+1)

n=1
©

Using Eq. (6), we calculate the conversion efficiency osy for
BaTiO; and AlGaAs particles of subwavelength sizes under
the plane-wave excitation. In this section, we assume that
the main axes of crystalline lattice are oriented along the
coordinate system: [100]|le,, [010]]le,, [001]|e; (see Fig. 1).
In Sec. IV we will discuss other crystalline orientations. In the
chosen coordinate system the second-order polarization of the
BaTiOs3 crystal has the following form:

P 0 0 0 0 ds 0
P |=ef0 0 0 das 0 0
P}‘U d31 d31 d33 0 0 0
EYEY

EVEY

“|2EEe | M
2ECE®

2ECE?
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FIG. 1. Geometry of the considered problem. The crystalline
lattice structure of materials under the consideration, BaTiO3 (a) and
AlGaAs (b), is also shown in figure. The orientation of crystalline
lattice is with respect to the coordinate system fixed throughout the
paper if else is not specified.

where  x;; = d33 =68 pm/V, Yo = Xgy =d31 = 15.7
pm/V, Xux: = Xyy: = di15 =17 pm/V [33]. In the principal
axis system of the AlGaAs crystal, the tensor of the second-
order nonlinear susceptibility contains only off-diagonal ele-
ments X,-(Ji) = x® = 100 pm/V being nonzero if any of two
indices i, j, k do not coincide:

P EYE?
P | =260 P | EPE? | ®)
P ECEy

The fundamental wavelengths are fixed for BaTiO; and
AlGaAs to 1050 nm and 1550 nm, respectively. These values
were chosen in accordance with the typical experimental
frequencies used for observation of SHG from these materials
and correspond to the Yb™> laser (1050 nm) [23] or the
Er*3 doped fiber laser (1550 nm) [9]. Since AlGaAs has a
higher refractive index (~3.5) compared to BaTiO3 (~2.4),
the particle sizes are within the same range.

The calculated dependences of SHG on the nanoparticle
radius are shown in Figs. 2(a) and 3(a) demonstrating pro-
nounced resonant structure. In order to distinguish between
different multipolar resonances, we have separately calculated
the contribution from each multipolar channel in Eq. (6)
[see the colored curves in Fig. 2(a) and Fig. 3(a)]. The
contributions of the harmonics with the same total angular
momentum # and different momentum projections m are com-
bined together. Identification of the harmonics with particular
momentum projection contributing to the SH emission will
be discussed in detail in Sec. IV (see Tables III, IV, V).
We also support the SH spectra with the plot of the linear
scattering spectra of a plane wave at the fundamental and SH
wavelengths in Figs. 2 and 3(b), clearly showing individual
Mie resonances.

— Total --- ED —EQ EQ ---EH —MT

@ —MQ - MO --~MH
109,
. BaTiO,
° 10°
>
2
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k5
@ 107
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109
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o £
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FIG. 2. Second harmonic generation spectra for BaTiO; calcu-
lated at the normal incidence, according to Fig. 1. Incident wave
wavelength is 1050 nm. (a) Solid black line shows the total SH inten-
sity, normalized to the incident power Iy = 10'> W/m? and the geo-
metric cross section 7a?. Colored lines show different multipole con-
tributions to the second harmonic field. (b) Scattering cross section,
normalized to the geometric cross section for the two wavelengths:
1050 nm (dashed line) and 525 nm (solid line), to show the positions
of the multipole resonances. E/MD—electric/magnetic dipole, Q—
quadrupole, O—octupole, H—hexadecapole, T—triacontadipole.

One can see that the peaks at the SH wavelength are modu-
lated with the broad resonance at the fundamental wavelength,
which is clearly seen by comparing the panels (a) and (b) in
Fig. 2 and Fig. 3. As a result, the SHG efficiency increases
by several orders of magnitude when approaching the mag-
netic dipole (MD) resonance at the fundamental wavelength
[34,35]. The dramatic enhancement is observed when the
double-resonance condition is fulfilled [36-38] for instance at
electrical octupole (EO) resonance [see Figs. 2 and 3(a)]. Re-
sults of our analytical calculations are confirmed by full-wave
numerical modeling performed with the finite-element solver
COMSOL Multiphysics, following the procedure applied in
Refs. [9,21,22,25]. The multipolar amplitude coefficients are
then numerically retrieved and reproduce Figs. 2 and 3.

The magnitude of the SH conversion efficiency is intensity-
dependent ogy ~ Iy, as it describes the two-photon process.
Specifically, for a given intensity of the incident wave of
Ip =1 GW/cm? the conversion efficiency reaches the value
of 10> for BaTiO; nanoparticle and 5 x 10~ for AlGaAs
nanoparticles in the same radius range of around 200 nm.
These values are about one order of magnitude higher than the
experimental values measured for nanodisks in similar exper-
imental conditions [9,12]. This discrepancy can be related to
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FIG. 3. Second harmonic generation spectra for AlGaAs at the
normal incidence, according to Fig. 1. Incident wavelength is
1550 nm. (a) Solid black line shows the total SH intensity, nor-
malized to the incident power Iy = 10'> W/m? and the geometric
cross section wa®. Colored lines are multipoles contributions into
the SH intensity. (b) Scattering cross section, normalized to the
geometric cross section for the two wavelengths: 1550 nm (dashed
line) and 775 nm (solid line), to show the positions of multipole
resonances. E/MD—electric/magnetic dipole, Q—quadrupole, O—
octupole, H—hexadecapole, T—triacontadipole.

the lower SHG efficiency from disk resonators studied in the
experiments due to the substrate effects and the uncertainty of
retrieving of the efficiency value from experimental data.

Another important feature is the particular multipolar con-
tent of the SH field. For instance one can notice that the MD
is absent in the SH field generated in the BaTiO3 nanoparticle,
and no electric dipole (ED) field is generated in the AlGaAs
nanoparticle. This cancellation is dictated by the symmetry of
the ¥® tensor and direction and polarization of the funda-
mental wave. It will be further illustrated in Sec. II B, studied
in detail from the symmetry point of view in Sec. III, and
discussed in Sec. IV.

B. Single-mode approximation

Here, we specifically focus on the SHG driven by the MD
mode only. In the vicinity of pronounced resonances, the field
distribution inside the particle excited by the fundamental
wave can be approximated by the corresponding eigenmode
[21,25]. Selective and enhanced coupling to specific multipole
modes can be facilitated by the beam engineering [39,40].
If the refractive index is high enough, k| (w)av/ex(w) ~ m,
the fundamental MD resonance dominates in the fundamental

current

FIG. 4. The geometry of the magnetic dipole mode excitation
in the nanoparticle and corresponding angles of dipole moment
rotation.

field in a particular spectral region (around 220 nm radius
for the fundamental wavelengths in Fig. 2 and Fig. 3). The
case of SHG driven by MD excitation represents an instruc-
tive example for understanding the multipolar nature of the
generated electromagnetic fields in Mie-resonant dielectric
nanoparticles.

We employ a single-mode approximation and assume that
the field inside the AlGaAs nanoparticle at r < a is given by
a MD mode profile with the y-aligned magnetic moment:

3ic
Ej(r) = EOTIME,P](kz(w), r). ©)

This geometry corresponds to m|le, or 6 =7 /2, ¢ = /2 in
Fig. 4. Integration of the trigonometric functions in Eq. (5)
over the angles shows that within the framework of single-
mode MD approximation (9) and crystalline axes of material
oriented according to Fig. 1, the multipolar composition fea-
tures electric octupole and magnetic quadrupole for the Al-
GaAs nanoparticle, allowing us to write down the expression
for the field:

Ezw(r >a)=Ep [DN()zzN((;;)}(kl (Qw), r) + DM«OZMS))Z

x (ki 2w), 1) + Dy, ,, M5 (ki 2w), 1)]. (10)

The multipolar amplitudes Dyop3, Dueoz, and Dyer can be
also conveniently found using the Lorentz lemma following
the procedure described in Ref. [21], being alternative to the
Green’s function integration in Sec. I A. This allows us to
write the expression for D amplitudes through transmission
coefficient t£¥(a) (see Ref. [21]) of the incident spherical
wave irradiating the particle. After some algebra, we obtain
compact analytical expressions for the multipolar coefficients:

—36iv/307 x @1 (kpa)
562(w)*?

18i+/20m x (z)té" (kpa)
S5ex(w)?

724/ 7Onx(2)t3E (kpa) [&2Qw) 5
Dyps = bEoci (kaa)20n,
No23 3552(@)e5(20) (@) 2 oc1(kaa)”Oa3

hEoci(kaa)* O,

Dyrers =

LEoci(ka)* 0, (11)

Dyrers =
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FIG. 5. SHG conversion efficiency decomposed into relative
magnetic quadrupolar (blue solid line