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INTRODUCTION
For the last several decades, the constant demand on downscaling

the optical devices drives the development of nanophotonics. One
of the main interest of the researches lies in inventing novel active
systems for light emission. Though, the strong progress in subwavelength
lasing structures has been recently shown [1], the efficient nanoscale
nonlinear optical operating on high–harmonic generation regime were
still unaccessible due to intrinsically low efficiency of this process
and spatial restrictions, which do restrict phase matching effects. The
plasmonic nanostructures were considered as main candidates for efficient
subwavelength nonlinear sources due to their strong filed enhancement [2].
However, strong optical losses and weak nonlinearity limit the efficiency
of nonlinear generation. Recently, the all-dielectric nanostructures have
been suggested as efficient resonant subwavelength systems [3, 4].
Possessing the lower order Mie resonances [5, 6] they became attractive
for various photonics applications including nonlinear photonics [7].

In the prospective of nonlinear photonics, the all-dielectric
structures have demonstrated very high efficiency of third order processes
such as third harmonic generation[8, 9, 10] and Kerr nonlinearity [11, 12].
The absence of the losses in all-dielectric structures together with strong
mode localization in the volume of the resonators became the basic
features responsible for the strong nonlinear response. Nonlinear effects
are described by expanding the polarization of a substance in powers of
the electric field that excites this polarization:

Pi = χ
(1)
ij Ej + χ

(2)
ijkEjEk + χ

(3)
ijklEjEkEl + . . . ,

where Pi and Ei are the components of the polarization and electric field
vectors with the index i, χ(n) it the nth order nonlinear susceptibility
tensor. The first term in this expansion is responsible for the linear
effects associated with the polarization of matter. The second term is
responsible for second-order nonlinear processes, in particular, second
harmonic generation (SHG), is a process in which two photons with
the same frequency ω interact with a nonlinear material and generate a
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new photon with twice frequency 2ω, and spontaneous parametric down-
conversion, is a process that converts one photon of higher frequency ωp

(namely, a pump photon), into a pair of photons (namely, a signal photon,
and an idler photon) of lower frequencies, in accordance with the law of
conservation of energy h̄ωp = h̄ωi + h̄ωs.

Second harmonic generation by plasmon nanostructures

Nowadays, the most common resonant nanosystems are metal
(plasmon) nanostructures [13]. The presence of free electrons in metals
makes it possible to observe localized surface plasmon resonances in
nanoparticles much smaller than the wavelength. Multiple enhancment
of local electric fields also leads to increased the nonlinear effects
in plasmonics [14]. On the other hand, an important disadvantage
of plasmon systems is the central symmetry of the crystal structure
of metals, and, consequently, the absence of the tensor χ(2) in the
volume of metals. However, metal nanoparticles with plasmon resonances
demonstrate second-harmonic generation [2]. This occurs due to two
effects: a) surface - local inverse symmetry is removed near the surface,
due to which a nonzero surface tensor χ(2) can arise; b) bulk — the
presence of spatial inhomogeneity of the fields inside a particle can also
lead to the generation of the second harmonic due to additional terms
containing gradient fields in the expansion of polarization. These two
mechanisms make the main contribution to SHG from nanostructures
made of materials with an inversion center. These generation mechanisms
are rather weak, which requires new approaches to enhance generation.
So, in particular, approaches are proposed for the use of bi-resonance
plasmon structures that have resonance both at the fundamental
frequency and at the second harmonic frequency [15, 16]. Nevertheless,
the characteristic experimentally measured value of the generation
efficiency for single plasmon structures is about 10−9 − 10−8[17]. Such
a small value of this quantity is primarily associated with small values of
the second order nonlinear tensor χ(2) in metals, as well as the low quality
factor of plasmon systems with high ohmic losses.
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Second harmonic generation by nonmetallic
nanostructures

A possible alternative to plasmon nanostructures as subwavelength
resonators is dielectric resonance nanostructures with a high refractive
index. Recently, much attention has been paid to the study of such
nanoresonators [3, 18]. This is due to the fact that the resonances of
both electric and magnetic modes are well pronounced for such structures
with sizes much smaller than the wavelength in vacuum. This, along with
the electrical response of the system, also provides an artificial magnetic
response, allowing independent control of the electric and magnetic
components of the electromagnetic field at the nanoscale.

An important advantage of nonmetallic nanostructures in
comparison with metallic ones is a wide selection of materials of dielectrics
and semiconductors, which, on the one hand, have a sufficiently high
refractive index and, on the other hand, demonstrate various optical
properties due to the variety of crystal systems. One of the main materials
that are proposed to be used for the implementation of such dielectric
resonators is silicon, whose refractive index is about ∼ 4 [19] in the
optical range. In this case, silicon does not have significant optical losses
up to a wavelength of 600 nm. However, silicon is not an optimal
material for SHG, since it has an inversion center, and, similarly to
plasmon structures, the generation occurs due to surface effects and due
to field gradients in the bulk. Nevertheless, SHG from such structures
was observed experimentally [20].

However, along with silicon, there are a large number of other
dielectric and semiconductor materials that do not have an inversion
center, which ensures their high SHG efficiency. Recent studies have
shown that due to Mie resonances in subwavelength structures, SHG
can be significantly enhanced, for example, in BaTiO3 [21] nanoparticles,
AlGaAs [22, 23] and GaP [24] nanodisks. The works of [25] demonstrated
that the generation efficiency in such systems can reach values of 10−5 −
10−4, which is many orders of magnitude higher than the values for metal
nanostructures. Further development of this approach allows the creation
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of nonlinear metasurfaces (periodic structures with a period shorter
than the wavelength), which make it possible to efficiently generate and
control the polarization of the second harmonic [26]. Recent theoretical
calculations [27] and later experimental realization [28] showed that it
is possible to achieve generation efficiency up to 0.1 % . Besides high-
efficiency of the SHG emission the all-dielectric structures allow for
manipulation over the directionality of the nonlinear emission [29, 30].

Spontaneous parametric down-conversion

Along with the second harmonic generation, of strong interest
is the inverse nonlinear process of photon pairs generation through
spontaneous parametric down-conversion process (SPDC), which is one
of the most common mechanism of entangled quantum state creation.
Generation of entangled photons and their correlation measurements
became one of the central topics in quantum optics addressing the
fundamental aspects of quantum mechanics and driving the development
of novel solutions in quantum technologies [31, 32]. By now, the
generation of entangled photons has been successfully downscaled from
free space experiments to on-chip dielectric waveguides [33] enabling
integrated quantum photonics applications ranging from quantum
information (processing) [34] to spectroscopy [35].

In this prospective, the further downscaling of the entangled
photons generation became one of the topical problems in quantum
nanophotonics. Many approaches base on utilization of plasmonic
nanostructures for enhancing entangled photons generation from various
solid state quantum sources [36, 37, 38, 39]. However, these approaches
require cryogenic temperatures for reaching stable emission of entangled
photons. The SPDC sources do not have these restrictions. A significant
progress in this field of SPDC generation from subwavelength structures
was achieved recently and reported in Ref. [40], where the researchers
have measured the SPDC of photon from a single AlGaAs disk supporting
lower Mie resonances. Despite of that, the comprehensive theory of SPDC
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process enhanced by multipolar resonances in nanostructures has not
been proposed and that was one of the main tasks of the current work.

Hybrid metal–dielectric structures

Alternative approach to nanophotonic structures design bases on
mixing the properties of all-dielectric and plasmonic systems. Strong
field enhancement in small volumes typical for plasmonics structures
together with directional light emission provided by electric and magnetic
response of dielectric structures can be combined in the so-called hybrid
metal–dielectric structures. The linear optical properties related to
dipole coupling in such systems have been considered in the papers
[41, 42, 43, 44].

The approach to hybrid photonic structures was also suggested
for enhancing the nonlinear optical properties such as second harmonic
generation. Different nanoscale system were suggested, such as core-shell
structures [45] and dipolar plasmonics nanoantenna structures [43, 46],
nanoparticle dimers [21, 47] as well as layered disks structures [48]. Of
special interest is the paper by Stefan Linden group [43] which proposes
utilization if double resonant plasmonic antenna for light enhancement
both at the fundamental and second harmonic frequencies. However, both
resonances were provided by the plasmonic structures while the dielectric
counterpart had no resonances in the visible range. This work is aimed at
combining Mie and plasmonic resonance to achieve double enhancement
of the SHG both at the fundamental and second harmonic wavelengths.

The aim of the work

Basing on the analysis of the recent developments in the field of
Mie resonant nonlinear nanophotonics, we have identified double-folded
aims of our work:

1) theoretical study of spontaneous parametric down-conversion of light,
enhanced by resonances of a dielectric spherical nanoparticle with bulk
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non-linearity χ
(2)
bulk. To achieve this goal it is necessary to solve the

following tasks:

— apply two-photon amplitude method to describe spontaneous
parametric down-conversion of light by a dielectric nanoparticle in the
Mie configuration;

— investigate spatial correlations between signal and idler photons
and far-field photons generation patterns for collinear decay;

— explore polarization correlations between signal and idler photons.

2) numerically and experimental study of second harmonic generation by
hybrid bi-reronant Au-BaTiO3 nanoantenna. To achieve this goal it is
necessary to solve the following tasks:

— indentify the parameters of the hybrid Au-BaTiO3 nanosystem
providing the localized surface plasmon resonance at the fundamental
frequency ω, and Mie resonance present at the doubled frequency 2ω;

— obtain the spectrum of the SHG efficiency of the hybrid Au-
BaTiO3 nanoantenna and receive the increase in the generation efficiency
relative to an individual BaTiO3 naniparticle;

— investigate the generation efficiency with respect to various
parameters of the system, such as the position of the particle, the
orientation of the crystal lattice and the polarization of the incident field,
and compare it with the experiment.
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1 METHODS
This section will discuss the basic methods and approaches that

have been used in the work. In particular, the two-photon amplitude
method [49], the Mie theory of scattering on a dielectric sphere [50],
the dyadic Green function for the dielectric sphere [51] and numerical
simulations in Comsol Multiphysics.

1.1 Two-photon amplitude

Figure 1.1 — Scheme of the photon-pair generation from a nonlinear
material

To solve the problems, we used the approach of two-photon
amplitude [49], where the generation of photon pairs from an incident
pump wave on a dielectric structure was theoretically studied (see Figure
1.1). One of the key results of this consideration was the two-photon
amplitude, which shows the probability of detecting correlated photons
(bi-photons):

Tis(ri,ωi,di; rs,ωs,ds) =

∫
V

⟨d∗
i | Ĝ(ri,r0,ωi)Γ̂(r0)Ĝ(r0,rs,ωs) |d∗

s⟩ d3r0,

(1.1)
where integration is performed over the generation nonlinear domain V ,
di, ds — detector’s dipole moments, Ĝ — dyadic Green function of the
system, Γ̂ — generation matrix. In our study, we considered the SPDC
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process by a nanoparticle associated with the presence of a second-order
nonlinear susceptibility tensor χ(2). For such a process the generation
matrix has the form

Γ̂αβ(r0) = χ
(2)
αβγE

γ
p (r0), (1.2)

where Ep(r0) – classical pump field inside a nanoparticle.
Coincidence rate defined by the expression

wis(ri,ωi,di; rs,ωs,ds) =
2π

h̄
δ(h̄ωi + h̄ωs − h̄ωp)|Tis(ri,ωi,di; rs,ωs,ds)|2

(1.3)
and has dimension [sm−4s−1].
The probability of detecting two photons at given points in space is
determined by the integral of the expression wis over the areas of the
detectors Si, Ss and the measurement time τ :

Pis =

∫
Si

∫
Ss

∫
τ

wisdSidSsdt = wisSiSsτ

Thus, the probability of detecting two photons is proportional to the 
squared modulus of the two-photon amplitude |Tis|2. In what follows, we 
assume that the areas of the detectors and the measurement time are 
unit, and, as a consequence, the values of wis and Pis are numerically 
equal.

1.2 Mie theory

Consider the problem of elastic light scattering by spherical 
nanoparticles. A similar problem was solved in the framework of the 
Mie theory [50]. Based on Maxwell’s equations, it can be obtained that 
the electromagnetic field in a linear isotropic homogeneous medium must 
satisfy the vector wave equations

∇2E + k2E = 0, ∇2H + k2H = 0, k2 =
ω2

c2
εµ,

and have zero divergence:

∇ ·E = 0, ∇ ·H = 0.
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Figure 1.2 — Spherical polar coordinate system centered on a spherical
particle of radius a. The plane wave incident on a spherical dielectric
nanoparticle with ε2(ω) from the medium with ε1, propagating along z -

axis, and the electric field oscillates along x - axis

It is convenient to introduce a scalar function ψ that satisfies the scalar
wave equation and is generating function for vector spherical harmonics
M and N :

M = ∇× (rψ), N =
∇×M

k
.

The functions M and N possess all the necessary properties of the
electromagnetic field, namely: they satisfy the vector wave equation, their
divergence is zero, the curl M is proportional to N , and the curl N is
proportional to M :

∇ ·M = 0, ∇ ·N = 0, ∇×M = kN , ∇×N = kM

Thus, the problem reduces to finding solutions of the scalar wave
equation, and the vector harmonics M and N in spherical coordinates
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have the following form [50]:

Memn(k, r) =− m

sin θ sinmφ · Pm
n (cos θ)zn(ρ)eθ−

− cosmφ · dP
m
n (cos θ)
dθ

zn(ρ)eφ

(1.4)

Momn(k, r) =
m

sin θ cosmφ · Pm
n (cos θ)zn(ρ)eθ−

− sinmφ · dP
m
n (cos θ)
dθ

zn(ρ)eφ

(1.5)

Nemn(k, r) =
zn(ρ)

ρ
cosmφ · n(n+ 1)Pm

n (cos θ)er+

+ cosmφ · dP
m
n (cos θ)
dθ

1

ρ

d

dρ
[ρzn(ρ)]eθ−

−m sinmφ · P
m
n (cos θ)
sin θ

1

ρ

d

dρ
[ρzn(ρ)]eφ

(1.6)

Nomn(k, r) =
zn(ρ)

ρ
sinmφ · n(n+ 1)Pm

n (cos θ)er+

+ sinmφ · dP
m
n (cos θ)
dθ

1

ρ

d

dρ
[ρzn(ρ)]eθ+

+m cosmφ · P
m
n (cos θ)
sin θ

1

ρ

d

dρ
[ρzn(ρ)]eφ,

(1.7)

where n = 0, 1, 2, 3 . . . , m = 0, . . . ,n, the indices e and o denote even
and odd linearly independent solutions for ψ along the azimuthal angle
φ, in place of zn(ρ), where ρ = kr is the dimensionless variable, can
be Bessel jn(ρ) or Hankel h(1)n (ρ) spherical functions, depending on the
specific boundary conditions; Pm

n - associated Legendre polynomials:

P 0
0 = 1,

P 0
1 = x = cos θ,

P 1
1 =

√
(1− x2) = sin θ,

P 0
2 =

1

2
(3x2 − 1) =

1

4
(1 + cos 2θ), . . .

Suppose that a x-polarized plane wave is incident on a homogeneous
isotropic sphere of radius a (Figure 1.2). The incident, internal and
scattered fields are represented in the form of expansion in vector
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spherical harmonics, and the corresponding expansion coefficients are
found from the boundary conditions:

(Ei +Es −E1)× er = (Hi +Hs −H1)× er = 0,

where Ei,Es,Ep — incident, scattered and internal fields, respectively.
For the incident field and the field inside the particle, vector spherical
harmonics are used, in which the radial dependence of the generating
functions is determined by the Bessel spherical functions jn(ρ). For a
scattered field — Hankel spherical functions h(1)n (ρ) are used, hereinafter,
superscript (1), corresponding to a diverging spherical wave. The field
inside the particle, further the pump field in equation 1.1, has the form

Ep(k, r) =
∞∑
n=1

En(cnMo1n(k, r)− idnNe1n(k, r)), (1.8)

En = inE0
2n+ 1

n(n+ 1)
,

where E0 — the incident field modulus, and the coefficients cn and dn in
the expansion in vector spherical harmonics have a resonant frequency
dependence and are presented in the following form:

cn =
jn(ρ1)[ρ1h

(1)
n (ρ1)]

′ − h
(1)
n (ρ1)[ρ1jn(ρ1)]

′

jn(ρ2)[ρ1h
(1)
n (ρ1)]′ −

µ1
µ2
h
(1)
n (ρ1)[ρ2jn(ρ2)]′

, (1.9)

dn =
jn(ρ1)[ρ1h

(1)
n (ρ1)]

′ − h
(1)
n (ρ1)[ρ1jn(ρ1)]

′

µ1
µ2

k2
k1
jn(ρ2)[ρ1h

(1)
n (ρ1)]′ −

k1
k2
h
(1)
n (ρ1)[ρ2jn(ρ2)]′

, (1.10)

ρ1 = k1a =
2πa

λ
, ρ2 = k2a =

2πa
√
ε2µ2

λ
,

where a is the radius of the sphere, and k1 and k2 are the wave numbers
outside and inside the sphere, respectively. Dielectric permittivity of
surrounding media ε1 = 1, dielectric permittivity of the sphere ε2(ω).
Magnetic permeability outside the sphere µ1 and magnetic permeability
of the nanoparticle µ2, further we consider them equal to 1.
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The scattered field decomposed into vector spherical harmonics can be
represented as

Es(k, r) =
∞∑
n=1

En(ianN
(1)
e1n(k, r)− bnM

(1)
o1n(k, r)), (1.11)

where the coefficients an and bn are determined by the expressions

an =

µ1
µ2

(k2
k1

)2

jn(ρ2)[ρ1jn(ρ1)]
′ − jn(ρ1)[ρ2jn(ρ2)]

′

µ1
µ2

(k2
k1

)2

jn(ρ2)[ρ1h
(1)
n (ρ1)]′ − h

(1)
n (ρ1)[ρ2jn(ρ2)]′

, (1.12)

bn =

jn(ρ2)[ρ1jn(ρ1)]
′ − µ1

µ2
jn(ρ1)[ρ2jn(ρ2)]

′

jn(ρ2)[ρ1h
(1)
n (ρ1)]′ −

µ1
µ2
h
(1)
n (ρ1)[ρ2jn(ρ2)]′

. (1.13)

The coefficients an and bn in the expansion of the scattered field (eq. 1.11)
have the same denominator as the coefficients cn and dn in the expansion
of the field inside the particle (eq. 1.8), that is, they have resonances at
the same values frequencies.

The scattering cross section corresponds to the obtained field
distribution has the form:

σscat =
2π

k2

∞∑
n=1

(2n+ 1)(|an|2 + |bn|2) (1.14)

In fact, the series (eq. 1.14) is a multipole expansion, where a1 and 
b1 correspond to the electric and magnetic dipole modes contribution, 
respectively, a2 and b2 correspond to the electric and magnetic quadrupole 
modes contribution and so on.

1.3 Numerical simulation

To describe the interaction of light with nanoparticles, we used the 
scattering cross section σscat, which shows how much of the energy of the 
incident light was re-scattered by the system.

σscat =
Pscat

|Sinc|
, (1.15)
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Figure 1.3 — View of the domain of numerical solution of the problem
in Comsol Multiphysics

where Pscat — scattered field power, Sinc — Pointing vector of incident
wave. To get scattering efficiency we normalized the corresponding cross
section to geometrical cross section.

ηscat =
σscat
σgeom

(1.16)

SHG efficiency is measured in [1/W] and is defined as follows:

ηSHG =
PSHG

P 2
inc

, (1.17)

where PSHG — second harmonic generation power and Pinc — incident
power. Subsequently, all SHG spectra were obtained for plane waves
with amplitude E0 = 108 V/m, which corresponds to the incident light
intensity I ≃ 1012 W/m2.

The scattering problem on hybrid Au-BaTiO3 nanoantenna in
our configuration has no analytical solution (Figure 1.3). To find the
scattering cross section, in this case, a Comsol Multiphysics numerical
simulation package was used. We set the initial conditions, a plane wave
propagating in the opposite direction to the z-axis and the electric field
oscillates along the y-axis. Then, in a given area (Figure 1.3), the equation
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obtained directly from the Maxwell equations is solved by the finite
element method (FEM):

∇× 1

µ
∇×E − k20(ε−

iσ

ωε0
)E = 0,

where k0 = ω/c, µ — magnetic permeability, ε — dielectric permittivity, ε0
— vacuum permittivity, σ — conductivity. At the boundary of the region,
the deciduous field should be represented as the sum of a spherical and
plane wave; to fulfill this condition, the model was surrounded by Perfect
Matched Layer (PML) as it shown in the Figure 1.3. After finding the
distribution of the electric field, it is not difficult to numerically calculate
all the quantities that we need, such as the power and cross section of the
scattering (eq. 1.15).

To simulate the second harmonic generation, we introduced
bias currents inside the BaTiO3 nanoparticle induced by nonlinear
polarization

j2ω =
∂P2ω

∂t
= i2ωP2ω, (1.18)

where P2ω,i = ε0χij
(2)
kE

j
ωEω

k, Eω
k is k-th component of the electric field Eω 

on the fundamental frequency inside nanoparticle.

1.4 Green function for dielectric sphere

The dyadic Green function of the system, consisting of a dielectric 
sphere with ε2(ω) and surrounding media with ε1 = 1, similarly to the 
field inside, can be decomposed into vector spherical harmonics. Such 
an expansion is given in [51], where the following system of equations is 
solved to find the Green function: ∇×∇× Ĝ(r,r′,ω)− k21Ĝ(r,r

′,ω) = 1̂δ(r − r′), r ⩾ a

∇×∇× Ĝ(r,r′,ω)− k22Ĝ(r,r
′,ω) = 0, r ⩽ a

k1 =
ω

c
n1 =

ω
√
ε1
c

– wave number outside nanoparticle,

k2 =
ω

c
n2 =

ω
√
ε2(ω)

c
n – wave number inside nanoparticle.
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According to (eq. 1.1), we need that part of the Green function for which
the source r′ is inside nanoparticle and the observation point r is outside:

Ĝ(12)(r,r′,ω) =
ik2
4π

∞∑
n=1

n∑
m=0

(2− δ0)
2n+ 1

n(n+ 1)

(n−m)!

(n+m)!
·

·[a(2)n M
(1)
e
omn

(k1, r)⊗Me
omn(k2,r

′) + b(2)n N
(1)
e
omn

(k1,r)⊗Ne
omn(k2,r

′)], r > a > r′

(1.19)

δ0 =

1, m = 0

0, m ̸= 0
,

where coefficients a(2)n and b(2)n have the following form

a(2)n =
h
(1)
n (ρ2)[ρ2jn(ρ2)]

′ − jn(ρ2)[ρ2h
(1)
n (ρ2)]

′

h
(1)
n (ρ1)[ρ2jn(ρ2)]′ −

µ2
µ1
jn(ρ2)[ρ1h

(1)
n (ρ1)]′

, (1.20)

b(2)n =
h
(1)
n (ρ2)[ρ2jn(ρ2)]

′ − jn(ρ2)[ρ2h
(1)
n (ρ2)]

′

µ2
µ1

k1
k2
h
(1)
n (ρ1)[ρ2jn(ρ2)]′ −

k2
k1
jn(ρ2)[ρ1h

(1)
n (ρ1)]′

. (1.21)

nThe coefficients a(2) and bn(2) in the expansion of the Green function in 
vector spherical harmonics (eq. 1.19) have the same denominator as the 
coefficients cn and dn in the expansion of the field inside nanoparticle 
(eq. 1.8), that is, they have resonances at the same frequencies.

1.5 Non-linear materials: BaTiO3, GaAs

The nanoparticles studied in this work will be assumed to be single-
crystal, and we will denote the coordinate system xc, yc, zc attached to the 
crystalline lattice.

The nonlinear susceptibility tensor χ(2)
ijk responsible for the process

of second harmonic generation and spontaneous parametric down-
conversion. For a barium titanate BaTiO3 particle, Figure 1.4(b), the
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Figure 1.4 — (a) Gallium arsenide GaAs wuirzite type crystal lattice
with C6v symmetry.(b) Barium titanate BaTiO3 crystal lattice at room

temperature with C4v symmetry

refractive index in the optical range is n ∼ 2.4, and χ(2)
ijk is as follows [52]:

χ
(2)
ijx =


0 0 d15

0 0 0

d31 0 0

 , χ
(2)
ijy =


0 0 0

0 0 d15

0 d31 0

 , χ
(2)
ijz =


d15 0 0

0 d15 0

0 0 d33

 ,

(1.22)
where d15 = 17 pm/V, d31 = 15.7 pm/V, d33 = 6.8 pm/V.

For a particle from wurzite type gallium arsenide GaAs , Figure
1.4(a), the refractive index in the optical range is n ∼ 3.6, and χ(2)

ijk as
follows [53] has the same form as (eq. 1.22), but d15 = 42pm/V, d31 =

21pm/V and d33 = 115pm/V. Next, we will consider the crystalline lattice
rotated to β = π/2 around the y-axis, for this configuration the tensor
will have the form

χ
(2)
ijx = −


d33 0 0

0 d15 0

0 0 d15

 , χ
(2)
ijy = −


0 d31 0

d15 0 0

0 0 0

 , χ
(2)
ijz = −


0 0 d31

0 0 0

d15 0 0

 .

(1.23)
Let us describe in more detail how we rotated the crystalline lattice, in
subsequent sections we will have 3 rotations: rotation at angle γ around
the z-axis, rotation at angle β around the y-axis and rotation at angle

24



α around the x-axis. The matrices of such rotations Rx(α), Ry(β) and
Rz(γ) have the form

Rx(α) =


1 0 0

0 cos(α) − sin(α)
0 sin(α) cos(α)

 , Ry(β) =


cos(β) 0 sin(β)

0 1 0

− sin(β) 0 cos(β)

 ,

Rz(γ) =


cos(γ) − sin(γ) 0

sin(γ) cos(γ) 0

0 0 1

 .
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2 SPONTANEOUS PARAMETRIC DOWN-
CONVERSION BY DIELECTRIC
NANOPARTICLE

In present section we theoretical study spontaneous parametric
down-conversion by spherical nanoparticle made of a nonlinear material
with bulk nonlinearity tensor χ(2) in the classical Mie geometry (Figure
1.2). We considered wurzite type gallium arsenade GaAs nanoparticle
with radius of the sphere a = 110 nm. The nanoparticle is excited by
a plane wave propagating along z-axis and polarized along x-axis. In
this Section, spatial and polarization correlations between the generated
photons are studied. In particular, the orientation of the emitted photons
was studied and the general condition of the nonlinear analogue of the
Kerker effect was obtained.

2.1 Linear Kerker effect

Figure 2.1 — Far field diagrams of radiation of electric dipole along x
-axis (a), magnetic dipole along y - axis (b) and their composition (c),
where the sign shows, they enter the electric field in phase (+) or in

antiphase (-)

Before considering nonlinear generation, we start with a
interpretation of the elastic Kerker effect in terms of the Mie modes.
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Figure 2.2 — (a) Configuration of the system. (b,c) Illustration of strong
forward (b) and backward (d) scattering

In present Section 2 we consider only dipole modes with n = 1, so
we can simplify notations in vector spherical harmonics (eq. 1.4-1.7)
to e11 = x, o11 = y, e01 = z in the expression for the scattered
field Es (eq. 1.11). The Kerker effect can interpreted in terms of the
field structure and symmetry of these modes [54]. In the simplest case,
directional light scattering arises due to the crossed magnetic dipole and
electric dipole which contribute to the field with the different phases. In
the dipolar approximation, the far-field Poynting vector of the scattered
electromagnetic field describes the diagram of the elastic scattering. (For
detailed derivation of equation 2.1, see Appendix A)

|S| ≃ |E1|2
[
|a1|2|N (1)

x |2 + |b1|2|M (1)
y |2 −

−2|a∗bN (1)∗
x M (1)

y | cos(φb1 − φa1) sin(φMy
− φNx

)−

−2|a∗bN (1)∗
x M (1)

y | cos(φMy
− φNx

) sin(φb1 − φa1) (2.1)

Here φa1, φb1, φMy
, and φNx

define correspondingly the phase of the
complex valued a1, b1 coefficients and N

(1)
x , M (1)

y vector harmonics. In
the Figure 2.2 diagrams are shown for the various terms in the expression
2.1. One can see that the last terms depend on both relative phases of: 1)
electric and magnetic dipole amplitudes a1 and b1 and 2) corresponding
vector harmonics M (1)

y and N
(1)
x . The latter contribution in the far-field

domain kr ≫ 1 provides that φMy
− φNx

= −π/2 for θ = 0, while
φMy

− φNx
= π/2 for θ = π. Moreover, the amplitudes of the M

(1)
y

and N
(1)
x harmonics at points θ = 0, π are equal due to the symmetry
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of magnetic and electric dipole emission and using |N (1)
x |2 = |M (1)

y |2 =

|N (1)∗
x M

(1)
y |, we come to a simple expression:

S(θ = 0,π) ∼ |E1|2
[
|a1|2 + |b1|2

±2|a∗1b1| cos (φb1 − φa1)]

Basing on obtained expression, one comes to a well-known Kerker
condition for strong forward scattering |a1| = |b1| and φa1 = φb1, Figure
2.2(a), or for strong backward scattering (second-Kerker’s condition)
|a1| = |b1| and φb1 −φa1 = π, Figure 2.2(b). These simple results lie in the
basis of directionality engineering with resonant dielectric structures.

2.2 Non-linear generation of entangled photons

Figure 2.3 — Schematic of SPDC process. (a) Collinear decay: signal and
idler photons decay in same direction ri = rs. (b) Non-collinear decay:
signal and idler photons decay in different directions, but |ri| = |rs|

Within the SPDC process a two-photon states is generated through
a nonlinear decay of a pump photon inside the nanoparticle. This process
will be mediated by the resonant properties of the nanoparticle and can be
described with a two-photon amplitude Tis(ri,ωi,di,rs,ωs,ds) equation 1.1,
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expressing the probability of simultaneous detection of idler and signal
photons having correspondingly frequencies ωi and ωs at coordinates ri
and rs with polarization defined by the polarization of the detector di

and ds. Then, the probability of simultaneous detection of idler and signal
photons of particular polarizations provided by the direction of di and ds

will be as follows

wdi,ds
=

2π

h̄
δ(h̄ωi + h̄ωs − h̄ωp)|Tis|2. (2.2)

In the following, we will focus mainly on unpolarized detection, and the
amplitude can be obtained by the direct summation of 2.2 over all possible
polarizations of detectors: wunpol =

∑
di,ds

wdi,ds
. We will also discuss the

polarized entanglement in Section 2.4 for particular orientations of the
detectors.

Next, we will provide the grounds for multipolar photon
entanglement of the generated photons. In the case of nonlinear decay
in bulk medium, there is a particular spatial and polarization correlation
between the free-space photons described by plane waves. In the case of
subwavelength scale nonlinear source, for which plane wave description
is substituted by multipolar harmonics there can appear particular
entanglement and correlations between the multipolar content of the
generated photons. In order to analyze that, we expand the two-photon
amplitude into particular multipolar channels. This can be done straight
forwardly by expanding the Green’s function (equation 1.19).

We will introduce additional notation to make the description of
the considered process more compact and elegant. First of all, we will refer
to vector spherical harmonics as Wpiprmn(k,r) notation, where m and n
are azimuthal and main quantum numbers, pi and pr are the inversion
and reflection in plane y = 0 parities indexes. We will define the set of
four labels as J = {pi,pr,m,n}. Thus, the nonlinear decay process can be
understood as a set of mulitpolar decay channels each characterized by
J-vectors
Jpump → Jidler,Jsignal. The two-photon amplitude then can be expand as
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follows:

Tis(ri,ωi,di; rs,ωs,ds) =
∑

Jp,Ji,Js

T̃Jp→Ji,Js
×

×DJp→Ji,Js

(
d∗
i ·W

(1)
Ji

(ki1,ri)
)(

W
(1)
Js

(ks1,rs) · d∗
s

) (2.3)

where index 1 mean outside nanoparticle and, hence, we use k1i,1s =
√
ε1ωi,s/c, index 2 mean inside nanoparticle, hence, we use k2i,2s =√
ε2(ωi,s)ωi,s/c and

T̃Jp→Ji,Js
= −

(ωiωs

c2

)2

ki2ks2AJi
AJs

BJp
,

AJ = (2− δ0)
2n+ 1

n(n+ 1)

(n−m)!

(n+m)!
·

a
(2)
n , if t =M

b
(2)
n , if t = E

,

BJ = En ·

cn, if t =M

−idn, if t = E
.

Coefficients describing decaying channels contain harmonic from the
pump field and two harmonics from dyadic green functions

DJp→Ji,Js
=

∑
α,β,γ

χαβγ

∫
V

WJp,γ(k2,r0)WJi,α(ki2,r0)WJs,β(ks2,r0)d
3r0,

(2.4)
where WJ ,α(k,r) is the Cartesian projection of the vector spherical
harmonic on α-axis. The D-coefficients (eq. 2.4) are the overlapping
integral and determine the amplitude of particular decay channel and
equal to zero for a large number them. The non-zero values of D-
coefficients provide allowed transitions and define the so-called selection
rules of second order nonlinear process. The detailed symmetry based
analysis is provided elsewhere [55] for the inverse process of sum frequency
generation. Below we will discuss in more details what particular
decay channels can contribute into the directional emission of entangled
photons.

The rate of simultaneous detection can be obtained directly from
equation 2.3. Our task is to find the conditions, which will provide
directional emission of the correlated photons. On this way, we in the first
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row will focus on total coincidence rate wunpol, which does not resolve the
polarization state of the generated photons.

wunpol
is (ri,ωi; rs,ωs) ∼

∑
di,ds

|Tis(ri,ωi,di; rs,ωs,ds)|2

∼
∑
di,ds

∑
Jp,Ji,Js

J ′
p,J

′
i ,J

′
s

T̃Jp→Ji,Js
·DJp→Ji,Js

· T̃ ∗
J ′
p→J ′

i ,J
′
s
·D∗

J ′
p→J ′

i ,J
′
s︸ ︷︷ ︸

C
Jp→Ji,Js

J ′
p→J ′

i
,J ′

s

×
(
d∗
i ·W

(1)
Ji

(ki1,ri)
)
×

×
(
W

(1)
Js

(ks1,rs) · d∗
s

)
×
(
di ·W ∗(1)

J ′
i
(ki1,ri)

)(
W

∗(1)
J ′
s
(ks1,rs) · ds

)

∼
∑

Jp,Ji,Js

J ′
p,J

′
i ,J

′
s

C
Jp→Ji,Js

J ′
p→J ′

i ,J
′
s

(
W

(1)
Ji

(ki1,ri) ·W ∗(1)
J ′
i
(ki1,ri)

)(
W

(1)
Js

(ks1,rs) ·W ∗(1)
J ′
s
(ks1,rs)

)
(2.5)

The obtained expression can be considered as an analogue of expression
2.1 but for nonlinear generation of the correlated photons. Each
component in the sum consists of the multiplication of two idler photons
(Ji and J ′

i) and two signal photons (Js and J ′
s) as all of them can

potentially interfere due to coherence of the SPDC process. Among the 
variety of the detection geometries, we will specify a colllinear detection, 
when the idler and signal detectors are located in the same point ri = rs 

and non-colllinear detection, when photons decay in different directions, 
but |ri| = |rs| (See Figure 2.3).

2.3 Directional emission from GaAs nanoparticle

We apply the theoretical background overview in the previous 
section to analyzing the nonlinear generation of correlated photons from 
a nanoparticle made of a material with strong bulk nonlinearity such as 
GaAs gallium arsinade, III-V semiconductor materials have already been 
widely used for second-harmonic generation in a number of experiments 
[53, 56] showing particular enhancement of nonlinear signal generation 
owing to pronounced Mie resonance in the visible and infrared region. 
Indeed, the elastic scattering spectrum of a spherical particle of radius 
a = 110 nm is shown in Figure 2.4(a) For the given sizes the nanoparticle
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Figure 2.4 — (a) Scattering cross-section including different multipoles
(green - total, red- electric dipole ED, blue-magnetic dipole MD

,orange- electric quadrupole EQ , purple- magnetic quadrupole MQ)
(b,d) Possible decay channels in considering geometry at λp = 720 nm,
grey or yellow needed to directivity: solid - decay to the crossed dipoles,
dashed - decay to the same dipoles (c) Geometry of the considered

problem. Spherical particle of wurtzite GaAs with a radius a = 110 nm,
rotated to the β = 90◦ around y axis

demonstrate electric (ED) and magnetic (MD) dipole resonances. Their
interference results in directional (elastic) scattering of in accordance to
Kerker effect overviewed in Section 2.1. In this Section 2.3, we apply
several limitation, which on one hand will simplify the model, and on the
other will provide all the insight of the directional emission of correlated
photons:

1) we focus on resonant pumping scheme, when the the frequency of
the exciting field matches the electric and magnetic dipole resonances;
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2) we consider degenerate process assuming ωi = ωs = ωp/2, thus 
the generated photons will be far from the Mie resonance in the long-
wavelength region;
3) we neglect the birefringence of GaAs material, which does not 

provide strong contribution to second-order nonlinear process;
4) for the sake of definiteness, we will be interested in the strong 

directivity in forward/backward directions of collinear emission of 
correlated photons, i.e. along z-axis. (This one provides a more clear 
and simple narrative at this stage, however will be generalized in the 
following.)

The nonlinear response of GaAs is defined predominantly by the 
structure of its nonlinear tensor χ(2) which was described in detail in 
Section 1.5. The particular form of the tensor dictates the selection rules 
of the SPDC process through the non-zero D-coefficients expression 2.4. 
For the proposed form of the nonlinear tensor, the non-zero dipole decay 
channels are summarized in Figure 2.4(b,d) under the assumption that 
the pumping field generates the x-oriented ED and y-oriented MD modes. 
These channels define the non-zero components in the coincidence rate 
wunpol expression 2.5, while the scalar products of the vector functions 
corresponded to these modes, define the far-field patter of wunpolar, which 
will be presented in the next Section 2.3.1.

2.3.1 Forward/backward directivity

As mentioned above, we are interested in z-directivity of collinear 
detection, Figure 2.3(a), i.e. when two correlated photons are generated 
either in forward or backward direction with respect to the direction of 
the exciting pump. In this formulation, this will provide us with a two-
photon analogue of the Kerker effect. Thus, careful analysis of different 
contributions of scalar products in equation 2.5 schematically summarized 
in Figure A.1 shows that only a few components give contribution to the 
forward and backward directivity, which are scalar products My

(1) · Nx
(1) 

and Mx
(1) · Ny

(1). The bigger part of the components do not contribute
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Figure 2.5 — (a) The far-field patterns of collinear two-photon
generation for different wavelengths λp = 660 nm, 720 nm, 786 nm,

1086 nm. (b) Forward and backward wunpol and their ratio depending on
pump wavelength λp. (c) Amplitudes of coefficients |c1| and |d1| in

decomposition of pump field inside nanoparticle Ep. (d) Phases of this
coefficients and their phase difference φc1 − φd1

to the collinear coincidence rate in θ = 0,π directions, which significantly
simplifies the analysis. Thus, to get the insights of the directional emission
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of correlated, we derive an expression for the asymmetry of the detection
rate ∆wunpol = wunpol

θ=0 − wunpol
θ=π is the proposed configuration. By taking

into account that the decay of the photons is out of the resonance with the
Mie modes (see Figure 2.4), it can be assumed that the phase difference
between the ED and MD coefficients at the decay frequency ωp/2 is zero
∆φdecay = φa1 − φb1 ≈ 0, as shown in Figure 2.5(d). Then the expression
of the asymmetry can be expressed in a simple form (a little more about
this in the Appendix A):

∆wunpol ∼ |a(2)1 b
(2)
1 c1d1| cos(∆φpump)

[
α|a(2)1 |2 + β|b(2)1 |2

]
, (2.6)

α = DNx→Mx,Mx
DMy→Mx,Ny

−DNx→My,My
DMy→My,Nx

,

β = DNx→Nx,Nx
DMy→Nx,My

−DNx→Ny,Ny
DMy→Ny,Mx

,

where a
(2)
1 and b

(2)
1 are coefficients in Green function (eq. 1.19),that

describes modes on which photons decay, c1 and d1 are coefficients in
pump field (eq. 1.8) and DJp→Ji,Js

overlapping coefficient (eq. 2.4), which
shows decay amplitude. The expression 2.6 provides a simple yet clear
result on the origin of the two-photon generation directivity. First of all,
one need to mention there is the factor responsible for elastic directivity
containing in particular the phase difference between ED and MD modes
at the fundamental frequency ∆φpump = φc1−φd1. Thus, the directionality
of the collinear two-photon detection can be expected for the same in-
phase or out-of-phase conditions as common Kerker effect. Secondly,
there is an additional factor in square brackets, which strongly differs
two-photon generation from the elastic scattering case. It contains mode
amplitudes a1 and b1 multiplied by α and β coefficients, which contain the
amplitudes of the decay. For the cases shown in Figure 2.5 the factor in
the square brackets in equation 2.6 is strictly positive, however it strongly
depends on the particular modes involved in the decay process and can
freely change its sign. The spectral dependence of α- and β-factors for
the parameters used in Figure 2.5 is provided in Figure 2.6.

The directional generation of entangled photons is illustrated in
Figure 2.5(a), where in block the directivity of collinear generation is
shown for different pumping wavelengths λp. The spectrum of forward-

35



Figure 2.6 — Dependence of α and β coefficients in the equation 2.6 on
the fundamental wavelength λp

to-backward ratio wunpol
θ=0 /wunpol

θ=π is shown in Figure 2.5(b) demonstrating
strong backward two-photon scattering at λp = 720 nm and forward
scattering at λp = 1286 nm. The corresponding amplitudes and phases of
the Mie coefficients governing the nonlinear decay are shown in panels in
Figure 2.5(b-c), which show that in the course of resonant collinear decay
the Kerker-type conditions are applied for the pumping dipole modes
providing directional photon generation.

When quadrupole terms are included in the pump fielв (eq. 1.8),
but decay still occurs in the wavelength range, where only dipole
components can be taken into account, the following generalization of
the equation 2.6 can be obtained equation 2.7, where the second term
shows the contribution from the interference of magnetic and electric
quadrupoles in the pump field ∆φpump

EQMQ = φc2 − φd2, third term shows
the contribution from the interference of magnetic dipole and magnetic
quadrupole in the pump field ∆φpump

MDMQ = φc2 − φc1 and last term shows
the contribution from the interference of electric dipole and electric
quadrupole in the pump field ∆φpump

EDEQ = φd2 − φd1.
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∆wunpol ∼ |a(2)1 b
(2)
1 c1d1| cos(∆φpump)

[
α|a(2)1 |2 + β|b(2)1 |2

]
+

+ |a(2)1 b
(2)
1 c2d2| cos(∆φpump

EQMQ)
[
α2|a(2)1 |2 + β2|b(2)1 |2

]
+

+ |a(2)1 b
(2)
1 c1c2| cos(∆φpump

MDMQ)
[
α12|a(2)1 |2 + β12|b(2)1 |2

]
+

+ |a(2)1 b
(2)
1 d1d2| cos(∆φpump

EDEQ)
[
α21|a(2)1 |2 + β21|b(2)1 |2

]
, (2.7)

where the coefficients α2, β2 in second term are as follows

α2 = DMo12→Mx,Mx
DNe12→Mx,Ny

−DMo12→My,My
DNe12→My,Nx

,

β2 = DMo12→Nx,Nx
DNe12→Nx,My

−DMo12→Ny,Ny
DNe12→Ny,Mx

.

The coefficients α12, β12 in third term in equation 2.7 are as follows

α12 = DMo12→Mx,Mx
DMy→Mx,Ny

−DMo12→My,My
DMy→My,Nx

,

β12 = DMo12→Nx,Nx
DMy→Nx,My

−DMo12→Ny,Ny
DMy→Ny,Mx

.

The coefficients α21, β21 in last term in eqution 2.7 are as follows

α21 = DNx→Mx,Mx
DNe12→Mx,Ny

−DNx→My,My
DNe12→My,Nx

,

β21 = DNx→Nx,Nx
DNe12→Nx,My

−DNx→Ny,Ny
DNe12→Ny,Mx

.

Thus, the condition for directional generation, when we take quadrupoles 
into account in pump field (eq. 1.8) is a little more complicated, but has 
the same structure for additional terms as was shown in eq. 2.6.

2.3.2 Generalized directivity conditions

The directivity of the photon generation supposed in this Section 
is based on electric and magnetic dipoles interference. Thus, these 
modes should be allowed in decaying channels, which in their turn are 
defined by the crystalline structure of the material, and also one should 
expect to observe cross-polarized ED and MD generations. It turns out, 
that depending on the crystalline structure of the material one expect 
observing directivity of photon emission in arbitrary directions. Figure 
2.7 summarizes different crystalline structures of nonlinear materials
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Figure 2.7 — Illustration of the necessary conditions for observing 
directivity along various axes. First column shows directionality, 2nd 
column shows first decay needed into two crossed magnetic and electric 
dipoles, 3rd column shows second decay needed into two similar dipoles. 
The fourth column shows which tensor components of χ(2) should be 
zero for the presence of the necessary decay channels. The last column 
shows symmetry groups, for which these components of the tensor are 

non-zero

which provides directional collinear generation of entangled photons and 
corresponding dipole channels of decay. One can see that depending on 
the orientation of crossed ED and MD the directivity of the photon 
emission can be preferrable in x-, y-, or z-axis. One should stress that 
besides the crossed ED/MD terms the co-aligned dipole terms are also 
present but they do not contribute into directional emission.

2.4 Polarization correlations

In this Section we will consider the configuration of the system 
closer to the actual experiment, where the detectors collect the signal 
not at a specific point as at collinear decay r = ri = rs, but in a 
certain area shown in the Figure 2.8(a), where the angle of maximum 
expansion regarding to the direction of maximum generation in collinear

decay equal to θ = 
π

3 
. Non-collinear decay shown in Figure 2.3(b) already
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takes place in such geometry. Having fixed the wavelength of the incident

Figure 2.8 — (a) The configuration of the system under the study, the
incident field propagating along z-axis and oscillates along x-axis.
Incident wavelength equal 720 nm and detection of signal anв idler

photons occurs in the area bounded by the angle of theta relative to the
direction of the opposite z-axis. (b) Probability of detecting photons of
various combinations in a linear basis including polarizations along x-
and y- axis and in a circular basis including right circular (R) and left

circular (L) polarizations

field λp = 720 nm, we examined the polarization correlations between
the emitted photons in two different bases — linear and circular. When
considering in a linear basis, we have a situation in which, with the
highest probability, polarization of the photons are equal and have the
same polarization as the incident field along the x-axis di(s) = di(s)ex,
but this two-photon quantum state is not completely splittable, that
is, the two-photon wave function φtwo−photons cannot be represented as
the product of the wave functions of the signal φsignal and idler φidler

photons φtwo−photons ̸= φsignal ·φidler. When considering in a circular basis
with the highest probability photons polarizations are differ: one of the
photons is right-circular polarized and the other left-circular polarized,
thus, di(s) = di(s)/

√
2(ex±iey). However, this state is not a pure Bell state

[57].
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3 SECOND HARMONIC GENERATION
BY HYBRID METAL-DIELECTRIC
NANOANTENNA

Plasmon 

resonance

ω

Mie resonance

2ω
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BaTiO3
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�  !"
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Figure 3.1 — Scheme of a bi-resonance hybrid nanoantenn. Plasmon
resonance is fixed at the frequency of the incident field ω. Mie resonance

is set at the the second harmonic generation frequency 2ω

In this Section, we theoretically propose and experimentally show
a design of a dimer nanorod antenna made of gold and a monocrystalline
BaTiO3 nanosphere with two resonances tuned to the pump and SHG
wavelength, respectively. Our goal is to use the first resonance to
concentrate the energy of the incident light efficiently in the nonlinear
material, and the second resonance is utilized to enhance the emission of
the SHG [58, 59].
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3.1 Analysis of the resonance properties of a hybrid
nanoantenna

For definiteness, we fix the incident wavelength equal to 1000 nm, 
then the SHG will occur at 500 nm. We select the parameters of the hybrid 
antenna so that its plasmon resonance falls on the incident wavelength, 
and the Mie resonance on the SHG wavelength. To do this, we use 
the methods described in Sections 1.2, 1.3 and obtain the spectra of 
scattering efficiency on dielectric and plasmon systems. Then, changing 
the configuration of the systems, we will tune at the plasmon resonance 
and the Mie resonance at 1000 nm and 500 nm, respectively.

3.1.1 Scattering on a BaTiO3 spherical nanoparticle

We use the results of Mie theory to find the scattering efficiency 
ηscat for spherical BaTiO3 nanoparticle. By changing the radius of the 
nanoparticle r, we obtain that for r = 95 nm the magnetic dipole MD 
resonance will be at 500 nm, Figure 3.2(b).
Note that in the visible range, a nanoparticle with a radius r = 95 nm

Figure 3.2 — (a) Scattering on a BaTiO3 spherical nanoparticle in Mie
configuration. (b) Spectral dependence of linear scattering efficiency

ηscat for various radii of a spherical nanoparticle r = 75 nm, 95 nm, 115
nm. (c) The spectral dependence of the scattering efficiency ηscat on a

BaTiO3 with a radius r = 95 nm, the contributions of various
multipoles are shown in color: red — total, green — electric dipole (ED),
blue — magnetic dipole (MD), yellow — electric quadrupole (EQ) and

purple is the magnetic quadrupole (MQ)

also has two more resonances: electric dipole ED shown in green, and
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magnetic quadrupole MQ shown in blue in Figure 3.2(c), located at
shorter wavelengths.

3.1.2 Scattering on a gold nanodimer

Figure 3.3 — a) Scattering on a plasmonic dimer nanoantenna made
with Au. (b) Spectral dependence of the scattering efficiency ηscat for
various lengths of golden bars L =130 nm, 170 nm, 210 nm. For fixed
dimensions in the x-z plane (h = 65 nm, w = 60 nm) and a fixed gap

between the bars g = 60 nm

Using the package Comsol Multiphysics, we solve the problem of
scattering on gold nanoantennas at wavelengths from 300 nm to 1200 nm
with step of 10 nm. The optical parameters for Au were taken from
Ref. [60]. The position of the plasmon resonance depends on the gap
between the particles: the narrower the gap, the stronger the interaction
between the plasmon modes of the individual nanoantennas, and hence
the greater the splitting of the resonances. It is also known that the
position of the plasmon resonance of elongated metal particles (not
necessarily rectangles) depends on their length: the longer the particle,
the stronger the resonance is shifted to the long-wavelength region [61].
We fix the cross section of the nanoantennas with a height h = 65 nm
and a width w = 60 nm. We choose a gap width g = 60 nm and change
the length of the gold particles L until the plasmon resonance reaches
1000 nm. As result, we get that a suitable length L = 210 nm. In addition
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to the dipole resonance at 980 nm, the obtained nanoantenna has another
weakly pronounced resonance at 400 nm, which corresponds to the second
dipole mode.
The field inside the gap between the nanorods, for parameters g = 20 nm

Figure 3.4 — Distribution of norm of electric field for gap g = 20 nm 
and g = 200 nm in the y-z plane.

and g = 60 nm, will be significantly enhanced comparing to a separate 
gold nanoantenna due to a hotspot[62]. To verify this, in the Comsol 
Multiphysics we plotted the field distribution near the nanoantenna at 
g = 20 nm, and compare it with the case, when there is no interaction 
between the modes of individual particles, for example, g = 200 nm, as 
shown in Figure 3.4.

3.1.3 Scattering on a hybrid bi-resonance nanoantenna

We study the linear optical properties of the hybrid Au-
BaTiO3 nanoantenna and compare them with the properties of individual 
plasmon and dielectric components. Based on the parameters obtained in 
previous Sections (3.1.1, 3.1.2), several nanoantennas were considered. In 
this and subsequent Sections, modeling on real sizes will be presented, 
namely, radius of the BaTiO3 sphere r ∼ 96 nm, length of the nanorods 
arms L = 170 nm, their height h = 65 nm, width w = 60 nm and gap 
between Au nanorods g = 60 nm. We consider scattering on a hybrid 
system with these parameters on a glass substrate with the refractive 
index n = 1.5, Figure 3.5(a), and we get the spectrum of scattering
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Figure 3.5 — (a) Scattering by a bi-resonant hybrid nanoantenna. (b)
Spectral dependence of the scattering efficiency ηscat for a hybrid

Au-BaTiO3 nanoantenna on a glass substrate with a refractive index
n = 1.5. For comparison, the spectral dependencies of the scattering
efficiency ηscat on a spherical particle of barium titanate BaTiO3 and

plasmon dimer nanoantenna of gold are given

efficiency for this case Figure 3.5(b). The resulting nanoantenna has
a plasmon resonance at the wavelength of 920 nm and two Mie-type
resonances at 370 nm and 480 nm. There is also a weakly pronounced
resonance at the wavelength equal to 650 nm, arising due to the presence
of barium titanate nanoparticle.
Now, when the dielectric and plasmon resonances are in the incident field
frequency and SHG frequency, respectively, we can proceed to describe
the nonlinear properties of a hybrid Au-BaTiO3 nanoantenna.

3.2 Second harmonic generation efficiency of a hybrid bi-
resonance nanoantenna

After analysing the linear optical response of the hybrid
nanoantenna, we turned to studying SHG properties of the proposed
antenna. In our approach we considered SHG emission only from dielectric
nanoparticle made of barium titanate, while the contribution to the
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SHG from gold particles was not taken into account. Indeed, the surface
second-order susceptibility of gold χ

(2)
surf ∼ 10−12 cm2/statV is several

orders of magnitude lower [63] than the bulk second-order susceptibility
χ
(2)
bulk ∼ 10−8 cm/statV of barium titanate.

3.2.1. The influence of the crystalline lattice orientation

To obtain the SHG efficiency spectrum ηSHG, we solve the
scattering problem in Comsol Multiphysics in the wavelength range from 
800 nm to 1200 nm with a step of 10 nm (the direction of the wave vector 
and electric field are the same as in Section (3.1.2) and it is presented in 
the Figure 3.6(a)). Then, according to equation (1.17), we calculate the 
second harmonic generation efficiency ηSHG. Having solved the scattering 
problem on an single particle and on a hybrid nanoantenna, we obtain 
the spectra shown in the Figure 3.6(b).
It can be seen from the Figure 3.6 that, near 1000 nm, the SHG of the 
hybrid bi-resonance nanoantenna is two orders of magnitude higher than 
the SHG of a single BaTiO3 nanoparticle. The obtained enhancement 
superior the SHG enhancement by a hybrid dimer nanoantenna, 
possessing only plasmon resonance at the SHG frequency [21].
Figure 3.6(b) shows the second harmonic generation efficiency ηSHG 

for two orientations of the crystalline lattice: the 1st configuration —
the coordinate system attached to the crystalline lattice coincides with 
the laboratory coordinate system, the 2d configuration — the coordinate 
system attached to the crystalline lattice is rotated by β = 45◦ angle 
around the y-axis (the rotation is described in Section 1.5). Notice, that 
for the second configuration, the SHG efficiency two orders of magnitude 
higher relatively to first configuration and the resonance is also slightly 
shifted to the short-wavelength range.

3.2.2 The influence of the particle position

We fabricate gold dimer antenna consisting of two nanorods with
an arm length of L = 170 nm, height of h = 65 nm, width of w = 60 nm
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Figure 3.6 — (a) Second harmonic generation on the
Au-BaTiO3 bi-resonant hybrid nanoantenna. (b) Spectral dependence of
the second-harmonic generation efficiency ηSHG for barium titanate
BaTiO3 and Au-BaTiO3 hybrid nanoantenna for various angles of

rotation of the coordinate system associated with the barium titanate
crystal lattice relative to the laboratory coordinate system β = 0◦, 45◦

around the y - axis

and a gap of g = 60 nm. The lift-off fabrication procedure is described
in the Appendix B. Then we use BaTiO3 nanosphere fabricated by
hydrothermal synthesis [64] with a diameter of chosen around 200 nm
on the dimer antenna position the BaTiO3 nanosphere on the dimer
nanorod antennas employing a pick-and-place technique described in
detail in work [65]. We obtain three hybrid nanodimers, which are name
HN1(R8), HN2(M8) and HN3(I8) in the following (see Appendix B for
actual sizes of the samples). Figure 3.8 shows the images of the produced
nanoantennas in a scanning electron microscope (SEM). It may be noted,
that in Figure 3.8, which shows a top view of real structures, the center of
the spherical BaTiO3 nanoparticle is displaced relative to the longitudinal
axis of symmetry of the dimer antenna. Let us see how this affects the
scattering efficiency and the second harmonic generation efficiency. For
this we consider the sample indicated in Figure 3.8 as the HN1(R8),
where the center of the spherical nanoparticle is shifted to 96 nm along

46



Figure 3.7 — Top view of real structures in a scanning electron 
microscope

the x-axis and 32 nm down along the z-axis, according to the SEM image. 
When the BaTiO3 nanoparticle is shifted to 96 nm along the x-axis and 
32 nm down along the z-axis relative to not shifted position we have more 
pronounced resonance at 370 nm in linear scattering spectrum, otherwise 
the spectra are very similar in contrast to the second harmonic generation 
efficiency spectra, where the efficiency strongly depends on both the 
orientation of the crystalline lattice and the position of the spherical 
BaTiO3 nanoparticle. This is due to the fact that the shift changes the 
symmetry of the system.

3.2.3 Experimental measurement of scattering spectra

Then, we measure the scattering spectrum of the formed hybrid 
dimers (Figure 3.9(a-c). Indeed, for each measured hybrid dimer, we 
detect two resonances, one at around 485 nm, and one at around 1040 nm. 
We use the FEM model in Comsol Multiphysics to verify the measured 
spectrum of the hybrid dimers (Figure 3.9(d), here, to comply with 
conditions analogous to the experiment, namely, the use of unpolarized
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Figure 3.8 — (a) Scattering efficiency ηscat depending on fundamental
wavelength, blue curve — geometry where the BaTiO3 nanoparticle is
not shifted, red curve — HN1(R8) sample, where the center of the
spherical nanoparticle is shifted to 96 nm along the x-axis and 32 nm
down along the z-axis relative to not shifted position. (b) Spectral SHG
efficiency ηSHG for two crystalline lattice orientations: β = 0◦ — dashed
curve, β = 45◦ — solid curve; red — not shifted configuration, blue —

HN1(R8) sample

pumping, we use the average value of the spectrum for the electric field
oscillating along the axis of the dimer antenna and perpendicular to it.
The simulations also show two resonances at 485 nm and 920 nm, in
excellent agreement with the measurements. The position of the measured
LSP resonance is red-shifted in comparison to the calculated value. We
explain this variation by the differences between the design of the dimer
antenna and the actual size and shape resulting from the fabrication.
Specifically, as it can be observed in the Figure 3.8, the fabricated dimer
antennas have arms with slightly different arm lengths, their width is not
uniform and some surface roughness is present. Furthermore, the ratio
between the intensity of the first and second resonance is higher in the
measurements compared to the simulations. A possible cause for this
difference is the lower sensitivity of the InGaAs camera used for the NIR
range compared to the CCD camera used for the visible range.
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Figure 3.9 — (a-c) Measured linear scattering cross-section of hybrid
nanostructures consisting of a BaTiO3 nanosphere with a diameter of
about 200 nm placed on a dimer gold nanorod antenna with an arm
length of 170 nm. The hybrid nanostructures are labeled with HN1,
HN2 and HN3. The insets show the corresponding SEM micrographs.
The spectra shown in dashed lines is detected with a CMOS camera.
The spectra shown with the full line is detected with an InGaAs

camera. Data is normalized first by the exposure time and then by the
global maximum value over the full detection range. (d) Numerically
calculated scattering cross-section of a hybrid nanostructure with

similar geometry as HN1-3

3.2.4 Experimental measurement of second harmonic
generation efficiency

We compare the measured normalized SHG efficiency of HN(R8)
(Figure 3.10(a)) to two single BaTiO3 nanospheres (Figure 3.10(b))
We observe that, in comparison to single BaTiO3 nanospheres, the
hybrid dimer reach a peak SHG intensity value around 500 nm,
which corresponds to an incident laser wavelength of 1000 nm. These
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Figure 3.10 — (a) Measured normalized SHG conversion efficiency of
the hybrid nanostructure HN1(R8) (b) Measured normalized SHG
conversion efficiency of two single BTO nanospheres for comparison.
(c-d) Calculated SHG efficiency of a single BaTiO3 nanospheres (d)
with a diameter of 190 nm and a BaTiO3 nanosphere on a gold dimer
antenna (c) for different rotation angles of the BaTiO3 χ

(2) tensor
around the y-axis, β = 0◦ it is orientation, when the axis of the crystal

lattice is perpendicular to the substrate

experimental results thus confirm that the presence of the dimer antenna
enhances the SHG conversion efficiency of the BaTiO3 nanosphere.
We further investigate the influence of the gold dimer antenna on the
SHG conversion efficiency from the BaTiO3 nanosphere by using a
FEM simulation in Comsol Multiphysics of the normalized conversion
efficiency from a single BaTiO3 nanosphere (Figure 3.10(d)) and from
a hybrid dimer (Figure 3.10(c)). In the FEM model, we assume that
the BaTiO3 nanosphere is monocrystalline and has the second-order
χ
(2)
bulk. We take into account that the BaTiO3 nanosphere and the dimer
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antenna sit on a glass substrate. Furthermore, we also consider that
the BaTiO3 crystal is rotated by an angle β around the y-axis, β =

0◦ correspond to an orientation perpendicular to the substrate. The
orientation of the BaTiO3 nanosphere and, hence, of the BaTiO3 crystal,
cannot be controlled during the pick-and-place on the dimer antenna.
Therefore, we calculate the normalized conversion efficiency for several
angles β = 0◦ and β = 45◦ to determine the influence of the
BaTiO3 crystal orientation on the SHG signal. We set the incident electric
field to be polarized along the longitudinal axis of the dimer antenna, as
in Section 3.1.2.

For the single BaTiO3 nanospheres (Figure 3.10(d)) and all
angles β, the simulation shows that the SHG conversion efficiency
is highest at the lower pump wavelength and it generally decreases
with the wavelength. However, we also expect a small increase of the
SHG conversion efficiency around 500 nm overlapped on the curve
decreasing with the wavelength for β = 45◦. This increase corresponds
to the SHG enhancement due to the magnetic dipole resonance of
the BaTiO3 nanosphere. In the measured normalized SHG conversion
efficiency of single BaTiO3 nanospheres (Figure 3.10(b)), we do not
recover this small peak, but we observe a reduced slope of the SHG
conversion efficiency decrease with the wavelength. When we include
the dimer antenna in the model, the wavelength dependence of the
SHG conversion efficiency changes significantly. For all values of β, the
simulation indicates the maximum SHG conversion efficiency to occur
at an SHG wavelength corresponding to the half of the LSP resonance
wavelength. We obtain this peak in the measured normalized SHG
conversion efficiency hybrid nanodimer HN1(R8) (Figure 3.10(a)).
We define the SHG enhancement factor as the ratio of the normalized
SHG efficiency of the hybrid dimer and the single BaTiO3 nanosphere.
This factor gives an estimate of the enhancement of the SHG from the
BaTiO3 nanosphere when the dimer antenna is present. For each of the
three measured dimers, we obtain enhancement factor values between 2
and 400. For comparison, we also estimate the SHG enhancement factor
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from the simulations in Figure 3.10(c-d). We assume that the orientation
given by the angle β of the single BaTiO3 nanosphere and the one on
the antenna is not the same. By looking at all possible combinations of
angles β, the calculated SHG enhancement factor takes values between 3
and 1500. The value of measured SHG enhancement is well within this
interval, with the experimental SHG enhancement factors being generally
smaller. This difference is caused by two main factors. First, in the
simulations we consider only rotations of the BaTiO3 χ

(2) tensor around
the y-axis. In the experimental context, the BaTiO3 crystal can be rotated
around the two other axes of the laboratory coordinate system, which can
lead to an even less favorable orientation of BaTiO3 with respect to the
dimer antenna and the incident electric field vector. The second factor
that leads to lower experimental SHG enhancement factors is perhaps
not a complete coincidence in parameters of the system and position of
the BaTiO3 nanoparticle between experiment and theory.

Next, we determine numerically and experimentally how the dimer
antenna reshapes the SHG emission of the BaTiO3 nanosphere. To this
end, we measure the polar plots of the normalized SHG conversion
efficiency. We use the same SHG transmission microscope and we obtain
the polar plots by detecting the SHG signal when the polarization of
the incident electric field is rotated with a half-wave plate. We show
the results for three different SHG wavelengths for the HN1(R8) sample
in Figure 3.11(a). We choose the values of 400 nm, 450 nm and 500
nm to observe how the SHG polar plots are reshaped as the incident
pump wavelength approaches the longitudinal LSP resonance of the
dimer antenna. In numerical calculations, we used two crystalline lattice
orientations: α = 0◦ — oriented perpendicular to the substrate and
α = 45◦ — rotated at α angle around x-axis. Since we cannot control the
orientation of the crystalline lattice of barium titanate in the experiment,
we numerically investigated several orientations. In Figure 3.11(b-c), you
can notice that the polar plots strongly depend on the orientation of
the crystalline lattice, and we also have a maximum of SHG, when the
incident electric field oscillates along the y-axis — axis of the dimer. which
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Figure 3.11 — (a) Measured polar plots of the normalized SHG
conversion efficiency for the hybrid nanostructure HN1(R8) for three
SHG wavelengths: 400 nm –– blue circle, 450 nm –– orange triangle, 500

nm –– yellow diamonds. (b-c) Calculated polar plots of the SHG
efficiency for the same SHG wavelengths: 400 nm –– blue lines, 450 nm
–– orange lines, 500 nm –– yellow lines. The crystalline lattice is rotated

at α = 45◦(b) and α = 0◦(c) angle around the x-axis

is logical, since in such a configuration there is plasmon resonance at
a frequency of 1000 nm. This is explained by the fact that in such a
configuration, at a doubled frequency of the second harmonic generation,
there is a plasmon resonance. At angle α = 45◦, we obtained numerical
polar plots similar to experimental ones, however, in the experiment, the
SHG efficiency increases with the increasing wavelengths from 400 nm
to 500 nm, and in numerical calculations we see a decrease in efficiency
at a wavelength of 450 nm, This is due to the fact that, in numerical
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calculations (Figure 3.10(c)), the spectrum is slightly shifted to the long-
wavelength range, relative to experimental data (Figure 3.10(a)).
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4 CONNECTION BETWEEN
SPONTANEOUS PARAMETRIC
DOWN-CONVERSION AND SECOND
HARMONIC GENERATION

Figure 4.1 — (a) Scheme of spontaneous parametric down-conversion: a
photon with a frequency ωp is incident on the particle with a

second-order bulk non-linearity χ(2)
bulk ̸= 0 and decays into two signal and

idler photons, with frequencies ωi, and ωs, respectively, the energy
conservation law is fulfilled ωi + ωs = ωp. (b) Scheme of second harmonic
generation: two photon with same frequency ω are interact with the
particle with a second-order bulk non-linearity χ(2)

bulk ̸= 0 and generate
new photon with higher frequency 2ω

As it was shown earlier in Section 2.2, the process of SPDC and
in particular a two-photon amplitude determined by the overlapping
integrals (eq. 2.4) between the mode of the pump field WJp

and decay
modes WJi

and WJs
. For clarity, we represent these coefficients again

DJp→Ji, Js
=

∑
α,β,γ

χαβγ

∫
V

WJp,γ(ωp,r0)WJi,α(ωi,r0)WJs,β(ωs,r0)d
3r0.

(4.1)
In the works [55, 66], it was shown that the intensity of the second

harmonic generation I2ω as a coherent process is determined by the cross
density of states [67]:

I2ω =
(2ω)3µµ0

2

∫ ∫
dV ′dV ′′P ∗(r′, 2ω, ω)ℑ[Ĝ(r′,r′′, 2ω)]P (r′′, 2ω, ω),
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where Pi(r, 2ω, ω) = χ
(2)
ijkEp,j(r, ω)Ep,k(r, ω). The intensity of the SHG is

proportional to the sum of the squares of the D-coefficitents,
I2ω ∼

∑
|DJ , J ′→J ′′|2, which are identical overlapping integrals as for the

SPDC process, but in this case, between two pump modes WJ ,WJ ′ and
one mode at double frequency WJ ′′:

DJ , J ′→J ′′ =
∑
α,β,γ

χαβγ

∫
V

WJ ′′,γ(2ω,r0)WJ ,α(ω,r0)WJ ′,β(ω,r0)d
3r0. (4.2)

Thus, by analyzing the expressions 4.1 and 4.2, we obtain one more tight
connection between inverse processes (Figure 4.1), which is which is not
quite obvious at first glance, but shows, that these two processes have
the similar selection rules, depending on the nanoparticle’s and lattice
symmetries. This connection is very important, since nonlinear properties
are highly dependent on the selection rules, which can be now applicable
to higher variety of cases.
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CONCLUSION
In this work, we investigated second-order nonlinear processes

in all-dielectric and hybrid metal-dielectric nanostructures. We have
obtained a connection between spontaneous parametric down-conversion
(SPDC) and second harmonic generation (SHG) through similar
overlapping integrals and get the same selection rules for such integrals. In
the first part of the work, we theoretically study the degenerate SPDC of
light by a subwavelength dielectric spherical particle based on materials
without inversion center, having a non-zero second-order susceptibility
tensor χ(2)

bulk. The following results were obtained:

— analytic expression for the two-photon amplitude of bi-photons
generated by a spherical nanoparticle during SPDC in the framework of
the Mie theory;

— directional Kerker-type nonlinear generation of photon pairs
is observed and general conditions are obtained for observing such
generation in the collinear decay;

— the polarization correlations between the signal and idler
photons are investigated in case of wurtzite type gallium arsenide
GaAs nanosphere.

In the second part of the work, we propose a hybrid nanostructure
consisting of a gold dimer nanorod antenna and a BaTiO3 nanosphere.
We design this hybrid nanostructure such that the longitudinal localized
surface plasmon resonance (LSPR) of the dimer antenna occurs at the
double wavelength of the Mie resonance of the BaTiO3 nanoparticle. The
role of the LSPR is to couple the pump efficiently to the nanostructure
through the formation of a hot-spot between the antenna arms, where
the BaTiO3 nanoparticle is located. In turn, the Mie resonance of the
BaTiO3 improves the SHG radiation to the far-field. The following results
were obtained:

— the system parameters are numerically selected for the presence of
two resonances: localized surface plasmon resonance at the fundamental
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wavelength 1000 nm and Mie resonance at the wavelength of 500 nm,
corresponding to second harmonic generation. Then, based on these
parameters, several samples were made for the experiment, using e-beam
lithography and nanopositioning of BaTiO3 nanoparticle;

— numerically and experimentally obtained enhancement of
second harmonic generation efficiency by hybrid bi-resonance Au-
BaTiO3 structure up to 102− 103 times of magnitude higher relative to a
single spherical barium titanate nanoparticle;

— it has been demonstrated that the SHG efficiency strongly depends
on the orientation of the crystalline lattice relative to the incident field,
as well as on the position of the barium titanate nanoparticle relative to
the gold dimer nanoantenna.
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APPENDIX A
Linear Kerker effect

Let’s obtain the expression 2.1

|S| ≃ |Es|2 = |E1|2(ia1N (1)
x − b1M

(1)
y )(−ia∗1N (1)∗

x − b∗1M
(1)∗
y ) =(1) (A.1)

= |E1|2
[
|a1|2|N (1)

x |2 + |b1|2|M (1)
y |2 +2ℜ(ia∗1b1N (1)∗

x M (1)
y )

]
= |E1|2

[
|a1|2|N (1)

x |2 + |b1|2|M (1)
y |2 −2ℑ(a∗1b1N (1)∗

x M (1)
y )

]
Next, we use multiple identities such as

ℑ(ab) = ℜ(a)ℑ(b) + ℜ(b)ℑ(a)

ℜ(a∗b) = |a∗b| cos(φb − φa)

ℑ(a∗b) = |a∗b| sin(φb − φa)

After substitution we get

|S| ≃ |E1|2
[
|a1|2|N (1)

x |2 + |b1|2|M (1)
y |2 −

−2|a∗bN (1)∗
x M (1)

y | cos(φb1 − φa1) sin(φMy
− φNx

)−

−2|a∗bN (1)∗
x M (1)

y | cos(φMy
− φNx

) sin(φb1 − φa1)

Using the asymptotics of spherical Hankel functions in the far field and
expressions for vector spherical harmonics (eq.1.4-1.7), we can consider
the phase difference φMy

− φNx
at the points θ = 0,π:(φMy

− φNx
)|θ=0 =

−π/2 and (φMy
− φNx

)|θ=π = π/2.

h(1)n (ρ) ∼ (−i)neiρ

ρ

1

ρ

d

dρ
[ρh(1)n (ρ)] ∼ (−i)neiρ

ρ
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Collinear directional generation

Consider a little more detailed expression 2.6 and its output. First,
we’ll show how we summed up over di and ds in expretion 2.5:

wunpol
is (ri,ωi; rs,ωs) ∼

∑
di,ds

|Tis(ri,ωi,di; rs,ωs,ds)|2

∼
∑
di,ds
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′
i ,J

′
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.

Since we summarize over all possible polarizations di(s) = di(s)eα, where
α = x,y,z, we can assume that the scalar product d∗

i(s) · W
(1)
Ji(s)

is the
projection of the vector W (1)

Ji(s)
on the α-axis W (1)
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. In this way,∑
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Hence,
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(A.2)

Analyzing the terms in the expression A.2, we can understand that part
of the terms will contribute to wunpol|θ=0,π, but will not give directivity,
we denote them as wunpol

0 , also part of the terms will contribute to the
directivity. Let’s look at all possible scalar products |WJ ·WJ ′| in Figure
A.1 and note that the contributions into wunpol|θ=0,π will only give the
products |My|2, |Nx|2 and |My · Nx|, therefore, we will consider only
them in A.2 (similarly for |Ny|2, |Mx|2 and |Ny · Mx|, but let’s throw
them away for brevity). Obviously, the expression wunpol

0 will include terms
proportional to ∼ (DNx→Nx,Nx

)2, ∼ (DNx→My,My
)2, ∼ (DMy→My,Nx

)2 and
∼ (DNx→My,My

· DNx→Nx,Nx
). Contributions, which gives directionality

proportional to
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∼ (DNx→Nx,Nx
· DMy→Nx,My

) and ∼ (DNx→My,My
· DMy→My,Nx

). What is
demonstrated in the expression 2.6:

∆wunpol ∼ |a(2)1 b
(2)
1 c1d1| cos(∆φpump)

[
α|a(2)1 |2 + β|b(2)1 |2

]
,

α = DNx→Mx,Mx
DMy→Mx,Ny

−DNx→My,My
DMy→My,Nx

,

β = DNx→Nx,Nx
DMy→Nx,My

−DNx→Ny,Ny
DMy→Ny,Mx

.

Figure A.1 — All possible variants of dipole scalar products, where the
sign shows the electric field enters in phase (+) or antiphase (-)
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Decay to quadrupole modes

Figure A.2 shows the summation of overlapping coefficients
DJp→Ji,Js

over the pump field modes in expression 1.8 up to n = 5 at
pump wavelength λp = 786 nm, based on this, we can safely consider
only dipole modes in decay, which we did in Section 2.

Figure A.2 — Possible decay channels including quadruples with their
amplitudes
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APPENDIX B
Dimer antenna fabrication

We fabricate dimer antennas by e-beam lithography and lift-off.
We spin a layer of PMMA (600K EL 4%, 4500 rpm) on a cleaned and
prebaked (175°C) ITO covered glass substrate. We bake the PMMA layer
at 175°C for 4 minutes. Then we spin another layer of PMMA (950K
EL 2%, 2000 rpm) and bake it at 175°C for 5 minutes. We evaporate a
10 nm layer of Al. We transfer the pattern of dimer antennas by e-beam
lithography. We then etch the sample in NaOH 2% for 40s and develop
for 60 s in a 1:3 solution of MIBK/IPA. After RIE descum, we evaporate
3 nm of Cr and 65 nm of Au. We lift off in 50°C acetone for 10 minutes,
followed by 5 minutes of ultrasonication.

Nanopositioning of BaTiO3 nanoparticles

We spin coat a diluted solution of BaTiO3 nanoparticles with
ethanol on the dimer antennas sample. We select BaTiO3 nanoparticles
with diameters around 200 nm and employ a pick-and-place technique to
position them on the center of the dimer antennas. We electrostatically
pick the BaTiO3 nanoparticle under the beam of an electron microscope
using a sharp metallic tip and release it at the desired position.

Linear measurement – Dark field spectroscopy

We determine the scattering cross-section of single nanostructures
(BaTiO3 nanoparticles, dimer antennas or assembled hybrid
nanostructures) in a dark-field spectroscopy setup. We focus the light
from a halogen lamp on the nanostructure using a dark-field condenser
(NA = 0.8-0.9). We collect the light scattered by the nanostructure
with a 100x objective (Zeiss Epiplan Neofluar) and detect it using an
imaging spectrometer (Andor) connected to the microscope by a 100
µm core fiber, which acts as a pinhole. The spectrometer is equipped
with a CCD camera and an InGaAs camera to determine the scattering
cross-section in a broad range from 400 nm to 1500 nm. We correct the
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measured signal by subtracting the background and we normalize it by
the spectrum of the lamp.

Second-harmoniс generation measurements

We determine the SHG spectra of single nanostructure in a home-
built SHG transmission microscope. We excite the nanostructure with the
laser beam from a Ti:Sapphire laser equipped with an optical parametric
oscillator (Chameleon from , output wavelengths from 680 to 1600 nm).
We focus the laser beam with a lens in the chosen range from 800 to
1250 nm onto the sample in steps of 5 nm and collected the transmitted
laser light and the SHG using a 100x objective (NA = 0.8). We filter
out the transmitted laser light and detect the SHG signal using a CMOS
camera (Andor). We also control the polarization of the incident laser
light with a halfwave plate mounted on a rotation stage, which allows us
to measure the polar dependence of the SHG. We normalize the measured
SHG spectra by the transmission of the optical components in the setup
and the quantum efficiency of the camera.

Actual sizes of the samples

Table B.1 — Actual sizes of the samples and BaTiO3 nanoparticle shifts:
to x0 along x-axis, to y0 along y-axis and to z0 along z-axis

Sample r, nm L, nm h, nm w, nm g, nm x0, nm y0, nm z0, nm
HN1(R8) 96 170 65 60 60 96 0 -32
HN2(I8) 95 170 65 60 60 24 49 0
HN3(M8) 94 170 65 60 60 70 16 -8

SP1 90 - - - - 0 0 0
SP2 90 - - - - 0 0 0
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